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10 HTesIeKTyaJIbHbIH aHAIN3 JAaHHBIX

MeTpuyeckas kKoppekuusi NnapHbIX CpaBHEHUI HA OCHOBe
NPSIMOro n3mMeHeHnst COOCTBEHHbIX 3HaYeHW

Ieoenro Cepeeti Jarnunrosuy' x sergedv@yandex.ru
IMuernuunoti Jenuc Oaezosur’ denispshenichny@yandex.ru

!Tyna, Tynbckuii rocyjapcTBEHHDBIH YHABEPCATET

B coBpemennbix 3a/1a9ax MAITHHHOTO 00y YI€HUS M MHTEJLIEKTYaJIbHON 00paboTKm
HMCXOMIHBIE KCIIEPUMEHTAIBHBIC JTAHHBIC YACTO IIPEICTABICHBI TIAPHBIMU CPABHEHUSI-
MU MEXK/Iy dJeMEeHTaMHi MHOXKeCTBa B Buje (byHKIuil cxojacTsa uian pasianduns. [lo-
JIOKHUTEJIbHAS OIIPEJIEJIEHHOCTh MATPUIIHI ITAPHBIX CPABHEHUI B CJIydae M3MEpPEHUs
CXOJICTBA MJIM SKBUBAJIEHTHON MATPHUIBI CXOJCTBA B CJIydae M3MEPEeHUs] Pa3/IMduii
[TO3BOJISIET TOBOPUTH O BJIOXKEHHOCTH MHOXKECTBA B HEKOTOPOE IIPOCTPAHCTBO, B KOTO-
POM 3JIEMEHTBI MHOZKECTBA 00Pa3yIOT KOPPEKTHYIO KOHMUTYpAInio 663 MEeTPUIECKIX
HapYIICHUI.

Hapymenns konduryparun IpuBoIAT K OSIBJIEHAIO OTPUIATEIbLHBIX COOCTBEH-
HBIX 3HAYEHUI [PU Pa3JIOKEHUH MaTPHUIIBI CXOJCTBA 110 OPTOHOPMHUPOBAHHOMY Oa-
3uCy ee COOCTBEHHBIX BEKTODOB. B 3TOM ciiydae OOBIYHO IPUMEHSIETCS U3BECTHOE
nuckperHoe pazjoxkenne Kapynena-JIosBa st CHUYKeHWST Pa3MEPHOCTU MATPHUITHI
CXOJICTBA 3a CYET YCTPAHEHWs BKJIAJIOB COOCTBEHHBIX BEKTOPOB, COOTBETCTBYIOIIIX
OTPHUIATEIHHBIM COOCTBEHHBIM 3HAYEHUAM. B UTOTe, B PEIyIINPOBAHHOM IIPOCTPAH-
CTBe COOCTBEHHBIX BEKTOPOB MOXKHO BBIYUCJIUTH HOBYIO ITOJIOYKUTEJIBHO OIIPE/IEJIEH-
HYI0 MaTpHUILy cXOicTBa. IIpu 5TOM jaucrepcrusi HOpDMUPOBAHHBIX JIAHHBIX YMEHbIIa-
ercs.

B pamkax passuBaeMoro Hamu 1ojxoza [l], B manuoii pabore IpeIoKeHo He
YCTPAHATH OTPHUIATE/bHbIE COOCTBEHHbIE 3HAYECHUS, & HEIOCPEJICTBEHHO M3MEHSITh
UX NPsMO Ha TOJIOKUTeNbHBbIEe. [Ipu TakoM 10JX0/1e pasMepHOCTbh MaTPHUIIBI CXOJI-
CTBa HEe U3MEHSIETCsI, T.€. [IUCIIePCUsI HOPMUPOBAHHBIX JIAHHBIX TAKKE HE U3MEHSIETCS.
Takke He HY>KHO 32HOBO BBIUUC/ISITH HOBYIO MATPUILY CXOJICTBA B PEYIIMPOBAHHOM
IIPOCTPAHCTBE COOCTBEHHBIX BEKTOPOB. Bojiee TOro, 4acTo 9TO M HEBO3MOXKHO CJIe-
JIATH M3-38 OTCYTCTBHUS COOCTBEHHO MCXO/IHOM MATPUIIHI JAHHBIX, ITPEICTABIISAIONIE
U3MepeHUsl IPU3HAKOB (XapaKTepUCTUK 00bEKTOB), KOTOPbIE HYYKHO [IPOEIHUPOBATD
B HOBOE OPTOHOPMUPOBAHHOE IIPOCTPAHCTEO.

Ho Takoe mpsimoe m3MeHeHne cOOCTBEHHBIX 3HAYEHUIT HE JIOJI?KHO ObITh IIPOU3-
BoJibHBIM. HOBBIE COOCTBEHHBIE 3HAUEHUS CJIEAYeT OIPEIe/INTh U3 YCJIOBUil, KOTO-
PBIM JIOJI?)KHA COOTBETCTBOBATH M3MEHEHHAS MATPHUIA TAPHBIX cpaBHeHuit. B pabore
MTOKAa3aHO, KaK, HAIIPUMED, BLIOPATH HOBbIE COOCTBEHHBIE 3HAYMEHUA, ITOOBI MaTPH-
112 IAPHBIX CPABHEHUI IIPH JIOIYCTUMOM yPOBHE U3MEHEHHs 3HAYEHUIT ee SJIEMEHTOB
obJraziasia ObI Jrydieir 00yCJI0BIEHHOCTDIO.

OTMmeruM, 9TO B paMKaxX U3BECTHON TEOpUU BO3MYIIEHUil B mpobjeme coOCTBEeH-
HBIX 3HaYeHUil [2] omeHMBaeTCd BIMSHUE MATPUIILI BO3MYNIEHUH HA BO3MYIIEHUS
CODCTBEHHBIX 3HAYEHUN U COOTBETCTBYIONMINX MM COOCTBEHHBIX BEKTOPOB CHMMETDH-
TeCcKO¥ MaTpuIlbl. B Halmeit 3a/1ate MeTpUTIecKoil KOPPEKIINY TPeTaraeTcs JeiCTBO-

Bcepoccuiickast kougepennuss MMPO-20. Poccusi, r. Mocksa, 7—10 gexka6bpst 2021 r.
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BaThb B 0OpATHOM TIOPSAIKE, KOTJIA OTCHUBAETCS BIUSHUE «BO3MYIIEHUS» OT KOPPEK-
U COOCTBEHHDBIX 3HAYEHUI Ha CBOWCTBA BOCCTAHOBJIEHHBIX MATPHUIL TMAPHBIX CPaB-
HEHU.

Pa6ora momnepxkana rpantamu PODU No. 20-07-00055, No. 19-07-01178.

[1] Aeoerxo C. . Muenuunwoid JI. O. VcnpasiieHne 1 KOPPEKIUst MATPHIL IIAPHBIX CPABHe-
uwii // Wssectna Tyal'V. Texunveckue nayku, 2021, Bem. 12. C. 133-143.

[2] Rellich F. Perturbation Theory of Eigenvalue Problems // NY: Gordon and Breach,
1969. 138 p.
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Metric correction of paired comparisons based on direct changing
of eigenvalues

Dvoenko Sergey'x sergedv@yandex.ru
Pshenichny Denis" denispshenichny@yandex.ru

'Tula, Tula State University

In modern problems of machine learning and intelligent data processing, raw
experimental data are often represented by paired comparisons between elements of
a set in the form of similarity or dissimilarity functions. The positive definiteness
of the matrix of paired comparisons in the case of similarity measurement or the
equivalent similarity matrix in the case of dissimilarity measurement allows us to
talk about the immersing of the set in some space in which the set elements form a
correct configuration without metric violations.

Violations in the set configuration lead to the appearance of negative eigenvalues
when the similarity matrix is decomposed based on the orthonormal basis of its
eigenvectors. In this case, the well-known discrete Karhunen-Loeve expansion is
usually used to reduce the dimensionality of the similarity matrix by eliminating
contributions of eigenvectors corresponded to negative eigenvalues. As a result, a
new positive definite similarity matrix can be calculated in the reduced space of
eigenvectors. But the variance of normalized data decreases at the same time.

Within the framework of our approach under developing [1], in this paper it
is proposed not to eliminate negative eigenvalues, but directly to change them to
positive ones. Based on this approach, the dimensionality of the similarity matrix
does not be changed, and therefore the variance of normalized data also does not be
changed too. Additionally, it does not need to recalculate a new similarity matrix
in the reduced space of eigenvectors. Moreover, it is often impossible to do this due
to the absence of the original data matrix itself, which represents measurements of
features (characteristics of objects) that need to be projected into a new orthonormal
space.

But such a direct changing of eigenvalues should not be arbitrary. New eigen-
values should be determined according to conditions to which the modified matrix
of paired comparisons should correspond. In this paper, for example, we show how
to determine new eigenvalues so that the matrix of paired comparisons with an
acceptable level of changing in its elements would have better conditionality.

Note, in the framework of the well-known Perturbation Theory of Eigenvalue
Problems [2], the influence of the perturbation matrix on perturbations of eigenvalues
and corresponding eigenvectors of the symmetric matrix is estimated. In our problem
of metric correction, we propose actually the reversed approach, when the influence
of the "perturbation” from the corrected eigenvalues on the properties of the restored
matrices of paired comparisons is estimated.

This research is funded by RFBR, grants 20-07-00055, 19-07-01178.

Russian National Conference MMPR-20. Russia, Moscow, December 7-10, 2021
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[1] Dwoenko S. Pshenichny D. A recovering and correction of matrices of paired compar-
isons // Izvestiya of the TSU. Tech. Sciences, 2021. Vol 12. Pp. 133-143.

[2] Rellich F. Perturbation Theory of Eigenvalue Problems // NY, Gordon and Breach,
1969. 138 p.
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MpoBepka cornacoBaHHOCTU METPUK KavecTBa M300parkeHuin

Meoenxo Cepzeti Janunrosun' sergedv@yandex.ru
Kypbarxos Muzxaua IOpvesun'« muwsik@mail.ru

'Tya, Tynbckuit TOCYJaAPCTBEHHBIH YHIBEPCUTET

B zamauax ananmmsa mzobpakeHuit TpebyeTcs ONEHUTH KAYeCcTBO UX 00PabOTKU.
B coBpeMeHHBIX yCIIOBUSIX TaKHUe 3aa9i U CAaMU N300PaKeHst OKA3bIBAIOTCS BECHMa,
pazaugabiMA. [109TOMY pasHble METOJBI ONEHKH KAadecTBa M300paskeHui, KOTOPbIe
HA3BIBAIOTCS METPUKAME KAYeCTBa, B IIEJIOM PEAJU3YIOT PA3JIUIHBIE [TPEJCTABICHIS
0 TOM, 9ITO TaKoe «boJjiee KadeCTBEHHOE M300paKenues. B urore, cpaBHenne ormeHOK
PA3JIMYHBIX METPUK KavdeCTBa sIBJISIETCSI aKTyaJbHOI IPOOJIEMOIi.

C 0/1HOI CTOPOHBI, PeIleHne JAHHON TPOOJIEMbI MOYKET OBITH JIOCTUTHYTO 38 CIET
YCPeHEeHUsI OIEHOK 110 HEKOTOpoMy Habopy meTpuk. B Takom ciyuae dbopmasnsa-
IUsT TPOOJIEMBI COTIOCTABJICHUST METPUK MPUBOJIAT K 3a/a9e¢ MHOTOKPUTEPHUATHLHON
ONTUMUBAIIH, ITO B ODIEM CJIydae MOXKeT mpuBecTu K mpobseme [lapero.

C apyroii CTOpOHBI, HHUBUIyaIbHOE BOCIIPUATIE Ka4eCTBa N300ParKeHus 00bIt-
HO He IpeTeH/yeT Ha TOYHYI KOJUYECTBEHHYIO OleHKY. [[o9ToMy mMmeeT cMbICIT Tie-
peiiT K m3MepeHusiM B MEHEe MOIHBIX, HAIIPUMED, ITOPSIIKOBBIX ITKAJIaX. JTO O3HA~
JaeT MepexoJi K PAHXKUPOBAHUSAM, KOTOPBIE OY/IyT IPEJCTABIECHBI B BHJE HADOpa
N300parKeHWit, yIOPSIOYEHHBIX B COOTBETCTBUU C OIEHKAMU METPUK KadecTBa. 1o0-
[J1a peIeHneM 3aJIa9i COIJIACOBAHUS PAHXKUPOBAHUI, HAIIPUMED, HA OCHOBE MeJIia-
ubl Kemenn [1], siisiercst paHKUpOBaHe, KOTOPOE NMEET CMBICJ AHAJIOTA CPEJHErO
apuMeTHIeCKOr0 HHINBUIYAJIBHBIX PAHXKUPOBAHUI 110 METPUKAM KadeCTBA.

Hamr mojixo1 Ha 0CHOBE paHXKUPOBAHUIT TAKYKE MTO3BOJISIET OIEHUTH Ty BCTBUTE b
HOCTH COBOKYITHOCTH METPUK K U3MEHEHUIO KAYeCTBa N300PAKEHUS U TIPE/IITOJIATAET
JiBa BHJIA 9KCIIEPHMEHTOB!

— OIpejieJIeHNe TaKUX BUJIOB IIIyMa, KOTOPble B COBOKYIIHOCTU II0 MHOXKECTBY
METPUK 3HAYUTE/IFHO BJIUSIIOT HA KAIeCTBO M300parKeHUN 3aJAaHHOIO KJIACCa;

— OIpeJIeJIeHne TAKUX KJIACCOB M300paskKeHui, KOTOPbIe B COBOKYITHOCTH IO MHO-
JKECTBY METPUK 3HAYUTEHHO TIO/IBEPYKEHbI BIMSHUIO MTIyMa 33/IAHHOTO THIIA.

B nanmoit pabore Ha OCHOBE KCIIEPHUMEHTAJHHOIO MCCIIEIOBAHUS BBIIBUTACTCS
TUIIOTE3a, YTO IIPU COIVIACOBAHHOCTY BBIJIEJIEHHONM I'PYIIIBI METPUK KaIeCTBA MEXKLY
coDO 1 COrIACOBAHHOCTH MejinaHbl KeMeHr ¢ paHKMpOBaHUEM Ha OCHOBE WHTHBU/LY-
AJIbHOI'O BOCIIPUSITHUSI, PE3YJIBTATHI IIEPBOI0 SKCIIEPUMEHTA, JIOJI?KHBI ITOITBEPK IATHCS
pesyJibTaTaMi BTOPOrO SKCIEPUMEHTa U HA0OOPOT.

B wurore, nosiByisieTcst BO3MOXKHOCTD JjIs OOOCHOBAHHBIX PEKOMEHIAIUI 110 TTPH-
MEHEHUIO HanboJIee MPEe/IIOITUTEbHBIX METPUK JIJIs OIEHKY KadeCTBa N300paskeHnit
pu ux obpaboTrke.

Tlocsie 06paboTKU JAHHOTO U300PaXKEHUsT HEKOTOPBIM MHOXKECTBOM aJITOPUTMOB
OIIEHKA KAYeCTBA HEKOTOPOI METPUKON TO3BOJUT yIOPSAI0YUTH 0OpAbOTAHHbBIE N300~
paskKeHusl 10 3HAYCHUSAM JAHHON METPUKU U yKa3aTh HAWIydIlee, T.e. YKa3aTh HaW-
JIyamuii aaroputM oopaboTku. Pazubie MeTpukn pOPMHUPYIOT CBOU PAHKUPOBAHUS

Bcepoccutickast kougepennust MMPO-20. Poccusi, r. Mocksa, 7—10 gexkabpst 2021 r.
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n300paKeHuit u B 00IIEeM Cirydae yKa3bIBaIOT CBOM HamTy e n3obparkenus. Corra-

COBaHUE DAHKMUPOBaHMN M300parkeHnit B BuJe Mejnanbl KeMeHU MO3BOHUT yTBEP-

JKJIaTh, 9TO HEKOTOPbI aJropuT™M ODeCIeurBaeT HAWJIydIlee KadecTBO 00pabOTKM

JIAHHOTO M300paskKeHUsl 110 COBOKYITHOCTH JIAHHOI'O MHOXKECTBA METPUK KadeCTBA.
Pabora mogmepxana rpaarom PODU No. 20-07-00055.

[1] Dwvoenko S., Pshenichny D. Rank Aggregation Based on New Types of the Kemeny’s
Median // Pattern Recognition and Image Analysis 31, 2021. Pp. 185-196.
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Checking the consistency of image quality metrics

Dvoenko Sergey' sergedv@yandex.ru
Kurbakov Mikhail'x muwsik@mail.ru

'Tula, Tula State University

In the field of image analysis, it is required to evaluate the processing quality.
Under modern conditions, such problems and images themselves turn out to be very
different. Therefore, different methods of the quality evaluating of images, which
are called quality metrics, generally implement different ideas about what a ”better
image” is. As a result, the actual problem consists in comparing of various quality
metrics.

From the one side, the solution of this problem can be achieved by the averaging
of estimates over a certain set of metrics. In this case, the formalization of the metric
comparing problem leads to a multi-criteria optimization problem, which can lead
to a Pareto problem in general.

On the other side, an individual perception of an image quality usually does not
claim to be an accurate quantitative evaluation. Therefore, it may be suitable to
use measurements in less powerful, for example, ordinal scales. This means using
rankings presented as a set of images ordered according to the quality metrics scores.
Then the solution of the problem of matching rankings, for example, based on the
Kemeny’s median [1], is a ranking that appears as an analogue of the arithmetic
mean of individual rankings by quality metrics.

Our ranking-based approach also allows us to evaluate the sensitivity of a set of
metrics to variability in image quality and supposes two types of experiments:

— to determine types of noise, which together, based on the set of metrics given,
significantly affect the quality of images of a given class;

— to determine a class (set) of images, which together, based on the set of metrics
given, are significantly affected by noise of a given type.

In this paper, on the basis of experiments, a hypothesis is put forward that if the
selected group of quality metrics is coordinated with each other and the Kemeny’s
median is coordinated with a ranking according to an individual perception, results
of the first experiment should be confirmed by results of the second experiment and
vice versa.

As a result, there is an opportunity for reasonable recommendations to use the
most preferred metrics for evaluating the quality of images under processing.

After processing of the image by some algorithms, evaluating the processing
quality by some metric allows to arrange the processed images by values of this
metric and to specify the best one, i.e. to specify the best processing algorithm.
Different metrics form their own image rankings and generally indicate their best
images. Comparing of rankings in the form of the Kemeny’s median allows to confirm
that some algorithm provides the best quality of processing of this image according
to the given set of quality metrics.

Russian National Conference MMPR-20. Russia, Moscow, December 7-10, 2021
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This research is funded by RFBR, grant 20-07-00055.

[1] Dwoenko S., Pshenichny D. Rank Aggregation Based on New Types of the Kemeny’s
Median // Pattern Recognition and Image Analysis 31, 2021. Pp. 185-196.
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OueHka 61n30CcTY BbINYKJbIX 000M04eK AN 3a4a4 MaLWUHHOIO
0o0y4eHus

Hemupro Anamonuti Ilasaosuw apn-bs@yandex.ru

Cankt-llerepOypr, Cankr-IleTepbyprekmit rocyqapCTBEHHBIN 9JIEKTPOTEXHUIECKUN
yuusepcurerer “JIDTN”

Muorue 3a1a4n MalMHHOrO 00ydeHus (perpeccus, KjaccuuKanus, KJIACTepu3a-
[yUsl, COKPAIIECHUE PA3MEPHOCTU IPU3HAKOBOTO IMIPOCTPAHCTBA) HCIIOJIB3YIOT IIPEJi-
cTaBJIeHHE KJACCOB B BHJIE MHOXKECTB TOYEK B MHOTOMEDHOM MPU3HAKOBOM IIPO-
crpancTBe. IpyrumM crocoboM Omucanmsi KJIaccoB SBJISETCS UCIOJb30BAHUE BBITYK-
JIBIX 000JIOYEK MCXOHBIX MHOXKeCTB. HecMOTpst Ha ITOTEPIO CTATUCTUIECKIX CBOUCTB
JIAHHBIX, KOTOPAsi 9aCTO SBJISIETCS HECYIECTBEHHO, BBITYKJIbe ODOJIOUKY OIIPE/Ie-
JISIIOT TPAHUIBI U3MEHEHUsI IKCIIEPUMEHTATBHBIX JIAHHBIX, KOMIAKTHO XPAHSIT BCIO
OCHOBHYIO NH(MOPMAIIIIO O HUX, YTO MO3BOJISIET OBICTPO OTBEYATH HA PA3HOOODA3HBIE
3aIPOCHI Ha, 3TOM MHOXKecTBe. Takoe reoMeTprudeckoe OIMCAHNe KJIACCOB OTParKaeT
OPHMEHTAINIO KJIACCOB B IIPOCTPAHCTBE, UX B3aUMHOE PAaCIOJIOKEHHe JIPYI OTHOCH-
TeJIBHO JIpyra U KOH(MUrypaimio objacreii ux nepecedernii, OCHOBHBIM MIPEISITCTBI-
€M DA3BUTHUsI ITOTO HAIPABJICHUS SIBJISETCsI BBHIUNCIUTEIbHAS CJIOXKHOCTH, OBICTPO
BO3PACTAIONIA TIPH YBEJIMUCHUH IUC/Ia IPU3HAKOB M 9KCIEPUMEHTAJIBHBIX TOYEK.

B pabore paccMOTpeHBI METOMLI MAITHHHOTO OOYYIeHWsT TPU OIMUCAHWHU KJ1ac-
COB MMEHHO BBIILYKJIBIMI 00OJIOYKAMU B MHOIOMEPHOM ITPU3HAKOBOM ITPOCTPAHCTBE.
Haiiiensr crrocobbl TpubJIMzKEHHOW OIEHKH JIOKAJIM3AIUd TOYKH 110 OTHOIIEHUIO K
IPAHUIIE BBILYKJIONH 060I0UKHN (BHYTPHU, HA I'PAHUIE WIM BHE BBIIYKJIONH 000I0UKHK)
6e3 BbIYUC/IEHUS CAMOi BBIILYKJIOH 060siouku [1,2]. D10 103B0/NI0 NPUGIUKEHHO
OLIEHUTH PACCTOSHUE OT TOYKHU JI0 IPAHUIIBI BBILYKJIONH 060J109KHU [3| HE3aBUCHMO OT
ee JIOKAJIM3aIli U PeaJn30BaTh METOJ, O/ImKaiimell BuITyk/I0ii obomouaku. IIpesmmo-
2KeHbI Tak ke 3(p(PEeKTUBHBIE METO/IbI BEIYUC/IEHNsS] MHOYKECTBA, IKCTPEMAJIBHBIX TOYEK
BBIIYKJION 0605104k [1], KOTOPBIE yIIPOIIAIOT ONUCAHUST KJIACCOB M PEAU3AINI0 Pe-
[IAIOIIUX TPABUIL.

IIpeyoyKeHHbI HETABHO METOJ, HAXOXKJIEHUS PACCTOSTHUST OT TOYKHU JIO I'PAHU-
Bl BBIMYKJION 000I0UKH [3] OCHOBaH Ha NMPUMEHEHWH JIMHEHHOTO MPOTrPaMMHUPOBa-
Hust. B oryimune or NP-10/IHBIX 387129 KBaPaTHIHOIO [IPOrPAMMUDPOBAHKS 9Ta 3a-
Jlada OTHOCUTCsI K P KJlaccy CJI0XKHOCTH ¥ MOYKeT PeIlaThCs 3a C1ab0 MOJTMHOMUA b
Hoe BpeMsi. J[Jist 3TOro Ha MpaKTHKE CYIIeCTBYIOT O9eHb 3(P(DEKTUBHBIE aJTOPUTMBI.
Bermenrepeunciienabie MeTOIBI 00/IAAI0T XOPOIIEl MACIITAONPYEMOCTBIO U MOTY'T
MPUMEHATHCST BO MHOTHX 3a/[adaX MAIMHHOTO OOYUEHWs IIPU OMMCAHUN KJIACCOB B
MHOTOMEpHOM TIpocTpaHcTBe. OHHU € yCIIexoM orpo0OBaHbl Ha 3a/latdax aBTOMATHIe-
CKOIl MeJMIMHCKON JUATHOCTUKY Paka IPY/M W PACIIO3HABAHUS OITACHBIX apUTMUI
mo DKI'. Ob6mast To9HOCTD KIacCuPUKAIINKA HA TECTOBOU BBIOOPKE JIJIsi PAKa IPYIH
cocrasusa 97,9% (s SVM ¢ smueiinbiv gapom 92,8%) 1 i1t OLACHBIX apUTMUil
91,5% (ayis SVM ¢ suneiinbiv siapom 93,0%)
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B nmammoit pabore mpeamosKeHbl HOBbIE METOIBI MAITUHHOTO OO0y IeHnsT, OCHOBAH-
Hble Ha IIPUBEJIEHHBIX BBIIE PE3yJbTaTaX U He TPeOYIoNne BHIYUCIEHNUS BBITYKJIIBIX
000JI0YEK U/ TPUAHTYJISIIIUE MHOXKeCTBa TOodeK. lIpesjioykeHHast Iporelypa JioKa-
JIM3AIIK TOYKH 110 OTHONIEHHIO K TPaHMUIe BBILYKJIOH 06osouku [1] yupornaer pere-
HUe 331491 BU3YaIU3aIUN TOYEK, IOMABIINX B 30HY [I€PECCUCHNs BBITYKIIBIX 00010~
9eK. DTO MO3BOJISET YTOUHUTH BOZMOKHOCTD yBeJndeHus 3(PMEKTUBHOCTH PEITaio-
mero npasuia. B pabore Ha MOJENIBHBIX U PEATbHBIX JAHHBIX OKA3aHBI IIPUMEDPHI
0TOOpaykKeHusl Ha IJIOCKOCTU TOYEK, MTOMABIINX B 30HY II€PECeYeHNsl JIBYX BBITYKJIBIX
000JI09€K, OIUCHIBAIONINX KJIACChI B MHOIOMEDPHOM ITPOCTPAHCTBE.

[Ipemioxken TakKe MPOCTOIL CIIOCOO OIMEHKHU OJIM30CTHU JIBYX BBITYKJIBIX 000I0YEK
JAPYT K APYTy HE3aBUCHMO OT UX II€PECEKAEeMOCTH, KOTOPBII OCHOBAH HA MIPUBE/IEH-
HBIX BbIe pe3yibrarax. VImercs 9BKINI0BO PACCTOSHUE MEXK/Iy TDAHHUIAMU JIBYX
BBIILYKJIBIX 000JIOYEK, Ha IIPAMOIl JIMHUU, COEIMHAIONIEN /IBa IEHTPOUIA PACCMATPHU-
BaeMbIX Kj1accoB. OHO BBIUUC/ISIETCS KaK PA3HOCTH JIBYX PACCTOSTHUI OT IEHTPOUIOB
KJIACCOB JI0 TPAHMUI] BBITYKJIBIX 000JI0YEK TPOTUBOIIOJIOXKHBIX KJIACCOB. DTH PaCCTOsI-
HUsI ONPEIESIOTCS € UCIIOIB30BAHNEM METO/Ia, JIMTHEIHOTO IIPOrPAMMHUPOBAHUS. DTOT
crrocod TPUMEHEH KaK MepPa PACCTOSAHUA IPU OO0bEIUHEHHUS [TPOMEXKYTOYHBIX KJla-
CTEPOB Ha, OCHOBE OJIMKAMIIINX BBIMYKIBIX 000JI09€K B KJIaCTEPHOM aHan3e Ha 6a3e
BBIILYKJIBIX 000JI0YEK.

Pa6ora nmommepxana rpaarom PODPU No. 19-29-01009.

[1] Duld J., Helgason R. A new procedure for identifying the frame of the convex hull of a
finite collection of points in multidimensional space // European Journal of Operational

Research, 1996. Vol. 92(2). Pp. 352-367.

[2] Nemirko A. Image recognition algorithms based on the representation of classes by
convex hulls // Lecture Notes in Computer Science, 2021. Vol. 12665. Pp. 44-50.

[3] Nemirko A., Duld J. Nearest convex hull classification based on linear programming //
Pattern Recognition and Image Analysis, 2021. Vol. 31(2). Pp. 205-211.
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Estimating the proximity of convex hulls for machine learning
problems

Nemirko Anatoly apn-bs@yandex.ru

Saint Petersburg, Saint Petersburg Electrotechnical University “LETT”

Many machine learning problems (regression, classification, clustering, feature
space dimensionality reduction) use the representation of classes as sets of points
in a multidimensional feature space. Another way to describe classes is to use the
convex hulls of the original sets. Despite the loss of statistical properties of the
data, which is often insignificant, convex hulls define the boundaries of changes in
experimental data, compactly store all the basic information about them, which
allows you to quickly respond to a variety of queries on this set. Such a geometric
description of classes reflects the orientation of classes in space, their relative position
relative to each other and the configuration of their intersection areas. The main
obstacle to the development of this direction is the computational complexity, which
rapidly increases with an increase in the number of features and experimental points.

The paper considers machine learning methods that use the description of classes
by convex hulls in a multidimensional feature space. Methods of approximate es-
timation of the localization of a point with respect to the boundary of a convex
hull (inside, on the boundary or outside the convex hull) without calculating the
convex hull itself are found [1,2]. This made it possible to approximate the distance
from a point to the boundary of a convex hull [3] regardless of its localization and
implement the nearest convex hull method. Efficient methods for calculating the set
of extreme points are also proposed [1], which simplify class descriptions and the
implementation of decision rules.

The recently proposed method of finding the distance from a point to the bound-
ary of a convex hull [3] is based on the use of linear programming. Unlike NP-
complete quadratic programming problems, this problem belongs to the P class of
complexity and can be solved in weakly polynomial time. In practice, there are very
effective algorithms for this. The above methods have good scalability and can be
used in many machine learning tasks when describing classes in a multidimensional
space. They have been successfully tested on the tasks of automatic medical diag-
nosis of breast cancer and the recognition of dangerous arrhythmias by ECG. The
overall classification accuracy on the test sample for breast cancer was 97.9% (for
linear SVM 92.8%) and for dangerous arrhythmias 91.5% (for linear SVM 93.0

In this paper, we propose new machine learning methods based on the above
results and do not require the computation of convex hulls or triangulation of a
set of points. The proposed procedure for localizing a point with respect to the
boundary of a convex hull [1] simplifies the solution of the problem of visualizing
points that fall into the intersection zone of convex hulls. This makes it possible
to clarify the possibility of increasing the effectiveness of the decisive rule. In the
work on model and real data, examples of mapping on the plane of points that fall
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into the intersection zone of two convex hulls describing classes in multidimensional
space are shown.

A simple method is also proposed for estimating the proximity of two convex hulls
to each other, regardless of their intersection, which is based on the above results.
We are looking for the Euclidean distance between the boundaries of two convex
hulls, on a straight line connecting two centroids of the classes under consideration.
It is calculated as the difference between the two distances from the centroids of the
classes to the boundaries of the convex hulls of the opposite classes. These distances
are determined using the linear programming method. This method is applied as
a measure of distance when combining intermediate clusters based on the nearest
convex hulls in cluster analysis based on convex hulls.

This research is funded by RFBR, grant 19-29-01009.
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Cnabo-koHTposmpyemoe oby4eHne Ha OCHOBE MaTpuLbl
He4YeTKNX OTHOLUEeHUN

Bepuxos Baadumup Bopucosuu'?x berikov@math.nsc.ru
JTumeunenxo Aaexcandp’ litvinenko@uq.rwth-aachen.de
'Hosocubupcek, Nucruryr maremaruku um. C.JI. Cobonesa CO PAH

2Hosocubupek, HoBOCHGHPCKIiA TOCYIaPCTBEHHbIH YHIBEPCHTET

3Peitrcko-Becrdambekmit TexanuecKkuii yanBepenTeT Axena, LepMarnims

B pabore peraercs 3a1a4a aHan3a JaHHBIX B IOCTAHOBKE CJ1ab0-KOHTPOJINPYEMOTO
obyuennsi. B jmamnOil 3a/1ade s HEKOTOPBIX Habmogenmit x; € R i = 1,...,n
U3BECTHBI TOYHBIE 3HAYEHUsI MPOTHO3UPYEMON BEJIMUMHBL Y;, JJIsi HEKOTOPBIX — W3-
BECTHBI HETOYHO M3-38 HAJIMYUNS CJIYIAHOrO IIyMa WM JPYTUX TPUINH, TAKAX KaK
HEXBATKa PECYPCOB s TINATEJIHHOU Pa3MEeTKH, a i APYrux — HemsBecTHHI. [o-
JIOOHBIE 33/1a91 BO3HUKAIOT BO MHOTUX O0JIACTAX MUCCJIEI0BAHUS, B KOTOPBIX NMEETCs
6oJIbIIIIE OO'BEMBI JIAHHBIX, [I0JIyYaeMbIX, HAIIPUMED, HA OCHOBE M3MePEHUll CEeHCOPOB,
HO pa3MeTKa IOJIy9YeHHBIX HAOJIIOIEHNI SBJISIETCS PEeCypPCO3aTPATHON IPOIE Ly Poil
(rpebyer npuBJeUYCHUs BHICOKOKBAIU(MUIMPOBAHHBIX SKCIEPTOB, CIEIUAJbHBIX JI0-
HOJIHUTEJIbHBIX UCCJIe0BaHuil 1 T.11.). Hacro 70151 TOYHO pa3MeUYeHHbIX PEIEe/IeHTOB
MaJIa 1o CpaBHEHUIO ¢ 00ImMIM 00beMOM BBIOOPKH. B KadecTBe mpuMepa MOKHO TTPH-
BECTHU 3aJIady aHAJIU3a TOMOrpadUIecKux n300pakKeHuii: mpu 00yIeHnn HEHPOHHON
CeTH DPACIIO3HABAHUIO 30HBI MMOPAXKEHUs MO3Tra, IIPH WHCYJIbTE TPEOYeTCs MPOBECTH
anan3 MHOKecTBa 1UdpoBbiX KT CHUMKOB, B KOTOPBIX CIEIUAJIACT-PEHTIEHOJIOT
pa3zMeTaeT MOBPEXKICHHYTIO 00JIaCTh TOJTOBHOTO MO3Ta. IIpu 60IBIITOM Unc/Ie CHUMKOB
He BCerjla yJIaeTcs IIPOBECTU TIIATEJHHYIO PasMeTKy. Bo MHOruX ciaydasax peHTre-
HOJIOTY y00Hee OTMETHUTH 00JIACTH TOPAYKEHUs B BUJIE PAMKHU HJIM OBAJIA, OXBATBI-
BAaIOIIEr0 NHTEPECYIOINIYI0 30Hy. B JIpyrux moio0HbIX 3a/iauax TpebyeTcs: TPOBOIUTh
KJIacCU(PUKAIMIO HA yPOBHE MHOYXKECTB IPEIEIEHTOB; IIPU ITOM KAXKIBI JIEMEHT
MHOXKECTBA MOYKET OBITh Pa3MedeH HEeTOTHO.

[Ipemnoskennwrit B pabote 1] meTon pemenns: nannoi 3a1891 TpeOyeT ONTNMA3a-
1uu GYHKINU TOTEPD, IIPU BBIBOJIE KOTOPOI UCIIOJIL3YETCs PEryJIsipU3alins MHOT000-
pasust Ha OCHOBE 3a/[AHHON MOJIEJIN HETOYHOCTHU U IIPEJICTABICHNE MATPHUIIBI CXOICTBA
[IPEIIE/IEHTOB B MaJIopaHroBoii hopme. Takoe mpe/icTaBiieHIe TTO3BOJISIET 3HATUTEIb-
HO YCKOPHUTDb BBIYUCJICHUS U CHU3UTH TPEOOBAHUS I10 ITAMSITH.

B catyuae 3agaqu perpeccuonnoro anasiusa (y; € R), Mojesb HeTo9HOCTH MOXKET
OBITH OlpeJie/ieHa ¢ TIOMOIIbIO HopMaJibHOro pacupejenenus: N(a;, o), tie a;, o; -
[apaMeTpbl, XapaKTEePU3YIOIIIe OXKMIAeMOoe 3HAUeHNe U Pa30POC BO3MOXKHBIX 3HA-
qennit y;. Crocob 3aanns mapamMeTpoB OIPE/Ie/IAeTCsl KOHKPETHON 3a/1atieil; Hanpu-
Mep, IIPU aHAJII3€ N300PaYKEHMIT MOXKHO IIPEJIIOIOKUTh, ITO IeM OJINZKE -l TTHKCeTb
HAXOJINTC K IEHTPY YIACTKA, OUPAHNIEHHOTO KOHTYPOM Da3METKU, TeM OHa OoJjiee
To4Ha (T.e. MEHbIIE BeJUIUHA ;).

1715t HAXOXK JIEHIST MATPUIIBI CXOJCTBA B MAJIOPAHTOBOM POPME HCITOJIb3yeTC s MaT-
pHIla OTHOIIEHUH, MOJydeHHasl HA OCHOBE KJIACTEPHOro aHcam0biisa. Marpumna ompe-
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JIeJIsAeT, K KAKOMY KJIacTepy ObLI OTHECEH TOT MJIM MHOM IPEereeHT 0A30BbIMU aJIro-
purMmamu arcaMOst. Vcronb3oBanne KJIacTEPHOTO aHAIN3a B CIydae 3a1a9u c1abo-
KOHTPOJINPYEMOro 00y YeHUsI TI03BOJISIET U3BJIEUYb JIOMOJHUTETbHY 0 HH(MOPMAIIWIO U3
HepasMeYeHHBIX ¥ HETOUHO Pa3MEUYEHHBIX IIPEIEIeHTOB [2].

B moxmazme obcyxkmaeTcsa mpemaraeMasi MOSUMPUKAIIS JTAHHOTO METOa, OCHO-
BaHHAs HA MOJIEIN aHCAMOJI HEYETKNX aJrOPUTMOB Kjacrepusamnuu. Hederkue me-
To/bl (B naHHoil pabore ucnosbsyercs meros Fuzzy C-Means, FCM) o6ianaior rem
MIPENMYIIIECTBOM, UTO Ha I'PAHUIAX KJIACTEPOB JIAI0T Oojiee “ajieKBaTHBIE” Pe3yIbTa-
TBI IPyNIUPOBaHUs. AHCAMOJIb IPUMEHSIETCsI, YTOOBI TIOBBICUTE YCTOWYMBOCTD Pellie-
HUIi, & TaKyKe ONEHUTHh W yMEHBIIUTh BIUSHUE CIy9IailHOCTH B BBIOODE MHUIIMAII3a-
1uii Ha UTOroBoe Heuerkoe pasbuenue [3]. Marpuna HeYeTKUX OTHOIIEHUN UCIIO/Ib3Y-
eTcs JUI HaXOXKJEeHNsT MaTPHUIIBI CXOJ/ICTBA IPEIEJIEHTOB, KOTOpas TaKzKe IIPeICTaB-
Jsiercst B MasjopanrosoM sujie. Ajropurm FCM mmeer JTuHEHHYIO TPY/I0EMKOCTD 110
OTHOIIEHNIO K PA3MEPHOCTU BXOJIHBIX JIAHHBIX, ITOTOMY MOXKET NPUMEHATHCS JIJIs
JIOCTATOYHO OOJIBIINX 00'bEMOB BBIOODKU.

[IpemyioxkeHHBIIT METOJT WCCIEAYeTCs Ha MCKYCCTBEHHBIX M PEAJBHBIX HADOpax
JAHHBIX C UCIOJIB30BAHIUEM CTATUCTHIECKOIO MOJIETUPOBAHNUS.

Pabora nmomzmep:xana rpaarom PODU No. 19-29-01175.
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Weakly supervised learning based on a fuzzy relationship matrix
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The paper considers the problem of data analysis in the formulation of weakly
supervised learning. In this problem, for some observations z; € R4, i = 1,...,n,
the exact values of the predicted value y; are known; for some they are known in-
accurately due to the presence of random noise or other reasons, such as a lack
of resources for scrupulous labeling, while others are unknown. Similar problems
arise in many areas of research, in which there is a large amount of data obtained,
for example, on the basis of sensor measurements. Labeling the observations is a
resource-intensive procedure (requiring highly qualified experts, additional special
research, etc.). Often, the proportion of accurately labeled precedents is small com-
pared to the total sample size. An example is the problem of analyzing tomography
images. There by training a neural network to recognize a brain lesion zone affected
by stroke, it is required to analyze a set of digital CT scans, in which a radiologist
annotates the damaged area. With a large number of images, it is not always pos-
sible to carry out thorough labeling. It is often more convenient for the radiologist
to annotate the affected area in the form of a frame or oval covering the area of
interest. Other similar tasks require classification at the level of sets of precedents;
moreover, each element of a set can be labeled inaccurately.

In the method proposed in [1] to the solution of the considered problem, it is
required to optimize the loss function, the derivation of which is based on manifold
regularization for the given model of inaccuracy and on the representation of the
similarity matrix in the low-rank form. This representation can significantly speed
up computations and reduce memory requirements.

In the case of a regression problem (y; € R), the imprecision model can be
determined using normal distribution: A (a;,0;), where a;, o; are parameters char-
acterizing the expected value and the scatter of possible values of y;. The way of
setting parameters is determined by a specific task; for example, when analyzing
images, it can be assumed that the closer the ith pixel is to the center of the area
bounded by the labeling contour, the more accurate the labeling is (i.e., the smaller
the value of o;).

To find the similarity matrix in the low-rank form, a matrix of relations obtained
on the basis of a cluster ensemble is used. This matrix determines to which cluster a
particular precedent is assigned by the base algorithms of the ensemble. The usage
of cluster analysis in the case of weakly supervised learning allows one to extract
additional information from unlabeled and inaccurately labeled precedents [2].

Russian National Conference MMPR-20. Russia, Moscow, December 7-10, 2021
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This work discusses the proposed modification of this method, based on the
model of an ensemble of fuzzy clustering algorithms. Fuzzy methods (in this work,
the Fuzzy C-Means, FCM is applied) have the advantage they give more ”adequate”
grouping results at the cluster boundaries. The ensemble is utilized to increase the
stability of solutions, as well as to estimate and reduce the influence of randomness
in the initializations on the resulting fuzzy partition [3]. A fuzzy relationship matrix
is used to find the similarity matrix for the precedents, which is also presented in a
low-rank form. FCM algorithm has a linear complexity regarding the dimension of
input data. Therefore it can be efficiently implemented for sufficiently large sample
sizes.

The proposed method is investigated on artificial and real data sets using Monte-
Carlo modeling.

This research is funded by RFBR, grant 19-29-01175.

[1] Berikov V., Litvinenko A. Weakly supervised regression using manifold regularization
and low-rank matrix representation // Lecture Notes in Computer Science, 2021.
Vol. 12755. Pp. 447-461.

[2] Berikov V., Litvinenko A. Semi-supervised regression using cluster ensemble and low-
rank co-association matrix decomposition under uncertainties // Conf. Proceedings of
3rd International Conference on Uncertainty Quantification in Computational Sciences
and Engineering, 2019. Pp. 229-242.
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Mownck HenpmnBogunmbiX NMOPOroBbiX aCCoOunMaTuUBHbLIX NpaBunJ B
HAaCTU4HHO ynopsago4YeHHbIX OAHHbIX

Tenpuxos Hzopv Eezenvesur' x ingvar1485Q@rambler.ru
IToxoea Eaena Bcesonodoena® edjukova@mail.ru
YXumku, 000 «Mobaiin mapk U T»

2Mocksa, BIT ®UIL 1Y PAH

PaccmaTrpuBaercs 3a1ata moncka acCOIMATUBHBIX MPABUT CIEIUAILHOTO BUIA B
JIAHHBIX C DJIEMEHTAMHU U3 JEeKAPTOBA MPOU3BEJICHNST KOHETHBIX YACTUIHO YOO
JEeHHBIX MHOKeCTB. JJisi COKpallleHnsl BpeMeHHbBIX 3aTPAT [IPU aHAJIN3€e HeOMHAPHBIX
JIAHHBIX HMCIOJIB3YIOTCs MO audUKaIms Kaaccuieckoro bunapuaoro FP-nepesa u ma-
paJutesbible Bhruncyenus Ha ocHose texuojorun CUDA. IlpuBossrces pe3yabrarst
TECTUPOBAHUS TTOCIEIOBATEILHOIO U MTaPAJICILHOTO aJTOPUTMOB.

[Tonck acconmaTUBHBIX MPABUJ SABJISETCA OIHON M3 TEHTPAJBHBIX 38189 UHTE-
JIEKTYAJIBHOI'O aHaJIn3a MH(MOPMAIIUU, UMEET BasKHOEe IIPUKJIAHOe 3HAYEHHe 1 OObIY-
HO OCYIIECTBJISIETCS HA OCHOBE HAXOXKJIEHUS 10 MMEFOIelicst 6a3e TpaH3aKIUil 1acTo
BCTPEYAIOIIUXCS DJIEMEHTOB (4aCThIX COObITHI). ACCONUATUBHOE IPABUIO yCTAHAB-
JITBAET 3aBUCHUMOCTD MEXKJY ABYMS YACTHIMU COOBITUSME, COTJIACHO KOTOPOIT OITHO
qacToe cobpiTre X ¢ HEKOTOPOH «IOCTOBEPHOCTHIO» BJICUET APYTroe YacTOe COOBITHE
Y. Ilpu stom cobbitusg X 'Y TMOPOKIAIOTCS OJTHUM ODIIUM JacCTBIM COOBITHEM, 000-
sHavaeMbIM Jajee X @Y. Haubosiee nHGOPMATUBHBIMUA CIUTAIOTCS ACCOIUATUBHBIE
[IPaBUJIA, TIOPOXKIAEMbIE «MAKCUMAJbHBIMIY JaCTHIMU 3j1eMeHTamMu X OY ¢ «MUHU-
MasbHOM» nocbLikoil X . Takue npasuia nassizaiorcs HenpusogunMbivu (Elbassioni
K. M., 2014), u 3a/1aua uX HAXOKJIEHUsI OCOOEHHO BayKHA B CJIydae GOJIbIINX JaHHBIX.
Bompocsr moncka acconmaTuBHBIX TPaBUJI HAnOoIee M3yIeHbl B CIyvae HEYIOPSI0-
JeHHBbIX OnHAPHBIX jaHHbIX (Agrawal R., Imielinski T., Swami A., 1993).

OpuH 13 HanboJIee U3BECTHBIX CIIOCODOB HAXOXKJEHUS YaCTBIX SJIEMEHTOB B OU-
HapHBIX JAaHHBIX OCHOBAH Ha MPEJACTAaBICHAN WH(MOPMAINH, coAepKalieiics B 6ase
TpaH3aKIInii, B BUJE JAPEBOBUIHON CTPpYKTyphl, Ha3biBaemoit Frequent Pattern Tree
(FP-nepesom). B 6ostee obiiem cirydae, Kak IPaBUIIO, OCYIIECTBIISIETCs OMHAPU3AIIUST
MCXOHBIX JAHHBIX IT0 HEKOTOPOMY YUCJIOBOMY HAOOPY ITOPOTOB, U 3aa%1a CBOJINTCS K
nocrpoenuto 6unaproro FP-nepesa. Hacrbie 3/71eMeHTHI U acCOIMATHBHBIE TPABUIIA,
HaliJIeHHBIE 110 OMHAPU3UPOBAHHBIM JIAHHBIM, HA3BIBAIOTCS [TOPOrOBBIME. Pe3ysbrar
CYIIECTBEHHO 3aBUCUT OT BbIOOpa Habopa moporos. OmgHAKO mepebop MO BCeM BO3-
MOXKHBIM BapHAHTaM OUHAPHU3aIuy TPeOYeT CyIEeCTBeHHBIX BpeMEeHHbIX 3aTpart. B [1]
JIJISI COKPAITEHHST BpEMeHn aHa/m3a HeOMHAPHBIX JAHHBIX, B TOM YHCJE C dJeMeHTa-
MU U3 JIEKapTOBa MPOU3BEJEHMsI KOHEUYHBIX YACTUYHO YIIOPSIOYEHHBIX MHOXKECTB,
IpeJiyIoXKeHa Mojiesib moporoporo FP-nepesa, nazsannasi TFP-epesom.

B macrosimeit pabore moctapiena 3agata MONCKa HEIIPUBOINMBIX ITOPOTOBBIX ac-
COTIMATUBHBIX TIPABUI B JAHHBIX, IPEICTABICHHBIX B BUJIE IEKAPTOBA TTPOU3BEICHUA
P=P x...x P,,tne P;, i € {1,..,n}, — KOHEUHOE YACTUTHO YIOPSTOTEHHOE MHO-
2KeCTBO, Ha3blBaeMoe Jiajiee aTpubyroM. st perieHust ocTaBjaeHHON 3a/1a91 pa3pa-

Bcepoccniickast kougepennus MMPO-20. Poccusi, r. Mocksa, 7—10 gexkabps 2021 r.
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GOTAHBI ¥ UCCJIEIOBAHBI JIBA AJITOPUTMAa: MocjeoBaTesbHblil ajropurm TFP-tree n
ero nmapaJienbHas sepcust Ha ocHoBe Texnosornn CUDA (amroputm DPTFP-tree).

Ta6uauia 1. ITouck Henpusomumbix mpasuit agropurmoM TEP-tree.
m X n*k |Hp| | |Fb| |Ap| | ¢, ¢ | t1, c|At, %
300 x 40 * 4 1512 | 27866 633 0.5 0.4 75
300 x 40 5 |10584 | 229951 | 12779 | 9.4 6.7 | 59.7
300 x 40 * 6 | 864362217292 |259420(460.1|378.6| 78.5
300 x 40 * 7 1691488228979383982077]2710.2[2358.7| 85.1
3000 x 40 4 | 1764 | 18795 752 4.2 3.4 | 76.5
30000 x 40 =4 | 2401 | 27875 842 85.4 | 64.2 | 67
300000 x 40 * 4| 1764 | 29288 698 [1018.3/631.6| 38.8
900000 x 40 x4 | 1764 | 28268 625 [2910.9]1813.6| 39.5
1800000 x 40 * 4 1764 | 38275 540 [7481.54815.7 44.6

Kaxerit mar aaropurma TFP-tree coctout u3 naByx sramos. Ha mepsom sTare
Ha OCHOBE aHajim3a 0a3bl TpaH3akiuii D, B KOTOPOH KaxKjasi TPAH3AKIIAS SIBJIsSIeT-
Csl HEKOTOPBIM 3JIEMEHTOM 13 P, CTPOUTCS MHOYXKECTBO TaK HA3BIBAEMbBIX 3HAUUMBIX
rabopos noporos H p u fj1s kaxkmoro vabopa u3 H p uimercs MHOXKECTBO MAKCUMAJTb-
HBIX [OPOTOBBIX YACTBIX jeMeHTOB Fp. Ha BTOpOM 3Tame s KaXKaoro sjieMenTta
n3 Fp HaxonnTcss MHOYKECTBO HEIPUBOIMMBIX TOPOIOBBIX ACCOIMATUBHBIX ITPABUII
Ap. B anmropurme DPTFP-tree muoxkecrso Hp pasbuBaercss Ha HEIIEpECEKAIOIIIE-
Csl TIOJMHOYKECTBa, KaXK0€e U3 KOTOPBIX IMOJAETCsI HA OTIEbHBIN BBIUYNC/IUTE/IbHBII
610K TpadUIeCcKOro IPOIeccopa JiJisi TOUCKA MCKOMBIX ITPABUII.

4815668

3500000 = o= DPTFP-tree 1813618
P
—o— TFP-tree
651566 _ — 2353156
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. - = 561015
2 _ 7158602
£35000
o
£
=
1238
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396
350 } } : i ; f
mxn 300x40 3000x40  30000x40 300000x40 900000x40 1800000x40
|Hp | 1512 1764 2401 1764 1764 1764
|Fol 27866 18795 27875 29288 28268 38275

Puc. 1. 3aBucumocTs BpeMenu cunrtesa Fp oT m.
B rabsunie 1 npejicrasienst pesyabrarsl paborst agropurma TFP-tree ma coryaait-
HBIX MOJIEJTbHBIX JIAHHBIX, [IPU YCJIOBUU, YTO KAXKJBIH aTpuOyT P; sBIsercs Mernbio
u mMomHOCTh P; He npesocxomut 10. yist Tpoitku (m, n, k), T1e m — 4nciao TpaH3ak-
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nuit, k— 9ucyio HeOMHAPHBIX aTPUOYTOB, YKAa3aHbI MOITHOCTH MHOXKecTB Hp, Fp n
Ap, obiee BpeMsi paboThl ajropurMa t, BpeMst ero paboThl Ha IEPBOM Talle t, u
sesmmauna At = ¢ /t-100%. HerpyaHo BUIETH, 9TO BpeMsl IEPBOrO Tala B 60/ IbITHH-
CTBE CJIyYaeB COCTaBJisieT 0oJiee TOJIOBUHBI OT ODIIEro BpeMeHrn paboThl aJllOPUTMA
u upu |Hp| > 600000 mocruraer 85%. Ilpu yBesmdenun m BpeMsd, 3aTpaduBacMOe
aJITOPUTMOM HA TIEPBOM 3TaIle, CYIECTBEHHO YMEHbBIITACTCH.

Ha puc. 1 nokazana 3aBUCHMOCTH BpEMEHU CUHTe3a MHOXKeCcTBa F'p ajropurmamu
TFP-tree u DPTFP-tree or uncia tpansakuuit m (npu n = 40, k = 4). Bugso, uto
npu m > 3000 amropurm DPTFP-tree paboraer 6uicrpee anropurma TFEFP-tree B
CpeJHEM B TPHU pasa.

Takum obpaszom, nmokazana 3pGEKTUBHOCTD TPUMEHEHUS TPEJJIATAEMOT0 IIOIX0-
Jla K CHHTEe3Y HEIPUBOIUMBIX ACCOIMATUBHBIX IPABUJ B IIPOM3BEICHUN YACTUIHBIX
IIOP$I/IKOB.

Pabora wactuuno dpunancuposana rpaarom PODU No. 19-01-00430-a.

[1] Genrikhov I., Djukova E. Finding frequent elements for a product of partial orders and

association rules // Int. conf. ITNT-2020, 2020. Pp. 1-5.
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Finding irredundant threshold association rules in partially ordered
data
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The problem of finding association rules of some special type in data with ele-
ments from the Cartesian product of finite partially ordered sets is considered. To
reduce the time spent in the analysis of nonbinary data, a modification of the clas-
sical binary FP-tree and parallel calculations based on CUDA technology are used.
The results of testing the sequential and parallel algorithms are presented.

Finding association rules in data is one of the central problem in intelligent
data analysis, has an important application value and is usually carried out on
the basis of finding frequently occurring elements (frequent events) in the available
transaction database. The association rule establishes a relationship between two
frequent events, according to which one frequent event X with some "reliability”
entails another frequent event Y. In this case, the elements X and Y are generated
by one common frequent element, denoted further X ® Y. The most informative
are those association rules that are generated by the "maximum” frequent elements
X ®Y with the "minimum” precondition X. Such rules are called irredundant
(Elbassioni K. M., 2014), and the task of finding them is especially important in the
case of big data. The issues of searching for association rules are most studied in
the case of unordered binary data (Agrawal R., Imielinski T., Swami A., 1993).

One of the most well-known ways to find frequent elements in binary data is
based on the representation of information contained in the transaction database
in a compact tree structure called a Frequent Pattern Tree (FP-tree). In the case
of nonbinary data, as a rule, the original data is binarized by means of a certain
numerical set of thresholds, and the task is reduced to the construction of a binary
FP-tree. Frequent elements and association rules found from binarized data are
called thresholds. The result depends significantly on the choice of a set of thresholds.
However, the search through all data binarization variants is computationally costly.
In [1], to reduce the analysis time of binary data, including with elements from the
Cartesian product of finite partially ordered sets, a threshold FP-tree model called
a TFP-tree is proposed.

In this work, the problem of finding irredundant threshold association rules in
data presented as Cartesian product is set P = Py X ... x P,, where P;, i € {1,..,n},
— is a finite partially ordered set, next referred to as an attribute. Two algorithms
have been developed and studied to solve this problem: the sequential TFP-tree
algorithm and its parallel version based on the CUDA technology (DPTFP-tree
algorithm).

Russian National Conference MMPR-20. Russia, Moscow, December 7—10, 2021
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Table 1. Search for irredundant rules by the TFP-tree algorithm.

m X nx*k |Hp|| |Fp| |[Ap| |t, sec|t1, seclAt, %
300 x 40 * 4 1512 | 27866 633 0.5 0.4 75
300 x 40 x5 |10584 | 229951 | 12779 | 9.4 6.7 | 59.7
300 x 40 x 6 | 86436 |2217292|259420(460.1|378.6| 78.5
300 x 40 * 7 691488[228979383982077]2710.22358.7| 85.1
3000 x 40 x4 | 1764 | 18795 752 4.2 3.4 | 76.5
30000 x 40 = 4 | 2401 | 27875 842 85.4 | 64.2 | 67
300000 x 40 * 4| 1764 | 29288 698 [1018.3|631.6| 38.8
900000 x 40 * 4| 1764 | 28268 625 [2910.9]1813.6| 39.5
1800000 x 40 = 4] 1764 | 38275 540 |7481.54815.7| 44.6

Each step of the TFP-tree algorithm consists of two stages. At the first stage,
based on the analysis of the transaction database D, in which each transaction is
some element of P, the set of so-called significant sets of thresholds Hp are con-
structed and for each set from Hp, the set of maximum threshold frequent elements
Fp is searched for. At the second stage for each element from Fp, the set of irre-
dundant threshold association rules Ap is searched for. In the parallel DPTFP-tree
algorithm, the set Hp is divided into disjoint subsets, each of which is sent to a
separate computing block of the graphics processor to search for the desired rules.

3500000 ‘=== DETEP-tree 1813618 813668
o
—eo— TFP-tree
621566 _ — 2353156
) . — = 561015
2 _ 7158602
£35000
&
£
=
1238
38 _
396
350 . . : e =
mxn  300x40  3000x40 30000x40 300000x40 900000x40 1800000x40
N 1512 1764 2401 1764 1764 1764
[Fol 27866 18795 27875 29288 28268 38275

Fig. 1. The dependence of the synthesis time of the Fp on m.

Table 1 shows the results of the TFP-tree algorithm on random model data,
provided that each attribute P; is a chain and the power P; does not exceed 10. For
the triple (m,n, k), where m — number of transactions, kK — number of nonbinary
attributes, the powers of the sets Hp, Fp and Ap, the total running time of the
algorithm ¢, the time of its operation at the first stage ¢; and the value At = ¢/t -
-100% are indicated. It is easy to see that the time of the first stage in most cases
is more than half of the total time of the algorithm and with a large |Hp| > 600000
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is reaches to 85%. With an increase m, the time spent by the algorithm at the first
stage of operation is significantly reduced.

Figure 1 shows the dependence of the synthesis time of the set Fp by the TFP-
tree and DPTFP-tree algorithms on the number of transactions m (by n = 40,
k =4). Tt can be seen that for m > 3000 the DPTFP-tree algorithm is faster than
TFP-tree algorithm by an average of three times.

Thus, the effectiveness of the proposed approach to the synthesis of irredundant
association rules in a product of partial orders is shown.

This research is partial financial supported of RFBR, grant 19-01-00430-a.

[1] Genrikhov I., Djukova E. Finding frequent elements for a product of partial orders and

association rules // Int. conf. ITNT-2020, 2020. Pp. 1-5.
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MawwunHHoe 06y‘-|eHV|e Ha NOrnm4eckunx BblCKa3biBaHUAX: MepPbI
cxXoaocTtBa, HETPUBUAJIBHOCTU U KNactTepu3ayna norm4eckmnx
chopmyn
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Bepurose Baadumup Bopucosuy
"Hosocubupck, Nucruryr maremarukn um. C.JI. Cobonesa CO PAH

2Hogocubupck, HoBoCHGHPCKHil rOCYIaPCTBEHHbII yHIBEPCHTET

B nmokaze paccmaTpuBaeTcst OjiHa U3 aKTYAJIbHBIX 3389 HA CTHIKE MaTeMaTHIe-
CKOIl JIOTUKN ¥ MAITUHHOTO OOYY€HUs] — aHAJN3 JIOTUIECKUX BBICKA3BIBAHUIA, TIOJTY-
YEHHBIX U3 0a3bl 3HAHWI HHMOPMAIIMOHHON CHCTEMBI WX OT SKCIEPTOB KAKOH-THO0
npeameTtHoit obsactu. [Ipn amanmse Tpedbyercst HafiTH OJU3KME BHICKA3LIBAHMUS, BbI-
ABUTH JJOCTOBEPHLBIE, HaliTh HeTpUBUaJIbHBIE YTBEP2KJICHUA U T. /1. P336I/I6HI/I€ MHOZKe-
CTBa BBICKA3bIBAHUI Ha IOJMHOXKECTBA [OXOKUX JIEMEHTOB (KJIaCTepU3alust) 1103~
BOJISIET MIPOBOJIUTH CTPYKTYpPUPOBaHUEe 0a3bl 3HAHUN M 0DJIErdaeT MOUCK BBICKA3bI-
BaHUil, HanboJiee peIeBAHTHBIX 3ampocy. s KiracTepu3anun 3HAHUA, TOCTPOCHIS
peraronux QyHKINi Ha OCHOBE (DOPMYJI-BBICKA3bIBAHNI, TPEOyeTCs BBECTH PACCTOSI-
nre Mexk 1y bopmysiamu. B manmoit paboTe BhICKa3bIBAHNS 3aIINCAHBI B BUJIE (DOPMYJI
N—3HAYHOI JIOTUKH, YTO MO3BOJISIET YINTHIBATH UX BO3MOXKHYIO HEOJHO3HAYHOCTD. C
UPUBJIEYCHIEM MHOTO3HAYHOTO KJIacca Mojeseil (liepeMenHas MOKET BXOIUTh B MO-
JIeJIb ¢ PA3JIMYHBIMU 3HAYCHUSIMUA UCTUHHOCTHU) OLPEIEIAIOTCS PACCTOSHUS MEZK LY

n—1xn—1 |k—I] M( k I

dopryran: plp, 1) = sk SoRCg Sorcy B M (7. 7 )+ vae IS — e
k l

n—1’n—1

JIO BCEX MHOT'O3HAYHBIX Mojeseit, M ( ) — YHUCJIO TeX MoJieJsieil, Ha KOTOPBIX

dopmMmysia ¢ TpuHIMaeT 3HaYeHne %, a 1 — 3HaveHue —.

Bseniennr Takke HOBBIE MePBhl HETPUBUAIHLHOCTH, OOOOIIAIONINE TTPETOXKEHHBIE
panee B paborax [1, 2, 3] u umerormue sug: I(¢) = p(p,1), rme 1 — TOXKECTBEHHO
uctuHHas opmyia. JJokazano, 9To BBeJEHHBIE ceMelcTBa Mep 001aa10T CBOICTBaA-
MU MeTpuKH. [IpeiosKeHsl pasimaHble MeTOIbI KJIACTEPUZAIAN JTOTMICCKNX SHAHMN
U METOJbI CPABHEHH PE3yJILTATOB HA OCHOBE MHJICKCOB KA4eCTBA KJIACTEPU3AIIUH.
PaccMOTpeHBl KOHKPETHDIE TIPUMEPBI aHAJIN3a BHICKA3BIBAHUIT TS JIOTUK Pa3/IuIHOL
snadHoCTU. IlosydenHble pe3ysbraThl 0000IIeHbl Ha, CIydail KOJJIEKTHBHON KJacTe-
pusanun [4] Ha ocHOBe aHCAMOJISI METPUK.

Bee mosyvenHbie BbIE pe3yJIbTATHI, MCHOIL3YIOIMINE MHOTOZHAYHBLIE MOJIEJIN,
CTIPABEJTUEBI U IS APYTUX MHOTO3HATHBIX JIOTUK, OTTHIAIONIAXCS OT JIOrUKH JIyka-
CeBUYa OIPE/IC/ICHNEM UCTUHHOCTHDBIX 3HAMCHH JIOTHYECKUX CBA30K. JIj1s Hux Oy myT
BO3HHUKATH JPyTHe PACCTOsAHUs (METPUKM C HEPABEHCTBOM TPEYTOJHHUKA), & 3Ha-
YUT U JAPYTHE CIIOCO0BI KaacTepusanuu. [IpuMeHsaTh TaKue JIOTUKH [e1ecoo0pasHo B
caaydae, Korja OOJBIIMHCTBO 9KCIEPTOB JIAeT MPENOUTEeHIE B MOJIb3y KOHKPETHON
JIOTUKH U3 BO3MOYKHOTO CITHCKA.

ITpeIosKeHHBII TTOIX0J, JaeT BO3MOKHOCTD IIPOBOANTH MAIMUHHOE 00yYeHHE Ha,
9KCIEPTHBIX 3HAHUAX, 8 TAKYKE BBINOJIHATH UX KOJJIEKTHBHYIO KJIACTEPU3AIMIO.

Bcepoccuiickast kougepennust MMPO-20. Poccusi, r. Mocksa, 7—10 gexabpst 2021 r.
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PaGora Beinosnena B pamkax rocygapcrsernoro 3aganus UM CO PAH (upoekr
No0.0314-2019-0015).

[1] Vikent’ev A., Lbov G. Setting the metric and informativeness on statements of
experts // Pattern Recognition and Image Analysis, 1997. Vol. 7(2). Pp. 175-183.

[2] Vikent’ev A., Avilov M. New Model Distances and Uncertainty Measures for
Multivalued Logic // Lecture Notes on Computer Science, 2016. Vol. 9883. Pp. 89—
98.

[3] Vikent’ev A., Serov M., Vikentiev R., Berikov V. Collective Distances for Clustering N-
Valued Logic Formulas Representing Knowledge Base of Intellectual System // 2019

International Multi-Conference on Engineering, Computer and Information Sciences
(SIBIRCON), 2019. Pp. 664-669.

[4] Berikov V. Weighted ensemble of algorithms for complex data clustering // Pattern
Recognition Letters, 2014. Vol. 38. Pp. 99-106.



34 HTesIeKTyaJIbHbIH aHAIN3 JAaHHBIX

Machine learning on logical statements: measures of similarity,
non-trivialities and clustering of logical formulas

Vikentiev Alexander'?« vikent@math.nsc.ru
Berikov Viadimir'? berikov@math.nsc.ru
2Novosibirsk, Sobolev Institute of Mathematics SB RAS

2Novosibirsk, Novosibirsk State University

The work considers one of the topical problems at the intersection of mathe-
matical logic and machine learning, i.e., the analysis of logical statements, obtained
from the knowledge base of an information system or from experts from an applied
area of research. For the analysis, one needs to find out similar statements, iden-
tify valid propositions, find non-trivial predicates, etc. The partitioning of the set
of assertions into subsets of similar elements (clustering) allows one to structure
a knowledge base and facilitates the search for the statements that are most rele-
vant to a request. For the clustering of knowledge and finding decision functions
on the basis of the formulas-statements, it is required to determine a distance be-
tween formulas. In this paper, propositions are written in the form of formulas of
n-valued logic, which allows one to take into account their possible ambiguity. Us-
ing a multi-valued class of models (a variable enters the model with different truth
values), the distances between the formulas are determined as follows: p(p, 1) =

-1 1 |k— . .
= ﬁ o Yo ‘Sii‘ M (%, ﬁ) , where nl*®) is the number of all multi-

valued models, M (%, ﬁ) is the number of those models on which the formula

v takes the value %, and 9 takes the value ﬁ

New measures of non-triviality have also been introduced, generalizing those pro-
posed earlier in the works [1, 2, 3] and having the form: I(¢) = p(¢, 1), where 1 is
the identity true formula. It was proved that the families of measures introduced
have properties of the metric. Various methods of logical knowledge clustering are
proposed, and methods for the comparing the results based on cluster validity in-
dices are introduced. Specific examples of the analysis of the statements for logics
of different values are given. The results obtained are generalized to the case of
collective clustering [4] based on ensemble metrics.

All the results obtained above using multi-valued models are also valid for other
multi-valued logics, which differ from Lukasiewicz logic in the definition of the truth
values of logical connectives. For these logics there will be other distances (metrics
with triangle inequality), and hence other ways of clustering. It is advisable to use
such logic in the case when the majority of experts give preference in favor of a
specific logic from the possible list.

The proposed approach makes it possible to carry out machine learning based
on expert knowledge, as well as to perform collective clustering of formulas.

The study was carried out within the framework of the state contract of the
Sobolev Institute of Mathematics (project no 0314-2019-0015).
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DHTpoNuiiHoe MoAaennpoBaHMe CeTEeBbIX CTPYKTYP

Toipcun Aaexcandp Huronaesun'> author_at2001@yandex.ru
!ExarepuuGypr, Ypaabckuii be1epaabHbli yHIBEPCHTET
2Yensbunck, F0xu0-YpasbCKuil TOCYIAPCTBEHHBIH YHIBEPCATET

OjtHol a3 aKTyaJbHBIX TPOOJIEM SBJISETCS CO3/IAHNE aJIEKBATHOIO UHCTPYMEHTA-
pust JIJIsl UCCJIEJIOBAHUS U MOHUTOPUHTA COCTOSIHHS CETEBBIX CTPYKTYp. CereBbiMu
CTPYKTYpPaM¥ HA30BEM CHCTEMBI, KarKJIblil U3 JIEMEHTOB KOTOPOH CBsA3aH XOTs ObI
C OJHUM W3 JPyIuX 3JeMeHTOB cucrembl. OHE MOI'YT OBITH IIPEJCTABJIEHBI B BUJIE
CBA3HBIX I'PadOB, B KOTOPBIX CBA3b MEXKJY JIEMEHTAMU (BEPIIMHAME) 3aAeTCA B
BU/JI€ TECHOTHI KOPPEJISIIHOHHON B3aNMOCBSI3U.

B macrostinee Bpemst JI0CTaTOYHO PACIPOCTPAHEHO MCIIOJIH30BAHUE SHTPOIIIH JIJTsT
OIMCAHUSI CJIOYKHBIX CHCTEM B PA3IUIHBIX obJacTsX. Jokiram mocssien mpobieMa-
THUKE HCIIOJIb30BaHUA )II/I(i)(I)epeHLLI/Ia.HbHOf/’I SQHTPOIINN (ﬂaﬂee SHTpOHI/II/I) JJId ceTe-
BBIX CTPYKTYP. lIpeicTaBuM ceTeByto CTPYKTYPY B BUJE HEIPEPBIBHOIO CJLyYailHOIO
Bekropa Y = (Y7,Ys,...,Y,,). Ussecrno, uro surponuio H(Y) HEIPEPLIBHOIO CJLy-
JaifHOro BeKTOpa Y MOXKET ObITh Pa3jioXKeHa Ha JIBe COCTABJISIONIUX — SHTPOIUIO
XAOTHIHOCTH U SHTPOIUIO CAMOOPTaHU3AIIH.

st ceTeBbIX CTPYKTYDP, HAPSJLY C OIEHKON caMoil SHTPOINHU, OY/IyT HOJIE3HbI 1
JIpyrue SHTPONUIHBbIE XapaKTePUCTUKM, TaKhe KaK SHTPOIUs B3aUMOCBSI3H MEXKLy
HECKOJIbKUMHY ITOJICUCTEMaMU M SHTPOIUS CUCTEMbBI B OTJIEJIbHON BEPIITIHE.

IIycts 3amaHbl HECKOMBbKO moxcucteM Y cucremer Y, Takux uro YF =
= Yo, Yem,) C Y, k=12,... K, K € 2,3,...,m, mobasg KOMIOHEHTa
Y; MoxKeT BXOZUTH B cocTaB He 0ojlee TeM ONHOMN MOICHCTEMBI (CJIy<IaitHOrO BEKTO-
pa) Y*. Onupenemmm SHTPOIIIO B3aNMOCBA3H MKy TOJCHCTeMaM (CTydaitHBIME
sexTopamu) Y1, ... Y& kax

K K
H(( YY) => H(Y"-H(JY".
k=1 k=1 k=1

Ilycth ceTeBas CTPYKTypa IpeAcTaBlIeHA B BUIE CIydailHOro BekTopa Y =
=(W1,Ys,...,Y,,). Oupeiesaunm sHTPONUIO B BEPIIUHE Y] KAK

H(Yi(Y)) = H(Y) - H(Y\Y)).

DHTPOIINS B3ANMOCBSI3U MEXK/Ty HECKOJIbKAMHU TOACUCTEMAMU U SHTPOIINS CUCTE-
MBI B OTJEJIbHOW BEPIIMUHE O3BOJIAT UCCIEIOBATH CETEBBIE CTPYKTYPBI: OIEHUBATD
B3aMMOCBSI3aHHOCTH Me Iy cO0OOi PA3/INYHbIX YIACTKOB, a TAKXKE OIEHNBATH KaK Me-
HSIETCS SHTPOINS BHYTPU TaKUX cucteM. B 10Kja/1e pacCMOTPEHBI BOIIPOCHI OIIHCA~
HUsI JIAHHBIX BEJINUNH, & TaKyKe IPUMePbI UX TPUMEHEHUsT Ha MOJIEJIbHBIX U PeAbHBIX
JIAHHBIX.

Pabora mognepxana rparrom PODU No. 20-51-00001.

[1] Topcun A. H. QurponuiiHoe MoJeIMpoBaHie MHOIOMEPHBIX CTOXACTUIECKUX cucreM //

Bopomex: Hayka, 2016. 156. c.
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Entropy modeling of network structures

Tyrsin Alexander'? author_at2001@yandex.ru
Yekaterinburg, Ural Federal University
2Chelyabinsk, South Ural State University

The creation of adequate tools for the study and monitoring of the state of
network structures is one of the urgent problems. Network structures are systems,
each of the elements of which is connected to at least one of the other elements of
the system. They can be represented in the form of connected graphs, in which the
relationship between the elements (vertices) is given in the form of the magnitude
of the correlation relationship.

Currently, it is quite common to use entropy to describe complex systems in
various fields. The report is devoted to the problems of using differential entropy
(hereinafter entropy) for network structures. Let’s imagine the network structure
as a continuous random vector Y = (Y1,Ys,...,Y,,). It is known that the entropy
of H(Y) a continuous random vector Y can be decomposed into two components —
the entropy of randomness and the entropy of self-organization.

For network structures, along with the assessment of entropy itself, other entropy
characteristics will be useful, such as the entropy of the relationship between several
subsystems and the entropy of the system in a separate vertex.

Let there be several subsystems Y* of the system Y, where Y* =
= Y1, Yem,) CY, k=12... K K € 23,...,m, such that ¥; can be
part of no more than one subsystem (random vector) Y*. We define the entropy of
the relationship between subsystems (random vectors) Y*,..., Y¥ as

DL

K K
H((\Y") =Y H(Y" - H([ Y.
k=1

k=1 k=1

Let the network structure be represented as a random vector Y =
= (Y1,Ys,...,Y,,). Let’s define the entropy at the vertex Y; how

H(Yi(Y)) = H(Y) - HY\Y)).

The entropy of the relationship between several subsystems and the entropy of
the system in a separate vertex will allow us to investigate network structures: to
assess the interconnectedness of different sections between each other, as well as to
assess how entropy changes within such systems. The report discusses the description
of these quantities, as well as examples of their application on model and real data.

This research is funded by RFBR, grant 20-51-00001.

[1] Tyrsin A.N. Entropy modeling of multidimensional stochastic systems //

Voronezh: Scientific Book, 2016. 156 p.
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AcuMnTOTMYECKM ONTUMasibHAs pacwumndpoBKa MOHOTOHHOIA
nornyeckoi yHkunm

Jpazyroe Huxuma Apxadvesun'x nikitadragunovjob@gmail.com
IToxoea Eaena Bcesonodoena' edjukova@mail.ru

"Mocksa, BII ®UIT 1Y PAH

ABTOpaMu npeJIoKeH U IKCIEPUMEHTATHLHO UCCIIEI0BAH HOBBIN IOJIXOJ, K Pellle-
HUIO 33/1a91 PACIIn@POBKA ABY3HAYHOW MOHOTOHHON (DyHKIMHU, OIpEeIeCHHON Ha
9JIEMEHTAX J€KAPTOBA IIPOU3BEIEHNS YaCTUIHBIX MOPsaakoB P. IIpetoxkeHubIit mo-
X0/ 6asupyercs Ha PENIeHUH 33/a9l JIyaju3alliid HaJl ITPOU3BEIEHNEM YaCTUIHBIX
[IOPSIJIKOB, SIBJISIETCS 9(PMEKTUBHBIM B TUIIMYHOM CJIydae U MPUHIUIIHAIBHO OTJINYa-
€TCsl OT U3BECTHBIX TPAJIUINOHHBIX IOJIXOJ0B, OPUEHTUPOBAHHBIX HA CAMBII CJIOXK-
HBIA BapuaHT 3a/la4u.

Pacmudposka 1By3HaIHOT MOHOTOHHOM (DYHKINN SIBJISE€TCS OIHON U3 MEHTPAIIb-
HBIX 3324 JUCKPETHON MAaTEeMATHKU U CTABUTCH cJeayionum obpazom. [lycts P =
=Py X Py X ... X P, — JIeKapTOBO NPOU3BEJICHNEe KOHEUHBIX YACTHIHO YIIOPSIIO-
YEHHBIX MHOMKECTB. DJieMeHT p = (P1,...,Pn) € P IPEAIIeCTBYeT 3JEMEHTY ¢ =
= (q1,---»qn) € P, ecmi p1 X 1 B Pr,...,pp = qn B Py (g crepyer 3a p). Ha
MHO2KeCTBe P ompejesiena JaBy3nadnas Monorounuas dynkmusa F. Oyuknus F 3ama-
Ha IIPU IOMOIIM HEKOTOPOT'O oriepaTopa I3, KOTophIil 11t jtrodoro x € P Bo3Bpalaer
suavenne F'(z). Tpebyercst myTem obpaienusi K oneparopy B Haiitu Bce Hyam u
eauHUIBl QyHKIMN F.

st 3ayiaan paciudpoOBKU EHTPAJBHBIME SIBJISIFOTCST IOHSITUsT BEPXHETO HYJIS
W HWKHEH eIWHUIBI JIBY3HAYHON MOHOTOHHOU dynkmmu. Ecaun monp dymkmnun F
TaKOB, UTO JIIOOOH CJIEIYIOMIMI 38 HUM JIEMEHT MHOXKECTBA P SIBJISETCS €IMHUIIEH,
TO TaKO# HOJIb HA3bIBAETCs BepxHUM HyJIeM (yuknuu F. Eciu eqununa dyukimm F
TaKOBa, YTO JIFOOOIl IpeIIecTBY 0NN il 3JIeMEHT MHOXKECTBa, P SIBJISIETCS HYJIeM,
TO TaKasl €JIMHUIA HA3bIBAETCs HIKHell ejuanteil Gyrkimn F. Tak Kak MHOXKECTBO
BCcex BepxHuX Hyseil dynkmum F onpepenser Bce Hyan F', a MHOXKECTBO HUKHUX
€JINHUI] — BCE €INHUIIBI, TO i pacimudpoBKu GYHKIUA F' 10CTATOIHO MTOCTPOUTD
MHO2KECTBA BCEX €€ BEPXHUX HyJIell U BCeX ee HUKHUX €JIMHUII.

TTokazkem, 9TO K 3a/1a4de MIOMCKA BEPXHUX HYyJIeH U HUKHUX €JUHUIL JBY3HAIHOM
MOHOTOHHO# (DYHKITME CBOJIUTCSI IIOUCK 110 0a3e TPAH3aKIMil MAKCUMAJIbHBIX 9aCThIX
U MUHUMAJIbHBIX HEYACTHIX JIEMEHTOB JeKapPTOBA MPOU3BEICHIS TACTUIHBIX TIOPSI/-
KoB P.

HeftcTBUTEIBHO, MTYCTh ) — HEKOTOpash COBOKYITHOCTH He 00I3aTeTHbHO pas3iInt-
HBIX 3jeMeHTOB u3 P; s € [0,1]. Diementsr MHOXKecTBa P, comepxkammecs B D,
HA3BIBAIOTCS TPAH3AKIUSIMU. DJIEMEHT & € P Ha3bIBaeTCsl S-4acThiM, ecn v(x) —
JIOJIsT TpaH3aknuii B D, ciieayomux 3a x, He Menee s. lnade x — s-nedactorit. Ec-
JIM 3JIEMEHT 9aCThIil U 38 HUM HE CJIe/yeT HUKAKOW JPYTOil YaCThIil 3JIEMEHT, TO OH
HA3bIBAETCH MAKCHMAJIBHBIM YACTBIM. FKC/IM 9/IeMeHT HeJaCThIil U [IPU 9TOM eMy He
IIpeIIeCTBYeT HUKAKON JIpYTOii HeYacThlil 9JIEMEHT, TO TaKOU 3JIEMEHT Ha3bIBACTCH
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MHUHUMAJIBHBIM HEYIaCThIM. Tpedyercss HaitTm MHOXKECTBA X pnar U Yynin, COCTOSIINE
COOTBETCTBEHHO M3 BCEX MAKCHUMAJIBHBIX YACThIX I MUHUMAJbHBIX HEYACTHIX dJIEMEH-
TOB MHOXKeCTBa P.

Paccmorpum dyukimio Fp, OlpejeleHHyI0 Ha MHOXKECTBE P, NPUHIMAIOILYIO
zuadenne 0 1 1 COOTBETCTBEHHO HA YACTBHIX U HEYACTBIX HJIEMEHTAX STOTO MHOYKECTBA
U 3aJ]aHHYI0 TIpu noMmoru oreparopa B(Fp), KOTOpbIil jis J1000ro 2JeMeHTa T U3
P BosBpamiaer 3Hadenue Fp(x) myTéM BBIYUCIEHHs 9aCTOThI BCTpedaeMocTu & B D.
Herpyauo Busierh, 9T0 MOUCK X gz U Yinin SKBUBAJEHTEH ITOMCKY BEPXHUX HYJIEH U
HUKHUX ejuant, GyHKnun Fp.

TpamunuoHHBI TOAXOT K 3a/1a9e pAcIindpPOBKA OCHOBAH HA MOCTPOEHUU OITH-
masbaoro 1o Ilennony anropurma (npemgoxken B.K. Kopo6okosbim B 1965 1.). Co-
IJIACHO 3TOMY IOJIXOJY, CJIO?KHOCTD aJropuTMa pacimmdposku F' ciesyer oreHnBaTh
qucjioM obpallleHuil K oreparopy B B «XyjileM cjydaes. 3ajada [TOCTPOEHUsI OIl-
THMAJIBHOT'O aJITOPUTMa paciudPOBKH MOHOTOHHOI OysieBoil (byHKInN pemteHa 2K.
Amncenem B 1968 1. B 1976 rogy B. B. AjilekceeBbIM MOCTPOEH ajIrOPUTM PaCIIg-
DPOBKU, KOTOPBIiT SIBJISIETCS ONTUMAJIBHBIM B ciiydae, Korjga F — OyneBa dyHKINA, 1
OJIMBOK TT0 CJIOYKHOCTH K ONTUMAJIBLHOMY B Oojiee o0IeM caydae, a UMEHHO, Koraa [
ONPEJIeNIeHa Ha JIEKAPTOBOM TIPOM3BE/IEHNN KOHETHbIX Terneii [1].

B Hacrosiieit pabore 1peicTaBIeHbl Pe3yIbTaThl CDABHUTEILHOTO AHAJIN3a JIBYX
MeTOJI0B pacimdpoBKu (QYHKIMH Fp st cydas, KOrjga P — JIeKapTOBO IPO-
u3BeJicHUE KOHEeuHbIX wemneil. [lepBblil ucnojb3yer OpeiyiokeHnyo B [2] wuuero
[IOCJIEIOBATEIHHO-COBMECTHOTO TIEPEINCTEHUT X pgr U Yypin W ONHPAETCH HA Pe-
[IeHNe 3aJ1a91 JIyaJu3alliid HaJl [IPOU3BEIEHNEM YaCTUYHBIX MTOPAJIKOB. Bropoit —
YIOMSIHYTHIN Bbilie ajroput™m B. B. Ajiekceesa. Ha ciryuaiiHbIX JaHHBIX JIJIsI KarK-
JIOI'O TECTUPYEMOI'O METO/Ia OIIEHUBAETCsI BpeMsl PabOThI U YIKMCJIO OOpAIeHuil K orre-
paropy B(Fp). DKcrnepuMeHTaJIbHOE UCCIeJI0BAHNE [IPOBEIECHO I CJLydasi, KOIJIa
P — mexapToBO IPOWM3BEJCHNE KOHEUHBIX Ilereil. Pe3ysnbraThl mcciemoBaHus CBU-
JIETeIbCTBYIOT O TOM, YTO IIOCJIEI0BATENHHO-COBMECTHOE IIE€PEYNCTIeHIe HanboJiee
3bdEeKTUBHO TIpu OOJIBIIIOM YHCIE Teneit 7 B JeKAPTOBOM IMPOU3BEJECHUN U IIPU
BBICOKOI 3HAYHOCTH KaKJI0#l OTjiesibHON 1enn P;. B mociienoBaTeibHO-COBMECTHOI
pacmudpPOBKe UCIOJIb3YeTCsl ACUMIITOTHIECKN OMITUMAJIBHBII aJrOPUTM JTy A3
naJ npoussesgenueM neneii (npegyoxen E. B. Tokosoit, I'. O. Macasgkosbim u I1. A.
IIpokodbesbiM B 2017 romy). ACUMITOTHYECKH OIITUMAJIbHbBIE aJIlOPUTMbIL JIyAJIn3a-
UM UMEIOT TeopeTuIecKoe obocHoBaHme 3PMEKTUBHOCTH B THIIUYIHOM CIydae U Ha
CETOJHSIIIIHUI JIEHD SIBJISIFOTCSI JIMJIEpaMU 110 CKOPOCTU CYeTa.

Takum 06pa3oM, UCCIeI0BaHbI aKTyaIbHBIE BOIIPOCHI CHUZKEHUsI BPEMEHHBIX 3a-
TpaT, BOSHUKAIOIINE [IPU JIOTMIECKOM aHAJIN3e JAHHBIX C JIEMEHTaMU U3 JeKapTOBa
[IPOM3BEJCHN KOHEYHBIX JACTUYIHO YIIOPSAIOYEHHBIX MHOXKeCTB. Jljis 3amgadm pac-
mndPOBKY JBY3HAYHON MOHOTOHHOM DyHKIMY, TpunuMaroriei 3uadenne 0 u 1 coor-
BETCTBEHHO Ha YaCThIX U HEYACTBIX dJIEMEHTaX JIEKapTOBa IIPOU3BEJIEHNST KOHEUHBIX
ereil, IpejjIoyKeH OPUTMHAJIBHBIN aJI'OPUTM, BBISIBJIEHBI YCJIOBUsI ero 3 deKTuB-
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HOCTH W TOKa3aHa IeIeCO00PA3HOCTh MPUMEHEHNsT aCUMITOTHIECKH ONTHMAJTBHBIX
AJITOPUTMOB JTyaJIU3aIlUN.
Pa6ora uactunano dunancuposana PODU (npoext No. 19-01-00430-a).
[1] Aunexcees B. 5. O pacmndpoBKe HEKOTOPBIX KJIACCOB MOHOTOHHBIX MHOI'O3HAYHBIX
dyukunit // 2Kypu. Boranci. marem. u marem. dbusuku, 1976. T. 16(1). C. 189-198.
[2] Apaeyros H. A., Tiokosa E. B. Tlonck MUHAMABHBIX HEIACTBIX M MAKCAMAJBHBIX Ta-
CTBIX HAGOPOB B YACTHYHO yIOPSIOYEHHBIX JAHHbIX // Maremarnaeckue METOIbI pac-
no3HaBaHust 06pas3os: Tesucer gokiaaos 19-it Beepoccuiickoit KoH(MEPEHIUN ¢ MEXKTy-
HapoaubiM yuaactueM, 2019. C. 10-12.
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Asymptotically optimal decoding of a monotone logical function

Dragunov Nikita'x nikitadragunovjob@gmail.com
Djukova Elena' edjukova@mail.ru

"Moscow, CC FRC CSC RAS

The authors propose and experimentally investigate a new approach to solving
the problem of decoding a two-valued monotone function defined on elements of a
Cartesian product of partial orders P. The proposed approach is based on solving
the dualization problem over the product of partial orders, is effective in the typical
case and fundamentally differs from the well-known traditional approaches focused
on the most complex version of the problem.

Decoding a two-valued monotone function is one of the central problems of dis-
crete mathematics and is posed as follows. Let P = Py x Py X ... x P, is a Cartesian
product of finite partially ordered sets. Element p = (p1,...,p,) € P precedes the
element ¢ = (¢1,...,qn) € Pif p1 <X ¢ in P1,...,pn = gn in P, (q follows p). A
two-valued monotone function F' is defined on the set P. The function F' is defined
via some operator B, which for any x € P returns the value F'(x). It is required to
find all zeros and units of the function F' by calling to the operator B.

For the decoding task, the concepts of upper zero and lower unit of a two-valued
monotone function are central. If a zero of the function F'is such that any element
of the set P following it is a unit, then such a zero is called the upper zero of the
function F. If a unit of the function F' is such that any element of the set P preceding
it is a zero, then such a unit is called the lower unit of the function F'. Since the
set of all upper zeros of the function F' defines all zeros of F', and the set of lower
units — all units, constructing the sets of all its upper zeros and all its lower units
is enough to decode the function F.

We show that finding through the transaction database maximal frequent and
minimal infrequent elements of a Cartesian product of partial orders P is reduced
to the problem of finding the upper zeros and lower units of a two-valued monotone
function.

Indeed, let D be some collection of not necessarily distinct elements from P;
s € [0,1]. The elements of the set P contained in D are called transactions. The
element x € P is called s-frequent if v(x) — the ratio of transactions in D following
r is at least s. Otherwise, x is s-infrequent. If an element is frequent and it is
not followed by any other frequent element, then it is called the maximal frequent.
If an element is infrequent and at the same time it is not preceded by any other
infrequent element, then such an element is called minimal infrequent. It is required
to find the sets X4, and Yj,:,, consisting respectively of all the maximal frequent
and minimal infrequent elements of the set P.

Consider the function Fp over the set P, taking values 0 and 1, respectively, on
frequent and infrequent elements of this set and defined via the operator B(Fp),
which for any element x of P returns the value Fpp(x) by calculating the frequency

Russian National Conference MMPR-20. Russia, Moscow, December 7—10, 2021
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of = occurrence in D. It is obvious that finding X,,.. and Yj,;, is equivalent to

finding the upper zeros and lower units of the function F)p.

The traditional approach to the decoding problem is based on construction of
Shannon optimal algorithm (proposed by V.K. Korobkov in 1965). According to this
approach, the complexity of the decoding algorithm F' should be estimated by the
number of calls to the operator B in the worst case. The problem of constructing an
optimal algorithm for decoding a monotone Boolean function is solved by Zh. Ansel
in 1968. In 1976 V. B. Alekseev constructed a decoding algorithm that is optimal
in the case when F is a Boolean function, and is close in complexity to optimal in a
more general case, when F' is defined on a Cartesian product of finite chains [1].

This paper presents the results of a comparative analysis of two methods for
decoding the function Fp for the case when P is a Cartesian product of finite chains.
The first one uses the idea proposed in [2] of sequentially-joint enumeration of X,
and Y,,;, and relies on solving the dualization problem over the product of partial
orders. The second one is the algorithm of V. B. Alekseev mentioned above. Based
on random data for each method under test, the operating time and the number of
calls to the operator B(Fp) are estimated. An experimental study was carried out
for the case when P is a Cartesian product of finite chains. The results of the study
show that sequential-joint enumeration is the most effective with a large number
of n chains in the Cartesian product and with a high valency of each individual
chain P;. The sequential-joint decoding uses an asymptotically optimal dualization
algorithm over the product of chains (proposed by E. V. Djukova, G. O. Maslyakov
and P. A. Prokofiev in 2017). Asymptotically optimal dualization algorithms have a
theoretical justification for efficiency in the typical case and are currently the leaders
in counting speed.

Thus, the actual issues of reducing time costs arising from the logical analysis
of data with elements from a Cartesian product of finite partially ordered sets are
investigated. For the task of decoding a two-valued monotone function taking the
value 0 and 1, respectively, on frequent and infrequent elements of the Cartesian
product of finite chains, an original algorithm is proposed, conditions of its effective-
ness are revealed and the expediency of using asymptotically optimal dualization
algorithms is shown.

This research is partially financial supported by RFBR, grant 19-01-00430-a.

[1] Alekseev V. B. O rasshifrovke nekotoryh klassov monotonnyh mnogoznachnyh funkcij //
Zhurn. vychisl. matem. i matem. fiziki, 1976. Vol. 16(1). Pp. 189-198.

[2] Dragunov N. A., Djukova E. V. Finding Minimal Infrequent and Maximal Frequent Sets
in Partially Ordered Data // Mathematical Methods for Pattern Recognition: Book
of abstract of the 19th Russian National Conference with International Participation,
2019. Pp. 13-14
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KombuHunpoBaHue peiiTUHIoB, Nosy4YeHHbIX U3 pa3HbIX
NCTOYHUKOB
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'Mocksa, Mockosckuit Tocynapersennsiii Yuusepcurer umern M.B. Jlomonocosa,
dusnueckuit dakyabrer

Bpemenamu Mbl onupaemcs Ha pefiTuarn npu npunatun pemenuil. Hanpumep,
abuTypHUEHT MOXKeT 00paniaTh BHUMAHHE Ha PEHTHHIH yHHBEPCUTETOB, ITOObI OLpe-
JIEJIATHCA, KyJla TIOJIABaTh JIOKYMEHTBI, TIOKYTIATEIb CMOTPHT Ha PEATHHTH TOBAPOB,
KUHOJIIOOUTENIb OOpaIaeT BHIMAHNE Ha peiiTuary (GUIbMOB HA TOM WJIM HHOM arpe-
rarope. B GOIBIIMHCTBE CIIyIaeB HAXOMUTCSA HECKOILKO PA3HBIX PEHTHHIOB 10 OIHOM
TEMATHKE OT PA3HBIX COCTABHUTEJIEH, KOTOPBIE JAJIEKO HE BCEIJIa COMVIACYIOTCA MEZKILY
co6oit. DTO HPUBOAUT K CATYAI[MHU, KOIJA HEIOHSTHO, KAKOE DEIICHUE IIPUHUMATD:
coryiacHo TiepsoMy peiituary yausepcuter No.l jiydme yramsepcurera No.2, a co-
[JIACHO BTOPOMY — HA00OPOT.

B pabore npesaraeTcs MOX0 K arperupOBAHMIO TAKUX DEHTHHIOB Ha OCHOBE
teopun Bozmozkuocteit FO.I1. ITeitbeBa, koTOpas B OT/IMYIE OT TEOPUU BEPOSATHOCTEI,
aBiasierca kadectennoil. Ilycrs Q = {wy, -+ ,wny} — MHOXKECTBO CPaBHHBACMBIX
00BEKTOB, TOr/A PACHpe/IeIeHIe BOSMOYKHOCTH HA 9TOM MHOXKeCTBe — (DYHKIMS 7
Q — [0, 1], rakast uro max{n(w)lw € Q} = 1. Bce 3nauenns 31oit GyHKIUN Kpome
HyJIl MOTYT OBITH HCIIOJIB30BAHBI TOJIBKO JIJIs CpaBHEeHHit, a 7(w) = 0 o3Hagaer, 9To
w oTcyTCTBYeT B pelitmare. Takum 06pa3oM, paCIpeIeIeHus 1 1 Ty SKBHBAJICHTHI
(m1 ~ m2), ecam s JHOOBIX CpaBHUBaEMbIX 00beKkTOB Ww',w” € ) coorHOmEHNE
m(w') < 7' (w”) BBIMOIHEHO TOTA U TOMBKO TorMA, Korja ma(w') < mo(w”).

Paccmorpum npoussosibHblil peiituar Ha ) = {wq, -+ ,wx }. CymecTBytor peii-
THHTH, KOTOPBIE PACCTABJAIOT CPABHUBAEMbIE OOBEKTHI 110 T03uUIUAM. OOGbEKTbI
HA OJMHAKOBOH IMO3UIMN HEOTIMIMMBI IO ITOMY DETHHIY, a OOBEKTBI Ha pas-
HBIX MOBUIMAX MOXKHO DAHKHPOBATH COIJIACHO HeMy. PefTHHT TAKOTO THIIA MOXKET
OBbITH CMOJICJIMPOBAH € [OMOIIBIO TAKOI'O PACIPEIE/ICHHsT BOSMOKHOCTH T, YTO &)
m(w') = w(w”), ecm W' m W’ 3aHUMAIOT OJMHAKOBYIO TO3WIMIO B pefiTunre; 6)
m(w') > 7(w”), ecsim w’ 3aHMMAaeT GoJlee BBICOKYIO HOBUIMIO B pefiTuare, yem w’.
PeiiTuHIM BTOPOro THIA CTABAT B COOTBETCTBUE KAKJIOMY w € ) HEKOTOPOE THCJIO
R(w) (ouenky). PeiiTunr Broporo Tuia MOKHO CMOJIEIUPOBATD € HOMOIIBIO PACIPE-
Jlesienust BosMoxkHOCTH (W) = R(w)/ max R(w).

IIpumenenne KauecTBEHHOM TEOPUU BO3MOYKHOCTEN JIJIT MOJICIMPOBAHIS PEATIH-
TOB MIEPBOTO THIIA OMPABIAHO TeM (PAKTOM, UYTO TaKWe PEUTHHIH caMu 10 cebe sSB-
JIAIOTCS KA9eCTBEHHBIMEU. PERTHHII BTOPOTO THIIA ABJISIOTCH KOJIMIECTBEHHBIME, HO
9TH OIEHKU YaCTO HOCAT YCJIOBHBIN M IPUOJIMKEHHBII XapakTep. B TakoM ciydae
UMEET CMBICJ OTOPOCUTH M3 PACCMOTPEHUs PA3HUILY MEKJIy OIeHKAMM JIBYX CPABHU-

Bcepoccuiickast koagepennuss MMPO-20. Poccusi, r. Mocksa, 7-10 gexkabps 2021 r.
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BaeMbIX O0BEKTOB, a IPUHUMATH BO BHUMAHWE TOJHKO TO, OIEHKA KAKOro O0beKTa
BBIIIIE.

IIpeamonokum, 9T0 CymecTByOT JiBa peiltuara 71 U mo Ha (). Torma moxker
OBITH UHTEPECHO COMOCTABUTH UX MEXKJLy COOOIl M ONpEeIe/NTh, B 9YeM ITH PEeHTHHIH
cxougrcsd u pacxoggarcs. B [1] ObLin BBeieHbI arperupyronye Onepaui CyIpeMyM
T A o u uHDUMYM 711 V Mo JUIA JBYX PaCHpee/IeHnii BO3MOKHOCTH 71 M 7o Ha
OCHOBE OTHOIIEHUs crenuduIHocTu. Pacrnpocrpansist 3Ty MHTEPIPETAIUIO HA pefi-
TUHTHM, MOXKHO CKa3aTb, YTO PEHTUHI 7| He MeHee clerududeH, YeM PeiTuHr T,
€CJIM 9TU &) PEHTUHIY HE IPOTUBOPEYAT JIPYT APYTY, T.e. HET CPABHUBACMBIX 00bHEK-
TOB, KOTOPbIE PAHKUPYIOTCs PA3HBIM 00Pa30M COrJIAcHO pefirunraM 6) pefiTunr
MOXKET PAHYKUPOBATH TaKUE O0BEKTHI, KOTOPbIE HEOTJUIUMBI JIPYT OT JIPyTa COrJIac-
o me. Muadumym 71 A my — HamMmenee creruduyaHoe pacipejiesieHne BO3MOKHOCTH
U3 BCEX pacIpejiesieHuil, KOTopble He MeHee CHenudUuyaHbl YeM 00a pacipejieeHms
1 U To. AHAJIOTHYHO, cynipeMyM 71 V o — HanboJsee CreluduIHoe pacupe/ieaeHme
BO3MOXKHOCTH W3 BCEX pacIpejesieHnii, KOTOpble He 0oJjiee CrermudHbl, 9eM 7| U
9.

Ha pwuc. 1 npuBejsien npumep pedTUHIOB JIJIsl OJHUX U TEX YK€ CPABHHBAEMBIX
06bexkToB (urp B Kaupe Sci-Fi) ¢ pasubix pecypcos (metacritic.com u GoG.com) n
ux cynpeMyM u uHpumym. MHapumym m A 7o mpejcras/isier coOOi TaKoi pelTHHT,
KOTOPBIIl paHXKUPyeT KaK MOXKHO 00JibIlle OOBEKTOB, HO HE HPOTHBOPEYUT HCXOJI-
HBIM peiiTuaraM. Fcim Obl mpucyTCTBOBaIN OOBEKTHI, PAHXKUPYEMbIE HCXOIHBIMUI
pefiTuHraMy B IPOTHBOIIOJIOKHBIX HOPSIKAX, TO UX BO3MOXKHOCTDH ObLia Obl paBHA
0 B madumyme. Cymnpemym w1 V Ty — TAKOW PEUTHHT, KOTOPBI HE PAHKUPYET 00b-
€KThI, KOTOpbIE€ HE YJIaéTCsl OJHO3HAYHO OTPAHXKUPOBATH B COOTBETCTBHUM CO BCEMHU
peitruaramu. Orimdane MeXKIy CylpeMyMOM W WH(MUMYMOM B JIAHHOM IIpUMepe Ha-
oromaercs Ha oobekTax No.2, No.3, No.4 u No.7.
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Puc. 1. Peiitunrn urp B kanpe Sci-Fi ma pecypcax metacritic.com (cBepxy ciesa) u
GoG.com (cepxy cupasa) u ux nHbumyMm (CHU3y cjeBa) U CylnpeMyM (CHU3Y CIpaBa):
“Gone Home” (No.l), “Sunless Sea” (No.2), “Distant Worlds: Universe” (No.3), “NEO
Scavenger” (No.4), “Halfway” (No.5), “Kerbal Space Program” (No.6), “Satellite Reign”

(No.7)

Pabora noggep:xana rpanrom PODPU No. 19-29-09044.
[1] Zubyuk A., Fadeev E. Aggregation operators for comparative possibility distributions
and their role in group decision making // Atlantis Studies in Uncertainty Modelling,

2021. Pp. 608-615.
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Aggregation of ratings from various sources
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Zubyuk Andrey' zubjuk@physics.msu.ru

"Moscow, Lomonosov Moscow State University, Faculty of Physics

Decisions are made based on ratings in some cases. For example, an enrollee may
take into account ratings of universities in order to decide which of them to choose,
a customer looks on ratings of products, a viewer may take into account ratings of
movies on some aggregater. In many cases, there are several ratings on the topic
from different sources, which don’t always agree. This leads to a situation, when it
isn’t clear, which decision is to take: according to the first rating the university No.1
is better than the university No.2, but it is the opposite according to the second
rating.

An approach to aggregation of such ratings based on the Pytiev possibility theory
is proposed in this paper. The theory is qualityive in contrast to probability one.
Let = {w1, - ,wn} be the set of all objects being compared. Than, a possibility
distribution on w is a function 7 : [0,1] — £, such that max{n(w)lw € N} =
= 1. Only zero value of 7 is meaningful: 7(w) = 0 means that w is absent in
the rating. All other values can be used only to compare them. That is, two
possibility distributions 7, and 7y are equivalent (7w ~ 7o) iff for any two objects
Wwhiw” € Qym (W) < m(w”), me(w') < ma(w”).

Let us consider a rating on Q = {wq, -+ ,wy}. There are two options. A rating
of the first type places objects in question in some positions. Objects in the same
position cannot be dedistinguished based on the rating. Objects in different positions
can be ordered in accordance with the rating. Such a rating can be modeled via a
possibility distribution 7 satisfying a) 7(w’) = 7(w"), iff &’ and w” are placed in
the same position according to the rating; b) 71 (w’) > 7(w”), iff W’ is placed in a
higher position according to the rating, than w”. A rating of the second type maps
Q on R, i.e. for any object w it gives a number R(w) (a grade). Such a rating can
be modeled via the possibility distribution m(w) = R(w)/mgx R(w).

A rating of the first type is qualitative by itself, therefore it is justified to apply
such a qualitative theory as the possibility one. Ratings of the second type are
quantitative, but those grades are often arbitrarily to some extent. It makes sense
to neglect the difference between to grades and to only take into account the order
the grades are ordered.

Suppose, there are two ratings m; and 7o on §2. Than it can be interesting to
compare the ratings and to spot the objects the ratings agree and disagree on. Two
aggregative operations the supremum 7 A mo and the infimum 7 V 7o based on
the specifily relation were introduced in [1]. Expanding the terminology on ratings
it can be said that a rating 7 is no less specific than a rating m if a) the ratings
don’t contradict, i.e. ' w” : m(w') < m(w”) and m(w') > ma(w”); b) some

Russian National Conference MMPR-20. Russia, Moscow, December 7-10, 2021
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indistinguishible objects according to m; can be distinguished (order) according to
mo. The infimum 7y A 7 is the least specific possibility distribution amongst all
non contradicting distributions more specific than both 7; and 7. The supremum
m V my is the most specific possibility distribution amongst all non contradicting
distribution less specific than both 7 and 7s.

An example of two ratings on the same topic (games in Sci-Fi genre) from differ-
ent sources (metacritic.com and GoG.com) alongside their infimum and supremum
is presented in figure 1. The infimum is the rating, which orders as many objects as
possible but doesn’t contradict to original ratings. In the case of contradicting on
objects w’ and w” ratings 7w and g, the possibility of these objects would be equal
to 0 according to the infimum of m; and 7. The supremum 7 V 7o is the rating
which doesn’t distinguish objects which cannot be distinguished unanimously by
both ratings. The difference between the infimum and suprmemum can be spotted
on objects No.2, No.3, No.4 and No.7 in the given example.

T 2
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Fig. 1. Ratings of games in Sci-Fi genre from metacritic.com (top left) and GoG.com (top
right) and their infimum (bottom left) and supremum (bottom right). Gone Home (No.1),
Sunless Sea (No.2), Distant Worlds: Universe (No.3), NEO Scavenger (No.4), Halfway
(No.5), Kerbal Space Program (No.6), Satellite Reign (No.7)
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TeopeTuko-nHOpMaLMNOHHbIV NOAX04, K MOCTPOEHUIO HUXXHUX
rpaHunLy, BEposATHOCTM OWNDOKKM B 3aga4ax KOAUPOBaHUS
ONCKPETHOro NCTOYHUKA 1N Kaaccudukaumm aaHHbIX
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Ncenenyercss BepoATHOCTHAST MOJICTh KOJMPOBAHNS 3alllyMJICHHBIX JUCKPETHBIX
COOGIIEHHI 1 BEPOSATHOCTHAS MO KIACCH(DUKAIN JAHHBIX, /T KOTOPBIX Haiiie-
HBI 3aBUCHMOCTH HAUMEHBIIIEr0 KOJIMIeCTBa 00pabarbiBaeMoii nHdOpMaIuy OT JI0ILy-
CTUMO}t BeposiTHOCTH OmuOKHU. [TosryaeHHbIe COOTHONIEHHUSI SIBJISTIOTCS JBYX(DAKTOD-
HBIMM KPUTEPUSIMH KAuecTBa B 3a/1a9aX KOJMPOBAHUS M KIACCHDUKAIUI, 1 aHAJIO-
IUYHBI U3BECTHON B Teopun uHbOopMamu GyHKINI «CKOPOCTH-TIOIPENIHOCTE> (rate
distortion function).

Mogens KoaupoBaHusl UCTOYHUKA. PaccMaTpuBaeTcs MOJIe/Ib KOAUPOBAHUA
GJIOKOB JINCKPETHBIX COOOIIEHNIH, Mepe/JAaHHBIX 110 KaHaJly ¢ IyMoM. Mojesns BKIfo-

n , Qunjvn
4JaeT Iocje 0BaTe/IbHbIe cCTOXacTHdeckue rnpeodpasosanust U 1%
U™, KoTOpble COOTBETCTBYIOT KaHAIy HaOJIIO/ICHIs U TecT-KaHasy. 3iech U n V — as-
daBuThI cOODIIEHNIT pa3Mepa M > 2 COOTBETCTBEHHO HA BBIXOJE UCTOIHUKA U KAHAJIA

Pynyn

uabsonenus;; U™ u V™ — muoxkecTBa 6i10KOB u” = (u1,...,u,), uy € U, k=1,...,n
uv" = (v1,...,0,), vx €V, k =1,...,n pasmepa n; U™ — MHOXKECTBO GJIOKOB
"™ = (G1,...,70,) HA BBIXOJE TeCT-KaHaja, KOTOPble BOCIPOM3BOAAT OJIOKM u' =
= (U1, ..., Uy) C NOOYKBEHHON IIOrPENIHOCTHIO B MeTpuKe Xemmunra. Ha MuoKecTBe

U™ zamano Gesycsouoe pacupenesenue Py = {P(u™), u™ € U™}; na MmHOX)ecTBe
V™ — ycnosnbie pacupegenenus Py gn = {P(v™u"), v™ € V, u™ € U"}. [lna ontu-
MU3AIUK MOJIeJIN Ha MHOXKecTBe U™ BBOJISITCS CBOOO/IHBIE YCJIOBHBIE PACIDE/IeJICHIS
Qpnpyn = {Q(@"0"), 4" € U™, v € V"]

BeejeHnble  pacupesiesieHust JA0T CPEJHIO B3aUMHYIO HHMOPMAIMIO HA CO-
ob1enme n_llQUan (V™ U™) m cpenHIOl BepOSTHOCTb OIMMMOKH Ha COODIIeHUe

n’lEQU”W”(V";U”), 3aBUCSIIC OT PACHpEACTCHUH Q. yy. . [nst pacemarpusa-
eMoil Mojiesin B Teopun WHMOpPMAIUU BBejeHa 0000IIeHHas (DYHKIUS «CKOPOCTh-
IIOT'PEITHOCTDb»

. . —1 n.,rrm
R(e) = min | min A =gy, . (VU
Qunyynn™ Bqp, . (VU)<e

KOTOpasi OTPAaHUINBAECT CHU3Y CKOPOCTH JIFOOOTO KOJa C JIOIYCTUMOI BEPOSITHOCTBIO

o6k £ > 0. B mammoit pabore st MCTOYHNKA HE3ABUCUMBIX W OJMHAKOBO pac-
MIpeIeIeHHBIX COOOIEHNIT 1 KaHaJa HaOMIoAeHNsT 0e3 MaMATH TOJIyIeHa HUKH

Bcepoccuiickast koagepennust MMPO-20. Poccusi, r. Mocksa, 7—10 qexkabps 2021 r.
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rpanunna dysximn R(e):

R(e) 2 R(e) = I(V;U) — h(e — €min) — (€ = €min) In(m — 1),

E€min g £ g €max;

rae 0 < I(V;U) < H{U) — cpenusa B3anvuas urdopmarus mexay V u U, H(U)
— DHTPOIIUA MHOXKECTBa coobmenuii ucrounnka, h(z) = —zlnz — (1 — z)In(1 — 2),
R(emin) = I(V;U) u R(emax) = 0. B obiem cirydae €pyi, 3aBUCHT OT YCJIOBHOI 9H-
rpounu H(U|V) = H{U)-1(V;U), acpax = (m—1) {LHEIZIJI P(u). B ciygae paBHoBepO-

SITHBIX COOOIIECHUIT UMEEM € oy = (m—1)/m u acumMnroruky e, = (2H(U|V)/(m—
— 1)Y2(m — 1)/m npu mameix snavennsx H(U|V). dns Gecrmymioro Kanaia Ha-
6monennst umeeM H(U|V) =0 u R(e) couanaer ¢ rpanuneii [Ilernnona.

Mopens kiaccudukarumu gaHHbIX. Mojeas Kiaaccudukanuu IpyIoBbIX

00bEKTOB 33/1aeTCsl MAapOil CTOXACTUIECKUX IpeobpaszoBaHuit {2 X"
Q. Brecy Q = {wiy, 1 =1,...,¢} n Q= {wj, 7 =1,...,¢}, ¢ > 2 — MHOXKeCTBa
KJIACCOB W peIleHnii o kjaccax no 6okaMm X" = (X1,...,X,) € X" u3 n 00bek-
ToB X;, € X, k = 1,...,n, ogaoro kjacca. Ha muOXKecTBe {2 3a7aHO ampuopHOE
pacupenenenne Po = {P(w;), i = 1,...,¢}; Ha MHO)ecTBe X" — yCJOBHBIE IO
KjTaccaM pacrpesienenns Pxnjq = {P(x"|w;),x" € X", i =1,...,c}. lna ontumu-

Pxn|q Qaxn

3AIUH MOJIEJIN HA MHOXKeCTBe {2 MCIOJIb3yI0TCS CBODOIHBIE YCIOBHBIE PACIIPE/IEIECHUS
men = {Q(w;|x™), j =1,...,¢,x" € X"}. Ilonarasi, ITO IOTPENIHOCTD MEXKIY
sHaYeHusAMH w; €  m w; € () u3sMepsiercss B Merpuxe XeMMUHIa [wi # wj], BBe-
JIEHHBIE PaCIpeieIeHNs JTal0T CPEIHIO B3aNMHYI0 HH(MOPMAIIUIO Imen (X Q) u
CPEIHIOI0 BEPOATHOCTD OIMUOKH Emen (X fl) ~+MOHAJIOB, 3aBUCAIIAX OT Qfll -
IIpu 3amanubix 3HadeHnsx € > 0 9T QyHKITMOHAIBI TO3BOJISIOT BBECTH (DYHKIIUIO

R(¢) = min min g e (X Q),
" QaxniBag yn (XM )<e

IUIg KOTopoit B pabore [1] moydyena HUKHgAs IDAHULA

R(e) = R(e) = I(X;Q) — h(e — émin) — (€ — Emin) In(c — 1),

émin < € g émax-

Baech R(Emin) = [(X,Q) = H(Q) — H(QX), R(Emax) = 0; Emin 3aBHCHT OT
H(QX) u Enax = (¢ — 1)min; P(w;). B ciyuae paBHOBEPOSITHBIX KJIACCOB IS &€ min
U Emax CIIPABEIIUBBI (DOPMYJIBI, IPUBE/IEHHBIE B MOJIEJIN KOJAUPOBAHUs, C 3aMeHAMI
HU|V)=H(QX)um=c.

IIpumeps! Bhraucienus rpanui R(e) u R(e). B cuny MoHOTOHHOrO yOBIBA-

-1
HUsI TI0JIy YeHHBIX TPAHUIl, UX OOpaIleHus E_l I) u R (I) naroT HUXKHUE IPAHUIBI
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BEPOSITHOCTEH OMMOKN KOAWPOBAHUS W KaIacCH(PUKAINN TPU (PUKCUPOBAHHDBIX 3Ha-
JeHUSIX KoamdecTBa obpabarbiBaemoit mHpopmarnun I. Huke nmpuBeieHbl TpuMepbI
poruncsienns Gysximit R(e) u E(E) JIJIST PABHOBEPOSITHBIX COOOIEHMIT MCTOYHUKA
(m > 2) u paBHOBEPOATHBIX KJIacCoB (¢ > 2).

Xapakrepuctuku [(V;U) u €y BBIYUCICHBL JIJIg CUMMETPHUYHOIO KaHAJa Ha-
OJtrojIeHNsT 6e3 MaMATH ¢ (PUKCHPOBAHHON BEPOSITHOCTHIO OMIMOKY § MepeIatin JIoHo-
ro cumBosia ucrodnuka. B srom ciygae I(V;U) = Inm — h(§) — dIn(m — 1) u upn
MaJIbIX 3HaUeHusx ¢ yciaopHas suTpormst H(U|V) = h(0) + § In(m — 1) naer acumir-
TOTUKY Epin. Xapakrepuctuku I(X; Q) u £y BIYUCIIEHBI JJisi KaHATA HAGIIIOIEHHsI
6e3 ImaMsTH C YCJIOBHBIMU 1O KjaccaMm BepogrHoctamu P(x|w;), x € X, i=1,...,¢,
KOTODBIE 3a/IaHbl YOBIBAIONIUMU IKCIOHEHTAMHU OT KBAJIPATOB PACCTOSHUI MEXKIY
O0BEKTOM X U <«IEHTPAJbHBIMIY IIPEJICTABUTENAMI KJIACCOB. UUCJIEHHBIE peaIn3a-
e PyHKITHN E(E) Ha MHOXKECTBaxX M300parKeHuil JINI[ ¥ TOJINCel Jaubl B pabore
[1].

[Tnanupyercst uccie10BaTh H30BITOYHOCTD BEPOSITHOCTHU OITUOKHU KIACCH(DUKAIIAN
OTHOCHUTEIbHO HUYKHEH TPAHUIIHI [IJTsT PA3JINIHBIX PEIIAIONINX AJTOPUTMOB.

[1] JIawee A. M., Jlanee M. M., Ilapamonos C.B. O cooTHOIIEHNN B3auMHON uHQOpPMa-

MM U BEPOATHOCTH OMIMOKM B 3ajade Kiaccudukamum ganubix // 2KBM MO, 2021.
T. 61(7). C. 1192-1205.
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Information-theoretical approach to construct lower bounds for
error probability in tasks of discrete source coding and data
classification

Lange Mikhail"x lange mm@ccas.ru
Lange Andrey lange _am@mail.ru

"Moscow, Federal Reseach Center ”Computer Science and Control” of RAS

Probabilistic models for discrete noisy source coding and data classification are
studied. For these models, the dependences of a minimal information on a given
admissible error probability are found. The obtained relations yield the two-factor
fidelity criterions in source coding and data classification tasks and these relations
are similar to the rate distortion function known in the information theory.

Source coding model. The model of coding discrete letters transmitted via a
noisy channel is considered. This model includes a pair of the probabilistic trans-

formations U™ vn Gon v U™ that correspond to the observation channel
and the test-channel, respectively. Here, U and V' are the alphabets of size m > 2
for the output letters of the source and the observation channel; U™ and V" are
the appropriate sets of n-letter blocks u™ = (uq,...,uy,), ux € U, v™ = (v1,...,v,),
v €V, k=1,...,n; U™ is a set of the output blocks 4" = (t1,...,0y,) that repro-
duce the source blocks u™ = (uq, ..., u,) with the single-letter Hamming distortion.
A probability distribution Py» = {P(u"), u™ € U™} and the conditional distribu-
tions Pynjyn = {P(v"[u™), v™ € V, u™ € U™} are given. To optimize the model,
the free conditional distributions Q. = {Q(@"[v"), 4" € U, v" € V"} are

introduced in the set U™.
The above distributions provide the average mutual information per one
letter n_llem (V™ U™) and the corresponding average error probability

Pvn‘un

v
n’lEQ(mW” (V™ U™) so that these functionals depend on the distributions QU"\V"'
Given € > 0, in the information theory, the general rate distortion function is defined
by the following conditional minimum

R(e) = min min  nlgy, (V07
Q0n|vn:n‘1E’Q0an(V";U")§€

that constrains a code rate from below subject to an admissible error probability
e > 0. For the independent and identically distributed source letters as well as for
the memoryless observation channel, we give a lower bound to the function R(e) as
follows

R(e) > R(e) = I(V;U) — h(e — emin) — (€ — Emin) In(m — 1),

Emin < € < E€max-

Russian National Conference MMPR-20. Russia, Moscow, December 7-10, 2021
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Here, 0 < I(V;U) < H(U) is the average mutual information between V' and U,
H(U) is the entropy of the source letters, h(z) = —zInz—(1—2)In(1—2), R(emin) =
= I(V;U), and R(emax) = 0. Generally, the value ey, depends on the conditional
entropy H(U|V) = H({U) — I(V;U) whereas epnax = (m — 1) inellrij(u) For the

equiprobable source letters, we have ey, = (m — 1)/m and the asymptotical value
Emin = (RH(U|V)/(m — 1))2(m — 1)/m when the entropy H(U|V) is sufficiently
small. In the case of the noiseless observation channel, H(U|V) = 0 and R(e)
coincides with the Shannon bound.

Data classification model. For the group objects, the classification model is

Pxn|o Qaxn =

given by a pair of the probabilistic transformations € X Q, where
Q= {w, i=1,...,¢ and Q = {wj, 7 =1,...,¢}, ¢ > 2, are the sets of the
class labels and the class label decisions about the group objects given by the blocks
x" = (x1,...,X,) € X" of n objects x;; € X, k = 1,...,n of the same class. Let
Pq = {P(w;), i =1,...,c} be a given prior distribution in the set £ and Pxn»|q =
= {P(x"|w;),x™ € X", i = 1,...,c} be the given class-conditional distributions
in the set X™. To optimize the model, we use the free conditional distributions
Qaxn = {Q(w;|x™), j=1,...,¢,x" € X"} in the set Q.

If the distortion between w; € Q and w; € Q) is defined by the Hamming
metric [w; # wj], the above distributions provide the average mutual information
Igq on (X7 ) and the average error probability EQg on (X7 Q) as the functionals
of the distributions QQI yn- Given € > 0, these functionals yield the function

R(¢) = min min g (X 92),
" Qaxn Eag o (X Q<2

that is similar to the general rate distortion function R(e). In the paper [1], the
lower bound to the function R(g) has been obtained as follows

R(e) > R(e) = I(X;Q) — h(e — Emin) — (£ — Emin) In(c — 1),

émin < £ g gmaxa

where R(Zmin) = (X, Q) = H(Q) — H(QX) and R(Emax) = 0. Similarly, the value
€min depends on the conditional entropy H (2|X) whereas £,ax = (¢ — 1)min; P(w;).
For the same prior class probabilities, &, and €. are defined by the formulas
shown in the source coding model, where H(U|V) = H(2|X) and m = c.
Calculation of the bounds R(¢) and R(c). Since the obtained bounds de-

crease monotonically, the appropriate inversions R~! (I) and Eil(I ) yield the lower
bounds to error probabilities subject to a given information quantity I. The calcu-
lated bounds R(¢) and R(e) have been obtained for the equiprobable source letters
(m > 2) and classes (¢ > 2).

The characteristics I(V;U) and ep,i, have been calculated for the symmetrical
memoryless observation channel with a fixed letter transmission error probability d.
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In this case, I(V;U) = Inm — h(d) — dIn(m — 1) and, for the small value 9, the
conditional entropy H(U|V') = h(d) 4 & In(m — 1) yields the asymptotical value &pp.
The characteristics I(X; ) and £,;, have been calculated for the memoryless obser-
vation channel, whose class-conditional probabilities P(x|w;), x € X,i=1,...,c are
given by the decreasing exponential functions of the squared distances between any
object x and the central representatives of the classes. The calculations have been
performed in the datasets of face and signature images. The plots of the calculated
bounds are given in the paper [1].
Also, we plan to study a redundancy of the classification error probability relative
to the lower bound for different decision algorithms.
[1] Lange M. M., Lange A. M., Paramonov S V. Tradeoff Relation between Mutual Infor-
mation and Error Probability in Data Classification Problems // Computational Math-
ematics and Mathematical Physics, 2021. Vol. 61(7). Pp. 1181-1193.
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Anropntm pacno3HaBaHUsi, OCHOBaHHbIW Ha MepapXu4ecKom
KJlacTepusaumm ¢ MeTpPUKOi cneumanbHOro Buaa

Cenvko Oaez Barenmumosun'? senkoov@mail.ru
Caamarnos Maxup FOcug ozavt'x sy.mahir@gmail.com
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Bajaua KiaacCupUKAIUN SBJISIETCS OJHUM U3 [EHTPAJIbHBIX 33J[a9 METOJIOB Ma-
MIUHHOTO 00y YeHust. BoO MHOTUX ajJropuTMax KJaaCCU(PUKAIMHA UCIOJIB3YIOTCS TTPUH-
1y KoMIakTHocTu [1], upeanoaraomuii, 9To KaxKJI0My U3 PACIIO3HABAEMbIX KJIac-
COB COOTBETCTBYIOT OJ[HA WMJIM HECKOJILKO O0JIACTell MPU3HAKOBOIO IPOCTPAHCTBA, B
KOTOPOM 3TOT KJiacC Tipeobsasaet. [lpu aToM Takke mpejrnosaraercs, 9To obJia-
CTH MMEIOT OTHOCUTE/IBHO IPOCTYI0 U KOMIIAKTHYIO TeoMeTpuieckyto (popmy. Ecre-
CTBEHHBIM CIIOCOOOM OOy YeHUsI B PAMKAX I'MIIOTE3bl KOMIIAKTHOCTU SIBJISIETCST BBIJIE/TE-
HUe JJTsl KaXKJI0r0 KJIacca COOTBETCTBYOMUX eMy obsacreii. IIpeanoraraercs Takxke
CyIIECTBOBAHNE MIPOCTON M HAJIEKHOM MPOIEyPhl yCTAHOBJICHUE TPUHA/JIE?KHOCTH
pacro3HaBaeMoro oobeKTa Kaxk 1ol u3 obsracreii. [IpenmyIecTBoM yKa3aHHOTO MO
XOJ[a SIBJISIETCSI €r0 IMPO3PAYHOCTDb, NH(MOPMATUBHOCTb U MHTEPIIPETUPYEMOCTD.

Bo3MOKHBIM CITIOCOOOM €T0 peasn3alliil sIBJISICTCH UCIIOJIb30BAHNE METO/IOB KJla-
CTEPHOTO aHAJIN3a, TO3BOJISIIOIINI BBIIEIS T MDYl O0BEKTOB, SABJISTFOIIUXCS O3~
KUMHU JIDYT K JPYTY B CMBICJ€ HEKOTOPOW BBIOpaHHON Merpuku. OJHAKO Tpaju-
[IMOHHBI KJIACTEPHBIA aHAJIN3 HE [T03BOJIAET yIeCTh, KAKIM KJIACCAM ITPUHA JIEZKAT
IPyHIUPYEMbIe OOBEKTHI, YTO MOXKET IIPUBOJUTH K BBIJEJIEHUIO KJIaCTEPOB 6€3 cyIie-
CTBEHHOTO IPeodIaIaHusT KAKOTO-JIN00 U3 KIaccoB. [109TOMYy HAMM IIPE/IIIOIATaeTCs
HOBBII TTOJIXOJI, SIBJIAIOIINNCS MoAuUKAIeil N3BECTHOTO METOa arJIOMEPATHBHOM
nepapxudeckoit Kiaacrepudanun. s obecniederns mpeobiaganus B Kiacrepe 00b-
€KTOB OJIHOTO M3 KJIACCOB IIPEJJIAraeTcs MCIOJIb30BATh WHJIEKCHI HEOIHOPOIHOCTH,
npUMeHsieMble TIPU O0YYIeHNN permmalonmx Jepebes [2|. B macrosmeit pabore mc-
[OJIB3YeTCs IHTPONUNHBIA UHIICKC.

Wnes MeTosia 3aK/II0MAETC B KJIACTEPU3ANUNA O0bEKTOB € UCIIOJIH30BAHUEM MO-
JUDUIIPOBAHHON METPUKH, KOTOPAasi COCTOUT M3 CYMMbI HEKOTOPOI METPUKHU Pac-
CTOSTHUS ¥ SHTpONHIHOrO nHieKca. COOTBETCTBEHHO METPUKA, UCIOIb3yeMasi B OIH-
CAHHOM AJICOPUTME BBITJISAINT CJEAYIOMUM 00pa3oM:

p_dist(cluster;, cluster;) + o *entropy _index(cluster;, cluster;),

e p_dist - MeTpuka, OIEHMBAIOIIAs PACCTOsTHUE MeXK/Jly Kiacrepamu cluster; u
cluster;,
entropy _index - MHJIEKC HEOJHOPOJHOCTU IPH OObEJINHEHIN KJAcTepoB cluster; n
cluster;,
(v - TUIepIapamMeTp, KOTOPBIN TTO3BOJISIET YIPABJIATH BJIUSHIEM SHTPOIUH [PU KJIa-
crepuzanun. /IBa Kiaacrepa 00bEeINHAIOTCS, KOTJIa MOINMUIIMTPOBAHHOE PACCTOSTHIE

Bcepoccuiickast koagepennust MMPO-20. Poccusi, r. Mocksa, 7—10 gexkabps 2021 r.
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OKa3bIBAETCH MUHAMAJIbHBIM. MOXKHO 3aMETUTh, 9TO NP OOIBIINX 3HAYCHUAX
KJ1acTepa (bOPMHUPYIOTCs, B OCHOBHOM, M3 OOBEKTOB OOy<aroIieil BHIOOPKHU, MMEIO-
X OJMHAKOBOE IlejieBoe 3HadeHwue. 11000HOe B3BelInBaHUE METPUK IPUBEIET K
HeraTuBHOMY 3(p@eKTy, TaK KaK HUKAKOr0 0OydeHust He Oyner - Kjacrepa CKOIu-
pyior"rpyunsl u3 oby4gatomeil Boioopku. Ilosromy npu o0yuenun HeoOXomuMo u3be-
raTh 3aBbIIICHUST 3HAYEHE mapamMeTpa . DMMEKTUBHOCH METOA BO MHOT'M 3aBUCUT
OT IIPaBUJIBHOI'O BHIOODA ITIara, Ha KOTOPOM IIPOUCXO/IAT IIPEPHIBAHUE IIPOIECCA CJIIH-
sSIHUsI KJIACTepoB. B HacTosiieil paboTe MpoIece MpepbIBajCsi, KOIja ODIee 9rCJIo
KJIACCOB OKA3bIBAJIOCh PABHBIM YHCJIy PACIO3HABAEMBIX KJIACCOB.

IIpemioxKeHHbIiIT JrOPUTM TPUMEHSIETCH K 3a/[a1e MPEICKA3AHUs TUIIA KPUCTAI-
JITYECKOU CTPYKTYPBI FaJOT€HUIOB IO UX XUMUYIecKoit dopmyse. B pacemarpusae-
MOl BBIOODKE JTAHHBIX COJEPKHUTCA HH1 onmcanuii rajgoreHuioB ¢ 11 TumamMu Kpu-
cTasImaeckoii crpykrypsl. [Ipu o6ydenun nanubie nogesenst B coornomennn 70,30
Ha OOYJaroILyI0 U TECTOBYIO IOJBBIOOPKU. B KadecTBe pacCTOSIHUST MEXKJIy KJiacTe-
pamu p_ dist UCIIOTIB3YETCH METPHUKA

max_dist(cluster;, cluster;) + mean_dist(cluster;, cluster;),

rne max_dist(cluster;, cluster;) - MakCHMaJbHOE PACCTOSHUE MEXKIY OOBLEKTaMU
KiacTepos cluster; u cluster;,

mean__dist(cluster;, cluster;) - cpenHee paccTosHIe MeXKIy 00bEKTaMI KJIACTEPOB
cluster; u cluster;.

B urore npumenenune onncanHoro ajgropurma mnosydeno 11 kiaacrepos. Ilouck on-
TUMAJIbHOI'O COOTBETCTBHUSI MEXKJIy BbIJIEJIEHHBIMU KJIACTEPAMU W THUIIAMU KPHUCTAJI-
JIMYECKOU CTPYKTYPBI CBOIUJICS K PEIIEHUIO 3aa9/i MAKCHMU3AIUU O0Iee 9rcjio
BEPHO KJIACCU(PUIIMPOBAHHBIX TaJOTeHUIOB. JlanHas 3ajada SKBUBATEHTHA M3BECT-
HOI ONTUMU3AIMOHHON 3a/1a9u 0 HazHadeHuax. Jjis eé permeruns ObLIT MCIIOIH30BAH
BEHIePCKUI aJIr'OPUTM.

B pesysbrare onrumasibHbIM 3HaUYeHHeM rurepiiapaMerpa « crai 20. IIpu sTom
IIPOIEHT BEpHO KJIACCH(PUIMPOBAHHBIX 00beKTOB paser 93% na obyuaromnieii BEIGOpKe
n 70% ma TecToBoit BoIGOPKE. JJaHHbIi pE3yIbTAT IIPUMEPHO COOTBETCTBYET Pe3y/IhTa-
TaM, HOJIyUYEHHBIM C IIOMOIIBIO aJbTePHATUBHBIX MeTo0B. OmHaKo paspaboTaHHas
TEXHOJIOTUS TIO3BOJISIET TOJYINTD JOMOJTHUTEIHHYIO BayKHYIO MHMOPMAIUIO O pac-
IpeJie/ieHn 0ObEeKTOB 110 KJacTepaM € M3BECTHOW JIOKaJu3allueil B IIPOCTPaHCTBe
npu3HAKOB. [lojryueHHbIe pe3y/IbTaThl B IIEJIOM CBUJIETE/ILCTBYIOT O IMOTEHIINAIBHOM
EePCIEKTUBHOCTHU 1Ooax0/1a. OIHAKO OHUM yKa3bIBAIOT HA HEOOXOIUMOCTH TabHENITIX
MCCJIEIOBAHNI, CBA3AHHDBIX, B YACTHOCTHU, C YCTAHOBJIEHUEM ONTUMAILHOTO YHCIA
KJIACTEPOB.

Pabora nogep:xkana rpantom PODU No. 21-51-53019.

[1] Bazopytixo H. I'. 'umoTe3bl KOMITAKTHOCTHA U A-KOMITAKTHOCTHA B METOJAX AHAJIN3a JTaH-

wpix // Cub. xxypH. ungycrp. marem., 1998. T. 1(1). C. 114-126.

[2] Hastie T., Tibshirani R., Friedman J. The elements of statistical learning : Data mining,

inference, and prediction. Second Edition // New York:: Springer Verlag, 2009.
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The classification task is one of the central tasks of machine learning methods.
Many classification algorithms use the principle of compactness [1], which assumes
that each of the recognized classes corresponds to one or more regions of the feature
space where that class predominates. It is also assumed that the regions have a
relatively simple and compact geometric shape. A natural way of learning under the
compactness hypothesis is to select the appropriate regions for each class. It is also
assumed that there is a simple and reliable procedure to determine the membership
of the detected object to each of the regions. The advantage of this approach is its
transparency, information content and interpretability.

One possible way of implementation is the use of cluster analysis methods, which
allows filtering out groups of objects that are close in terms of a selected metric.
However, traditional cluster analysis cannot take into account to which classes the
grouped objects belong, which can lead to the selection of clusters without significant
dominance of one of the classes. Therefore, we assume a new approach, which is
a modification of the well-known method of agglomerative hierarchical clustering
[2]. To ensure the predominance of objects of one of the classes in a cluster, it is
proposed to use heterogeneity indices, which are used in training decision trees. In
this paper, the entropy index is used.

The idea behind the method is as follows: clustering with the help a modified
metric consisting of the sum of a certain distance metric and the entropy index.
Accordingly, the metric used in the described algorithm is as follows:

p-dist(cluster;, cluster;) + o * entropy_index(cluster;, cluster;),

where p_dist is a metric that estimates the distance between cluster; and cluster;,
entropy-index is an index of heterogeneity when combining cluster; and cluster;,

« is a hyperparameter to control the influence of entropy in clustering. Two clusters
are merged when modified metric is minimal. It can be seen that for large values
of a, the cluster is formed mainly from objects in the training sample that have
the same target value. Such weighting of the metrics leads to a negative effect,
as no training takes place - the clusters are ”copied” from groups in the training
sample. Therefore, when training, it is necessary not to overestimate the value of
the o parameter. The effectiveness of the method in many ways depends on the

Russian National Conference MMPR-20. Russia, Moscow, December 7—10, 2021
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correct choice of the step at which the process of cluster merging is interrupted. In
this work the process was interrupted when the total number of classes was equal to
the number of recognized classes.

The developed algorithm was applied to the problem of predicting the nature of
the crystal structure of halides based on their chemical formula. The studied data
sample contains 551 descriptions of halides. During training, the data is divided
into training and test subsamples in a ratio of 70/30. The distance between clusters
p-dist was used as the metric,

max_dist(cluster;, cluster;) + mean_dist(cluster;, cluster;),

where max_dist(cluster;, cluster;) - maximum distance between objects of cluster;

and cluster;,

mean_dist(cluster;, cluster;) - average distance between objects in cluster; and

cluster;.

As a result 11 clusters were received, using the described algorithm. The search
for the optimal correspondence between the selected clusters and types of crystal
structure was reduced to solving the problem of maximizing the total number of
correctly classified halides. This problem is equivalent to the well-known optimiza-
tion assignment problem. The Hungarian algorithm was used to solve it.

The Hungarian algorithm was applied to the obtained clusters, which finds the
optimal correspondance between the selected clusters and the original classes of the
objects. The result was that the optimal value of the hyperparameter was 20. At the
same time, the percentage of correctly classified objects is 93% in the training set
and 70% in the test set.This result roughly corresponds to the results obtained using
alternative methods. However, the developed technique makes it possible to obtain
additional important information about the distribution of objects across clusters
with known localization in the feature space. On the whole, the results obtained
indicate that the approach is potentially promising. However, they point to the need
for further research related, in particular, to the evaluating the optimal number of
clusters

This work was supported by a grant from the RFBR No. 21-51-53019.

[1] Zagoruiko N. Compactness and lambda -compactness Hypotheses in Data Analysis
Methods (in russian) // Siberian Journal of Industrial Mathematics , 1998. Vol. 1(1).
Pp. 114-126.

[2] Hastie T., Tibshirani R., Friedman J. The elements of statistical learning : Data min-
ing, inference, and prediction. Second Edition // New York:: Springer Verlag, 2009.
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B 3azaue kinaccudukanuu oz npeneaenTnoil (obydaorieit) undopmarnmeii monu-
MAaeTCsT COBOKYITHOCTD MPUMEPOB U3YIaeMBIX 00HEKTOB, B KOTOPOIl KarKIblii 00HEKT
MIpeICTAaBIeH B BUJE UHCIOBOIO BEKTOPA, MOJYIEHHOTO Ha OCHOBE M3MEPEHUS WJIN
HaOJTIOEHUS Psijia €r0 MapaMeTPOB MJIM XapaKTEPUCTUK, HA3BIBAEMDIX TPU3HAKAMUI.
Kaxx prit ipumep (06ydaronuii 00beKT WK IPENeIeHT) IPUICAH K OlIPe/IeJEHHOMY
KJ1accy 00beKToB. Tpebyercs 1Mo MPU3HAKOBOMY OIUCAHUIO MPEbsABIEHHOIO 00bEK-
Ta, 0 KOTOPOM 3apaHee HEM3BECTHO, KAKOMY KJIACCY OH IMPUHAICIKUT, OMPEICTUTD
(pacro3HaTh) 9TOT KJIacC.

OCHOBHOE JIOCTOMHCTBO JIOTMYECKOT'O IIOJX0/a K 3ajade KjiacCu(pUKaluu Ha OC-
HOBE IIPEIE/IEHTOB — BO3MOXKHOCTD I0JIyY€HUsI Pe3yJibTaTa [IPU OTCYTCTBUU JIOTIOJI-
HUTEJIbHBIX IPEJIIIOJIOXKEHUIT BEPOSITHOCTHOIO XapaKTepa W IPU HeOOJIBIIIOM YUCTIe
nperneaeHToB. Ilpemmonaraercs, 9TO KaXKIbli MPU3HAK MPUHAMAET OTPAHNIEHHOE
9HCJIO JOMYCTUMBIX 3HATCHUH, U 71 KarXKJI0TO MpU3HaKa 3aaéTcst Onnaprast pyHK-
st OJIM30CTHA MEKTY €ro 3HAYEHUSIMU, ITO TTO3BOJISET TPOBOIUTH CPABHEHUE OINCa~
HUsI PACIIO3HABAEMOI'0 OObEKTa C ONUCAHUSIME IIPEIeIeHTOB. AHaIu3 IpereIeHTHOM
nH(MOPMAIMN CBOJUTCS K IOUCKY B MCXO/HBIX JAHHBIX OIPEJIE/IEHHBIX 3aKOHOMEP-
HOCTEll, TO3BOJISIONINX PA3JINIaTh OOBEKTHI U3 PA3HbIX KiaccoB. HailieHHbIE 3aKO-
HOMEPHOCTH WMEIOT COJeprKaTe/bHoe OMMCaHne B TEePMUHAX TOI MPUKJIATHON 00-
JIacTH, B KOTOPOI permaerca 3agada. [lo nx mamnmanio mim, HaoO0pOT, OTCYTCTBUIO
B OIMMCAHUM PACIIO3HABACMOTO OOBLEKTA, PEIIAeTCs BOIPOC O €ro KJIaCCU(PUKAIININ.
IIpu sTOM GOJIBIIIOE BHUMAHUE YJIEJIsIeTCsl BOIIPOCaM CHUHTe3a aJlOPUTMOB, Ge30111u-
60YHO KJIACCU(DUIUPYIOMNX MaTepuaj oOydeHus. Takue ajropuTMbl HA3BIBAIOTCS
KoppeKkTHBIMI. K Hambojee M3BECTHBIM JIOTUIECKUM KJIACCU(PUKATOPAM OTHOCITCS
AJTOPUTMBI KOPPEKTHOTO TOJIOCOBAHMUSA, TMPETOXKEHHBIE BIIEPBHIE B OTEIECTBEHHBIX
paborax (M.M. Bourapx, M.H. Baiinngaiir, }0.11. 2Kypasiés), a rakke MeTO/bI
Logical Analysis of Data (IT. Xammep, 1986 .) u Formal Concept Analysis (P. Bu-
sie, 1981 1.). Iocieanue 1Ba HALIPABJICHUS JIOTHYECKOH KIacCuDUKAIUE B OCHOBHOM
HaIle/IeHbl Ha 00PabOTKy OMHAPHBIX JTAHHBIX.

AJIropuTMBI KOPPEKTHOI'O T'OJIOCOBAHMUS OA3MPYIOTCS Ha MOMCKE 3aKOHOMEDPHO-
creif, KOTOpBIe TPEICTABISIOT COOOH CIeIua buble HADOPHI U3 JOMYCTUMBIX 3HAYE-
HUIl TPU3HAKOB, HA3BIBAEMbIE KOPPEKTHBIMU JIEMEHTAPHBIMUA KJIACCU(DUKATOPAMU.
Jist ommcaHns TaKUX KJIACCHU(PUKATOPOB HapaBHE € KOMOMHATOPHBIM AIIAPATOM
[IPUMEHSIETCsI alnapar Jorndeckux yHknuit. Torma 3jieMeHTapHbIil Kiraccuduka-
TOp (JL.KJ.) — ITO 3JIeMEHTApHAZ KOHBIOHKIU, OIPEIeJEHHAs HA IPU3HAKOBBIX
onncanusgx 00beKTOB. Ecin Ha omucannum HEKOTOPOro 00HEKTa IEMEHTAPHAS KOHb-
TOHKITNST TPUHUMAET 3HadYeHue 1, TO TOBOPST, UTO ITOT OODHEKT COMEPIKUT JTAHHBIH
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9J1.KJL. DJL.KJI. KOPPEKTEH JIJIsT HEKOTOPOro Kiracca K, ecin Hesb3s yKa3aTh mapy mpe-
IIEJIEHTOB, OJTHOBPEMEHHO COJEPXKAINNX ITOT JI.KJI., IPUIEM OJINH U3 IIPEIe/IeHTOB
PUHAJIEKUT Kiaccy K, a Jpyroii emy He mpuHa iekuT. Kak 1MpaBujio, UILyTCs
9JL.KJI. C HEOOJIBIIIMM PAHTOM, B 9aCTHOCTH, TYNHUKOBbIe KOPPEKTHBIE JI.KJI., CPEJIH
KOTOPBIX oTOmparoTcs Hanbosiee nHGopMaTuBHbE. [[ONCK TYIUKOBBIX KOPPEKTHBIX
9JL.KJL. CBOJUTCA K 33/[a4€ MOHOTOHHOI Jyasm3amuu (IOUCKY HEIPUBOIUMBIX IIOKPbI-
Tuii 6yseBoil MATPHUILBI), KOTOPas OTHOCUTCS K KJIaCCy Tpy/HOpenaeMbix. MupoBbiMu
JINJIEPAMU TI0 CKOPOCTH CYETA SIBJIAIOTCSA ACUMIITOTHYECKH OIITUMAJIbHBIE aJITOPUTMbI
MOHOTOHHO JTya/IN3aIlAN.

Kaxkaprit naliieHabIit KOpPEeKTHBIN 3/1.KJI. Kiacca [ yJacTByeT B IPOIEype To-
JIOCOBAHUS C IEJIBIO BEIYUC/ICHUS OOIIEi OIeHKY IPUHAJIE?KHOCTH PACIIO3HABAEMOTO
obbekTa Kaaccy K. PacmosnaBaeMmblit 00bEKT OTHOCUTCS K KJIACCY, TOJIYIHBITEMY
HaMOOJIBIIIYIO OIEHKY, WJIK aJrOPUTM OTKA3bIBAETCS OT PACIIO3HABAHUS, €CJIH KJIac-
COB ¢ HauOOJIBINEHl OTEHKON HeCKOIbKO. KiaccnuKaTopbl OTIIMIAIOTCH UCIIOIb3Ye-
MBIMI MHOYKECTBAME KOPPEKTHBIX JI.KJI. U CIIOCOOAMU BBIYUCJICHUS OIEHOK ITPUHAI-
JIEZKHOCTHU PACIIO3HABAEMOrO O0bEKTa KJiaccaM. XOpPOIIne Pe3yJbTaThbl MOKA3bIBAET
rOJIOCOBAHME 10 (TYIHMKOBBIM) IIPEJICTABUTEIbHBIM JI.KJ. KJIACCOB, KOTOPbIE MOL'YT
MOPOYKIATHCS, HAIIPUMED, CIENUAIbHBIMI HAOOPAMU TPU3HAKOB — (TYITUKOBBIMM)
TeCTaMU, a TaK»Ke MOI'YT IOPOXKJIAThCsI YKaJHBIM CIIOCOOOM Ha OCHOBE IIOCTPOEHWS
KOPPEKTHBIX PEITaioIinX JIePeBbeB.

CranmapTHBIE TTOCTAHOBKY JIOTUYIECKON KJIacCU(pUKAINM HE BCErJa IO3BOJISIOT
peIarTh TPUKJIAIHBIE 33Ja9d CO CJAOYKHBIMU OTHOIEHUSMHU HA MHOXKECTBAX HOITy-
CTUMBIX 3HAYEHUI MpU3HAKOB. B psiie paboT aBTOpOB Ha Oa3e 0OOOIIEHMS KJIACCH-
YECKUX MOHATHUI JIOTMIEeCKON KJIaCCUPUKAIIY ITPEJJIOZKEHbBI KOPPEKTHBIE TTPOIETY PhI
KJIacCU(UKAIUY [IPU YCJIOBUU, YTO IPU3HAKOBBIE OIMCAHNUSI OObEKTOB SBJISTFOTCS DJIe-
MEHTaMU JIeKAPTOBa IIPOU3BE/IEHNs] KOHEUHBIX YACTHIHO YIIOPSIOIEHHBIX MHOXKECTB,
U PACCMOTPEHBI BOIIPOCHI IIPUMEHEHUS ACUMIITOTHIECKH ONTUMAJIBHBIX aJTOPUTMOB
[IEPEYNCIIEHNS JIEMEHTAPHBIX KJIacCu(UKATOPOB OOIIEro BUIA.

Ha npakrTuke mopsiiku Ha MHOXKECTBaX 3HAYEHHMII IPU3HAKOB MOI'YT OBITH He
3a/1aHbl. AKTYaJIbHBIMU SIBJISTFOTCSI BOIIPOCHI YIIOPSIIOYEHUs 3HAUEHUI IPU3HAKOB Ha,
STalle IPEIBAPUTEILHOI0 aHAJIN3a 00y IaIoNell BEIOOPKU.

B macrosmeit pabore mpeicTaBIeHbI UCCIEIOBAHNS, KACAIOMINECT BO3MOXKHOCTU
[IOCTPOEHNS YACTUIHBIX HOPSIKOB HAa MHOYKECTBAX [JOILYCTUMBIX 3HAYECHUII IPU3HA~
KOB, 00eCIeYnBAIINX KOPPEKTHYIO Kiaccupukaluio odydarornieil Beioopku. Cdop-
MYJIIPOBaH KPUTEPUil KOPPEKTHOCTH JIOTUYECKON KJIACCH(PUKAIUN HAJ[ IIPOU3BEIEe-
HUEM YaCTUYIHBIX TOPSJIKOB, COTJIACHO KOTOPOMY JIJisi KOPPEKTHOM KJIaCcCU(PUKAIAN
ONMCaHUe KaXKJIOTO IIPEIEIEHTa U3 KAXKI0r0 KJIACCa JOJZKHO OBITH «HE3aBUCUMBIM»
OT MHOKECTBA OIMCAHUI MPEIEIEHTOB U3 JIPyruxX KjaccoB. llokazano, 4To BHIOOD
«KOPPEKTHBIX» YaCTUYIHBIX IOPSIKOB Ha MHOYKECTBAX JIOIYCTUMbBIX 3HAYEHUN IPU-
3HAKOB MOXKET OBITH CBEJIEH K IOCTPOEHWIO W AHAJIM3Y HEIPUBOJIUMbBIX MOKPBITHI
crieruaJibHON OysieBoit Marpuilbl. 1IpeyiozkeHbl JBa MOAX0/a K PACCMaTPUBAEMOI
3aade. [lepBblit TIOIXO0/T 3aKII0UAETCST B IOCTPOEHUN IaCTUIHBIX TOPSIIIKOB, obecIre-
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IUBAIONINX KOPPEKTHYIO KIACCH(PUKAIINIO BCEX MPEIEIEHTOB, BTOPOI B MMOCTPOCHUN
I KaXKJIOro KJjlacca YaCTUYHBIX IOPSJIKOB, TapaHTUPYIONNX KOPPEKTHYIO KJlac-
cudUKAIIIO TOJIBKO IIPEIEIEHTOB JaHHOIO Kjacca. [IpoBeleHO SKCliepuMeHTaIbHOe
CpaBHEHUE [IPEJJIOYKEHHBIX TOIXO0/I0B C OBICTPBIM METO/IOM JIMHEIHOTO YIIOPS IO YEHST
3HaYeHul TpU3HAKOB [1], KOTODBIl CYIIECTBEHHO IIOBBINAET KAYeCTBO KiaccuduKa-
IUH, HO He TAPAHTHUPYET KOPPEKTHOCTH KJIACCU(DUKAIIAM.
Pabora gactuuno nomueprxkana rpanrom PODU No. 19-01-00430.
[1] Baxaarnosa A. O., Jioxosa E. B, Macasxos I'. O. UccienoBanue 3aBUCUMOCTH Ka4eCTBa
KJIACCU(PUKAIIAN OT BBIOOPA YACTUYIHBIX IOPSIIKOB Ha MHOXKECTBAaX 3HAUYCHUN ITPU3HA-

KOB // 9-a1 MexxayHapoaHas kondepenius. «arennekryamusanus o6paboTkn nadop-
mamuy», 2020. C. 21-25.
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Correct classification over a product of partial orders

Djukova Elena' edjukova@mail.ru
Masliakov Gleb'x gleb-mas@mail.ru

"Moscow, CC FRC CSC RAS

In supervised classification problem, the training data is a set of examples of
objects under examination in which each object is represented by a numerical vector
obtained by measuring or observing its parameters or characteristics called features.
Each example (training object or precedent) belongs to a certain class of objects.
Given a description in terms of features of a presented object, about which it is
unknown to which class it belongs, it is required to find out (recognize) the class it
belongs to.

The main advantage of the logical approach to the supervised classification prob-
lem is the possibility to obtain results without additional probabilistic assumptions
and using a small number of precedents. Each feature is supposed to take a limited
number of acceptable values that and for each feature a binary function of proximity
between its values is defined that allows to compare the description of the recog-
nized object with the descriptions of precedents. The analysis of training data is
reduced to finding certain dependences that differentiate objects belonging to differ-
ent classes. The found dependences have a meaningful description in terms of the
applied field in which the problem is being solved. By their presence or, conversely,
absence in the description of the recognized object, the question of its classification
is solved. Special attention is given to synthesizing algorithms that unmistakably
classify the training objects. Such algorithms are known as correct. The most well-
known algorithms in this field are the correct voting algorithms proposed for the first
time in Russian works (M.M. Bongard, M. N. Weinzweig, Yu.l. Zhuravlev), and also
the methods of Logical Analysis of Data (P. Hammer, 1986) and Formal Concept
Analysis (R. Ville, 1981). The last two logical classification areas are aimed mainly
at analyzing binary data.

The algorithms of correct voting are based on the search for patterns, which are
special sets of acceptable feature values called correct elementary classifiers. The
apparatus of logical functions along with the combinatorial apparatus is used to
describe such classifiers. Then the elementary classifier (el.kl.) is an elementary
conjunction defined on the feature descriptions of objects. If an elementary con-
junction takes the value 1 on the description of some object, then it is said that this
object contains this el.cl. El.cl. is correct for some class K, if it is impossible to
specify a pair of precedents that simultaneously contain this el.cl., and one of the
precedents belongs to the class K, and the other does not belong to it. As a rule,
el.cl. with a small rank, in particular irredundant correct el.kl, are searched for,
among which the most informative are selected. The search for irredundant correct
el.kl. is reduced to the monotone dualization problem (search for irreducible cover-
ings of a Boolean matrix), which belongs to the class of intractable problems. The
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world best algorithms in computational speed are asymptotically optimal monotone
dualization algorithms.

Each found correct el.cl. of the class K participates in the voting procedure in
order to calculate the overall estimate of the recognized object membership to the
class K. The recognized object belongs to the class that received the highest score, or
the algorithm refuses recognition if there are several classes with the highest score.
Classifiers differ in the used sets of correct el.cl. and in the methods of calculating the
estimates of the recognized object membership to classes. Good results are shown
by voting on (irredundant) representative el.cl. that can be generated, for example,
by special sets of features called irredundant tests. They also can be generated in a
greedy way based on the construction of correct decision trees.

Standard statements of logical classification do not always allow us to solve ap-
plied problems with complex relations on sets of acceptable feature values. In a
number of our works on the basis of generalization of classical concepts of logical
classification classical concepts correct classification procedures are proposed, pro-
vided that the feature descriptions of objects are elements of the Cartesian product
of finite partially ordered sets. The questions of the application of asymptotically
optimal algorithms for the enumeration of elementary classifiers of the general type
are considered.

In practice, the partial orders on the sets of feature values can be not specified.
In order to improve the quality of classification, the problems of ordering feature
values at the stage of preliminary analysis of the training set are considered.

This paper presents the studies of the possibility for constructing partial orders
on the sets of acceptable feature values that provide the correct classification of the
training set. A criterion for correct logical classification over a product of partial
orders is formulated, according to which, for correct classification the description of
each precedent from each class must be “independent” of the set of descriptions of
precedents from other classes. It is shown that the problem of choosing “correct”
partial orders on the sets of acceptable feature values can be reduced to constructing
and analyzing irreducible coverings of a special Boolean matrix. Two approaches
to the problem under consideration are proposed. The first approach consists in
constructing partial orders that ensure the correct classification of all precedents,
the second consists in constructing partial orders for each class that guarantee the
correct classification of only the precedents of this class. An experimental comparison
of the proposed approaches with the fast method of linear ordering of feature values
[1], which significantly improves the quality of classification, but does not guarantee
the correctness of classification, is carried out.

This research is partially funded by RFBR, grant 19-01-00430.

[1] Baklanova A.., Djukova E., Masliakov G. Investigation of the dependence of the su-
pervised classification quality on the choice of partial orders on feature values sets //

Intellegent Information Processing IIP 13, 2020. Pp. 21-25.
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O koppensiunn pucka C OUEHKOM CKOJIb3SILLLEro 3Kk3amMeHa

Hedeavko Buxmop Muxatiiosuy nedelko®@math.nsc.ru

WNucruryr maremarunku nm. C. JI. CoboseBa

MeTos1, CKOJIB3SINEro 9K3aMeHa ABJIAETCS OCHOBHBIM MHCTPYMEHTOB JIJIsl OICHKU
KadecTBa MOCTPOEHHOrO perienus. Bmecre ¢ TéM TOYHOCTH 3TOr0 METO/a B 00IIEeM
cJIydae Hen3BeCTHA.

B janHoit pabore uccieyeTcst MOrpentHocTh CKOIb3AMIEr0 IK3aMeHa KaK OIeH-
KU PHUCKA, T.e. OXKUJAEMBIX CPEJHUX MOTEPh. YCTAHOBJIEHO, YTO OIEHKA CKOJIb3SIIIE-
ro 9K3aMeHa BO MHOTHMX CJIydYasgxX UMeeT OTPUIATENbHYIO KOPPEJSIUIO C OIeHUBae-
Moit Besmaunoii (puckom). OrpunareibHas KOPPEIAIysl siBIAETCS JOIOJIHUTE IHHBIM
(moMuMO BBICOKOIE Jucriepennt) hakTopoM, 00yCIaBIMBAIOIIUM MEHBITYI0 TOYHOCTD
CKOJIB3IIIEr0 9K3aMeHa OTHOCUTEJILHO OIEHOK 110 (OTJIOXKEHHOI) KOHTPOJIbHOI BbI-
6OpKe TAKOro Ke pasMepa.

O0603HAYNM PUCK KaK

Kqo(Vn) = Exy L(Ag,vy (%), y).

b () — METO/I IOCTPOEHUST PEIIL X HKII#, VN — BBIOOPK BHEM -
Bnec €TOo/I, IIOCTPOoe eIato , V oopka oobéma N, L
dyHKus morephb. Maremarndeckoe oKujjaHne 6epércst 0 IPOCTPAHCTBY II€PEMEH-
HBIX, XapaKTePU3YIOIHX O0bEKTHI.

IIycre K¢,k (Vv)— OLeHKa PHCKa METOIOM CKOMB3IIero sk3amena (K -fold cross-
validation).

B kauecTBe MepbI HOIPEIIHOCTU OIEHKH UCIIOJIb3YEM CPEIHUI KBaJIpaT OTKJIOHE-
HUs

errcy = v/ Ewy (A(VN))?,
rjie B
A(VN) = Kok (V) = Ko (V).
Maremaruaeckoe oxKuganmne 6epéTcs 1Mo BceM BhIOOpKaM pazmepa N.
Paznoxxum morpernocTn

Ewy (A(VN))? = 6% + 02 + bias?y, — 260,

rue ~
5’2 = DWNICQ’K(VN), 0'2 = DWN’CQ(VN)ﬂ

biascv = EWNA(VN), X = COITw (]EQ,K(VN),]CQ(VN)).

3zech corryy, — Koadbduiuent koppesdanud, a biascy — cMeleHue.

B rtabaune 1 npuseieHa dacTb Pe3yJbTATOB IIPOBEIEHHLIX SKCIIEPUMEHTOB Ha,
peasibibiX panubix (pernosuropuit UCK zagaua Adult) u Ha cunrernyueckoii Mojesu.
Wcronb30Baiinch pasjindHble MeTOJbI KJjacCuUKaIlu, B YaCTHOCTH I'PaJIMEeHTHBII
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Tabaumna 1. Pesysbrarsl 9KCIEpUMEHTOB

biascy o o >
Boosting, UCI  0,1090,0710,133-0,460

Boosting, model 0,0130,0160,054-0,194
QDA, model 0,0100,0180,054-0,735

OYCTUHT Ha JePeBbsiX U KBaIPATUIHBIN TUCKpUMUHAHT. [[puBeIeHbI pe3y/ibTaThl J1JIst
JIorapuMUIecKoil (DYHKIUHN TOTEPb.

Kak M0kHO 3aMeTHUTB, CMEIEHNE OIEHKN CKOJIB3HAIIEr0 SK3aMeHa ITPeHeOPe -
MO II0 CPABHEHHIO CO CTAHJAPTHBIM OTKJIOHEHHEM, KOTOPOEe, B CBOIO OY€pesb, 3Ha-
YUTENBHO GOJIBINE CTAHIAPTHOTO OTKJIOHEHNS prucka ((hakTHIecKnx MOTephb). DToT
dakT cormacyercs ¢ N3BECTHBIMU PE3YJIbTATAMA.

ITpu sTOM, ciemgyer oOpaTuTh BHUMAHUE HA HEOXKUJIAHHBIN (DaKT, & UMEHHO, OT-
PUIATETBHYIO KOPPEIAIMIO MEXKJTY OIEHKOW U ONEeHUBAECMON BEIMINHOM. AOCOTIOT-
Hoe 3HaYeHne KO3 DUIMEHTa KOPPEIAINT B IKCIEPUMEHTAaX ObLIO PA3JTHIHBIM, HO
3HaK BCErjia OTpunarenbHbiil. Jlanuprit (haxkT moka He yaaaoch OO0bSICHUTD, TEM He
MeHee, ero BayKHO yIUThIBaTh. OKa3bIBACTCs, UTO CKOJIB3SIIIIT 9K3aMEH UMEET OTHO-
CUTEJILHO BBICOKYIO IIOI'PEITHOCTD HE TOJIHKO B CHIIYy OOJIBINON JUCIEPCU, HO U N3-33
OTPUIATEILHOM KOPPEJISIIUN.

Pabora BemoHena B pamkax roczaganus Uncruryra maremaruku um C.JI. Co-
Gosesa (mpoext No.0314-2019-0015)

[1] Nedel’ko V. On Decompositions of Decision Function Quality Measure // he Bulletin

of Irkutsk State University. Series Mathematics, 2020. Vol. 33. Pp. 64-79.
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On the correlation of risk with the cross-validation estimate

Nedel’ko Victor nedelko@math.nsc.ru

Sobolev Institute of Mathematics

The cross-validation method is the main tool for evaluating the quality of the
constructed solution in machine learning. However, the accuracy of this method is
generally unknown.

In this paper we investigate the accuracy of cross-validation as an estimate of
risk. By risk we call expected average loss.

The cross-validation estimate was investigated on real data (UCI, dataset Adult)
and on a synthetic data.

We used various classification methods, in particular gradient boosting on trees
and quadratic discriminant.

In the experiments, the bias of the cross-validation turned out to be negligi-
ble compared to the standard deviation, which, in turn, is much greater than the
standard deviation of risk (actual losses). This fact is consistent with the known
results.

At the same time, we revealed an unexpected fact, namely, a negative correla-
tion between the CV-estimate and the true error value. The absolute value of the
correlation coefficient in the experiments was different, but the sign is always nega-
tive. This fact has not yet been explained, however, it is important to take it into
account. It turns out that the cross-validation has a relatively high inaccuracy, not
only because of the large variance, but also because of the negative correlation.

The study was carried out within the framework of the state contract of the
Sobolev Institute of Mathematics (project no 0314-2019-0015).

[1] Nedel’ko V. On Decompositions of Decision Function Quality Measure // he Bulletin

of Irkutsk State University. Series Mathematics, 2020. Vol. 33. Pp. 64-79.
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O HeiipoceTeBOM noaxoae K peLleHuto KsaccoB
AnddepeHumnanbHbIX ypaBHEHWU

Kapandawes Ixoe Muxatinosuy * karandashev@niisi.ras.ru
ITamun Anexcandp FOpvesun'« shamin_ay@mail.ru

"Mocksa, ®I'Y ®HI[ HUICU PAH

OrpomMHOe MHOYKECTBO IMPOIECCOB B (PU3UKE, XUMUU, OMOJIOTUN, MEXaHUKE MOJIe-
JINpYIOTCs cucteMamu Jud depeHnnaabHbIX YPaBHEHUN KaK OOBIKHOBEHHBIX, TAK U B
YACTHBIX TPOU3BOIHBIX ¢ COOTBETCTBYIONUMY MPAHUIHBIMUA ¥ HAYATLHBIMEI YCJIOBH-
avu. B wacTHOCTH, crCTeMbl OOBIKHOBEHHBIX AU (PEPEHITHATBHBIX YPABHEHUH HC-
[OJIB3YIOTCS B TEOPETUIECKON MeXaHWKe, XHMHIECKON KHHETHKEe, a ypPABHEHUS B
YACTHBIX NPOU3BOJHBIX B 3a/1a9aX MEXAHWUKM CIUIONIHBIX CpeJi (Teopusl yIpyrocTH,
IHJIPO- A9POMEXaHUKa ), KBaHTOBOH (busuke. B cBasu ¢ atum paspaborka s¢dbdexrus-
HBIX METOJIOB PEIIeHUsT TAKUX 3a/1a4 SIBJISIETCS AKTYAJbHOM I HAYKU M TeXHUKU U
Ha CETOAHAIITHIIT TeHb.

Jlajileko He Becerja BO3MOYKHO AHAJUTUIECKON HCCJIeJIOBAHIE TAKUX CHCTEM, B
CBA3M C 9Y€M Pa3BUTHI METO/Ibl YUCJIEHHOI'O MHTErprupoBaHnsd, B TOM YHUCJIE JJId TaK
HasbiBaeMbIxX kecTkux cucreM (Pynre-Kyrra, PozeHOpoka, MeTO/IbI KOHEIHBIX 16~
MEHTOB, METOJbl PAHUYHBLIX JEMEHTOB). B HACTOsiee BpeMsl YUCJICHHBIE METOJIbI
TaKzKe PA3BUBAIOTCSA U COBEPIIEHCTBYIOTCS.

[TomMuMO KJTACCHIECKUX TUCIEHHBIX TIO/IXO/I0B HA CETOHSATITHII TOSBUIICH HOBbIE
METO/TbI MOJIETTUPOBAHUS (DUBUKO-XUMUIECKAX U MEXaHUIECKUX [TPOIECCOB, OCHOBAH-
Hble Ha HEHPOHHBIX ceTsix. Hanpuwmep, B [1, 2] o6yvaercst cerb jyist pernenust jud-
depeHnmaIbHbIX yPABHEHUI, HO € HCIOJIB30BAHUEM JIOTOJHUTE/IbHBIX YHCIEHHBIX
METOJIOB B Iporiecce ee 00ydenus. sl MEXaHUUecKoro MofenpoBanus B padore [3]
YCIIEIIHO UCIOJIb3yIoTcs rpadosble Hefipoceru. B [4, 5, 6] npeyaraiorcs npuHIUIILL
HeITPOCceTeBOro MoJIeJIMPOBaHNs, OCHOBAHHOIO Ha OOYYEHUN CETH C MCIOJIH30BAHIEM
b epeHInpPOBaHNsT BBIXO/A CETH 110 €€ BXOJIaM.

B nacrosieit pabore pasBUBaeTCsl MOJXOJ, IIPeJIOXKeHHbIH B [7, 8], ocHOBaH-
HBI Ha ANMPOKCUMAIIIN HEAPOCETHIO PEIleHns] KOHKPETHOH 3a1adau Korm, npudem
OTJINYUE OT YKA3aHHBIX PADOT 3aKJ/II0YaeTCst B TOM, YTO CeTh 00ydaeTcsl He OJIHO
KOHKPETHON HAYaJbHO-KPAEeBOil 3ajiade, a mapaMeTpuIecKOMy KJIAcCy 3aJiad. DTo
IIO3BOJIAET pellaTh 3a/avdy C Pa3/IMYHbIMU HadaJIbHBIMUA U KPa€eBbIMHU YyCJIOBUAMU, a
TaKKe pelnaTh mapaMeTrpudecKu 3a/[aHHOe YpaBHEHHUE, Ioj[aBasi Ha BXOJ, HelpoceTn
rmapaMerpbl, KOTOPbIE 3aJIal0T 9TU YCJIOBUsS, 13 HEKOTOPOIO JTUATA30HA.

[ycrs umeercs ypasuenue Fg(f™(z), ..., f(2)) =0, = € (a,b) ¢ HavambHBMKT
yenosusvu gi(a) = £ (a), i = 0..n. BymeMm HCKaTh aIIpPOKCHMAIIIIO f perreHns
97Ol 3aaun B Buje Helipocern f(z,qo(a), ..., qn(a), B), HA BXOJ KOTOPOI MOJAIOTCS
TOUKa X, HadaJIbHbIEe YCJI0BUd ¢;(a), & TakKe napaMerp [3, OTBeYaIONuii 3a apamer-
PH3AIUIO JIEBOI JacTu ypasHeHus Fjg.

B kauecrse hyHKIUM HEBA3KH IIPEJjIaraercs UCIOIb30BaTh CyMMY ABYX (Tpex —

JIUIs yDABHEHUI B YaCTHBIX IPOU3BOAHBIX) (yHKuuil ommbku L = Ly + Lo Ilepsas
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GYHKIMST — 9TO CyMMa, 3HaYeHUil JIeBO# JacTh caMoro and@epeHInaIbHOr0 ypas-

HEeHUA
Nint

- - . 2
L= Y (Fs(F @), . F (@), o)
=1
B KOHECYHOM YHUCJIC TOYCK 06.Ha,CTI/I. BTOpaH — CyMMa 3HAYCHUI (byHKI_LI/II/I, 3aJaI0IMIX

~ 2
HavYAIbHOE yeaosue Lo =Y 0 (f(i)(a) - qi(a)>

Tperbst — cymma 3HaYeHUIT DYHKINHT, 33/IaI0I€Ell 'PAHUYHOE YCJIOBHE B HEKOTO-
POM UHCJIe TOYEK STOi IPaHUIB (B Cilyuae YPaBHEHMH B YACTHBIX [POU3BOJIHBIX).
IIpocroTa mpuMeHeHUst TAKOTO TOIX0/1a 0O0YCIOBICHA TEM, ITO B3ATHE HEOOXOIUMBIX
IPOU3BOAHBIX POUCXOJIUT IOCPEICTBOM aBToMaTHIecKoro quddepennuposanus [9)
U BBIMUCJISETCS TOYHO, & AllIPOKCHMAIINs PEIIeHNs IPOUCXOIUT B IIPOIlecce obyte-
HUS CETH.

IIpeyioxkenHast ceTh peajn30BaHa C UCIOJIb30BaHueM (peiimBopka Pytorch. Mo-
Jysib Autograd moszBodisiet Jierko paboraThb ¢ rpaJueHTaMi 1, B YACTHOCTH, TIOJIyIaTh
IIPOU3BO/IHBIE CETH B TOM YHCJIE IO €€ BXOJIAM.

IIpuBenensr pe3yabTaThl PabOTHI HEMPOCETH Ha HEKOTOPBLIX 3ajadax. Jlms mpu-
Mepa IIpuBejieHa 33/a4a O JIMHEHHOM OCHUJLIIATOPE C JUCCUIIAIACIH.

{ y"(x) + 2619/ () + Pay(x) = 0 ze(0:4], Bell; ]
y(0) = o,y (0) = o,y € [=5; 5], B2 €[] +¢e; 30]

B pesynbrate ceTh 6bL1a 00y IeHa PEIeHusIM 3371491, aDCOTIOTHBIE OTITHOKN YKa3aHbI
B TabJmie.

o) LD & -2 -3 -1 0,9
61 =1,02=5 0.02 10.06 0.06 0.04
81 =2,00=9 0.004 0.008 |0.003 0.002
51 =3,02=10 [0.006 0.001 |0.005 0.01
Takum obpazom, mpeIoyKeHo 0000IeHne HeHPOCeTEBOTO T0/IX0/1a K PEIIEHUIO
Y, ¢ ucrop30BaHNEM aBTOMATHIECKOTO D depeHITnpOBaHns Ha KJIACChI 3a/a C

ImapaMeTpUIeCK 3aJAHHBIMUA YPABHEHUSIMHU U HAYAJLHBIMUA U TPAHUIHBIMU YCJIOBH-

sIMU, 9TO TO3BOJISET PEIIATh KaXKIy0 HOBYIO 3aJady, He 00ydas CeTh 3aHOBO.
Pabora BeimosiHeHA B pamMKax rOCyIapCTBEHHOIO 3a/IaHUS 110 IMIPOBEICHUIO (DyH-

JIAMEHTAJIBHBIX HAyJHBIX HcciaefoBannii mo teme "UccnaemoBanue HepoMOpdHBIX

cucreM 06paboTKU OOJIBININX JIAHHBIX U TexHojorun ux u3rorosaerus" Ne 0065-2019-

0003 (AAAA-A19-119011590090-2).

[1] Ricky T., Chen Y., Bettencourt J., Duvenaud D. Neural Ordinary Differential
Equations // arXiv:1806.07366, 2018.

[2] Holl P., Koltun V., Thuerey N. Learning to Control PDEs with Dif-ferentiable
Physics // arXiv:2001.07457, 2020.

[3] Pfaff T., Fortunato M., Sanchez-Gonzalez A., Battaglia P.  Learning Mesh-Based
Simulation with Graph Networks // arXiv:2010.03409, 2020.
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On a neural network approach to solving classes of differential
equations

Karandashev Iakov" karandashev@niisi.ras.ru
Shamin Alexander'x shamin_ay@mail.ru

"Moscow, Federal Scientific Center Scientific Research Institute for System Research of
the Russian Academy of Sciences

A lot of processes in physics, chemistry, biology, mechanics are modeled by systems of
differential equations, both ordinary and partial derivatives with appropriate bound-
ary and initial conditions. In particular, systems of ordinary differential equations
are used in theoretical mechanics, chemical kinetics, and partial differential equations
in problems of continuum mechanics (theory of elasticity, hydro-aeromechanics),
quantum physics. In this regard, the development of effective methods for solving
such problems is relevant for science and technology today.

An analytical study of such systems is far from always possible, and therefore
methods of numerical integration have been developed, including for the so-called
stiff systems (Runge-Kutta, Rosenbrock, finite element methods, boundary element
methods). At present, numerical methods are also being developed and improved.

In addition to classical numerical approaches, new methods for modeling physic-
ochemical and mechanical processes based on neural networks have appeared today.
For example, in [1, 2] a network is trained to solve differential equations, but using
additional numerical methods in the process of training it. For mechanical modeling
in work [3] graph neural networks are successfully used. In [4, 5, 6], the principles of
neural network modeling based on network training using the differentiation of the
network output by its inputs are proposed.

In this paper, we develop the approach proposed in [7, 8], based on the neural net-
work approximation of the solution of a specific Cauchy problem, and the difference
from these works is that the network is trained not for one specific initial-boundary
value problem, but for a parametric class of problems. This makes it possible to
solve a problem with different initial and boundary conditions, as well as to solve a
parametrically given equation by supplying to the input of the neural network the
parameters that specify these conditions from a certain range.

Let there be an equation Fg(f(™(z),..., f(z)) =0, = € (a,b) with the initial
conditions ¢;(a) = f™(a), i = 0..n. We will look for an approximation f of the
solution to this problem in the form of a neural network f(x, qo(a), ...,qn(a), ), the
input of which is the point z, the initial conditions g;(a), as well as the parameter
(3, which is responsible for the parametrization of the left-hand side of the equation
Fg.

As a residual function, it is proposed to use the sum of two (three - for partial
differential equations) error functions L = Lj + Lo The first function is the sum of
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the values of the left side of the differential equation

Nint N . _ 2
L= Y (F(F @), T (@), J(@)))
i=1
in a finite number of points of the region. The second is the sum of the 2Vadues of the
function that specify the initial condition Lo = >"7 | (Jm) (a) — qi(a))

The third is the sum of the values of the function specifying the boundary condi-
tion at a certain number of points of this boundary (in the case of partial differential
equations). The simplicity of this approach is due to the fact that the necessary
derivatives are taken by means of automatic differentiation [9] and are calculated
exactly, and the solution is approximated in the process of training the network.

The proposed network is implemented using the Pytorch framework. The Auto-
grad module makes it easy to work with gradients and, in particular, to get derived
networks, including those from its inputs.

The results of the neural network operation on some tasks are presented. As an
example, the problem of a linear oscillator with dissipation is given

{ y" () + 281y (x) + Boy(z) = 0 ze0;4], B ell; 5]
y(0) = o,y (0) = v o,y € [=5; 5], B2 €[B} +¢e; 30]

As a result, the network was trained to solve the problem, the absolute errors are

indicated in the table

(, 7) (L1 (4 —2) =3, —1) [0, 1)

61 =1,8=5 0.02 (0.06 0.06 0.04

51 =2,02=9 0.004 0.008 10.003 0.002

61 =3,82, =10 [0.006 [0.001 |0.005 0.01

Thus, a generalization of the neural network approach to solving differential

equations is proposed, using automatic differentiation into classes of problems with

parametrically specified equations and initial and boundary conditions, which makes

it possible to solve each new problem without retraining the network.
Funding. The work financially supported by State Program of SRISA RAS No.

0065-2019-0003 (AAAA-A19-119011590090-2).
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MeTtoa nosbiweHus 3dpchekTMBHOCTU 00y4eHus
rpagMeHTHOro bycTuHra, OCHOBaHHbI
Ha MoanULUNPOBaHHbLIX PYHKLUSAX NOTEpb
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Cenvro Oaez Baaenmurosumn
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Jleca, cocrosnue n3 J1€PEBHEB PEIEHMIT, XOPOIIO cebsi 3apPeKOMEHIOBAJN IPU
PeIeHny MPUKJIAIHBIX 3a7ad. ['pajmenTasiii Oyerunr [1] eMor moBbIcHTH mpeicKa-
3aTeJIbHYIO CIIOCOOHOCTH JiecoB. JlaHHBIE aJIrOPUTMBI JJOCTATOYHO PACIPOCTPAHEHBI
U y2Ke PelnaroT pa3IndHble 33/[a9i Ha IPAKTUKE U IPUMEHSIIOTCsI BO MHOTHX cdhepax
YeJIOBEYECKON J1eATe/IbHOCTH.

Obozuaunm, T1,T2,...,TN — TOIYKA B HEKOTOPOM MHOTOMEDHOM IIPOCTPAHCTBE,
COOTBETCTBYIONINE M3BECTHBIM U JIETKO-U3MEPAEMBIM IPU3HAKAM PEAJIHHBIX 00BHEK-
TOB; Y1,Y2,...,YN — 3HAUYEHUs HEKOTOPBIX TPY/IHO-U3MEPSAEMBIX IIPU3HAKOB 00bEK-
ToB. Beraér 3azaua noucka Hekotopoit dbyukuuu f(x) rakoit, uro y; = f(x;) + &,
rje £; — omubKa IpejcKasanus Ha i-ToM o0bekTe, T.e. dbyukims f(x) mo/mkHa upu-
6/IMKATDh peabHYI0 3aBUCHMOCTD M€Ky MCKOMBIMU 3HAYEHUSIMA Y; U U3BECTHBIMUI
upusHakamu ;. g nocrpoenus dyukuuu f(x) ucnonabsyercs urdopMariyst JIHIIb
0 HEKOTOPBIX 1 < N 00DbEeKTOB, & Ka4eCTBO IIPHUOJINKEHIS IPOBEPIAETCS 10 OCTAB-
mumest N — T o6bekTaM.

IpajmenTablii GycTuar [1] ocHOBaH Ha nTepaTUBHOM mocTpoeHnr dyHKIun f(x)
3a CYET UCIOJIB30BaHUS DOJIBIIONO KOJUIECTBA JIEPEBBEB DEIIeHNI, KaXKI0e U3 KO-
TOPBIX WCIIPABJISET OMUOKM MPEAbIAymuX. 1Ipu 9ToM 11 perenns 3amadn 3aa-
ércs onTuMu3upyeMblit dyHKImonas omuoku. O HIM W3 CTAHIAPTHBIX ONTUMU3H-
pyeMbIx (DYHKIMOHAJIOB SIBJISETCS CpefHeKBajparnunas ommoka L(f(z), X,Y) =

1z 9
T Zl(f(iﬁi) —yi)*
1=
[Ipemraraercst nco/b30BaTh MOAMMUIMPOBAHHDBIE (DYHKITMOHAJBI OMTUOKH.
1 T
Bynem wucnosnbzosars B kadecrse L(f(z), X,Y) = T S (af(z;) — y:)?, rtae
i=1

a € Ry . OcHoBHast njiest JAHHOTO TOJXO/IA 3aKJIIOYACTCA B TOM, ITOOBI I00ABUTH
myma B 00ydaeMble JIE€PeBbsl PEIIeHUil, JJisi TOro 4TOObl YMEHBIIUTL KOPPEJISIUIO
MEZKJIY BBIXOJIAME DA3JUYHBIX JIEPEBbEB PEIEeHUl B UTOrOBOM JIeCe, YTO MO3BOJIAET
YBEJIUYUTH 0000IIAIONIYIO CIIOCOBHOCTD 00yUaeMoii Mojesn [2].

Kak ormedasiocs pamee, /715 TIOBBIMIEHHST 0000IIAIONTEN CITIOCOOHOCTH Jieca aepe-
BBEB PellleHuil HeOOXOIUMO YMEHBIIATh KOPPEJISIMI0 MEXK/Ly J€PEBbSIMU PEIIeHMUil,
MI0TOMY Pa3yMHO Ha KarKJIOM Iare ONTUMHU3UPOBATH (PyHKIIUIO

% i [(h(z:) + f(zi) — yi)* — v(h(zi) — f(x:))?]. B mammoit dynkuun ecrs ponon-
i=1

murenbHas nobaska —y(h(x;) — f(2;))?, Mo3BOMIsIOMAs TOGUTHCS JIOTIOIHATE THHOL
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Perygpu3anuu 3a CIET PA3JINdnsd MeXK/y HOBBIM 00yUaeMbIM JIEPEBOM U yKe 00y-
YEHHBIM JIECOM DEIIAIONINX JePEBHEB.

OTMmeruM, 9TO B TAKOil CHUTyalluu OKA3bIBAETCsI, YTO KCIIOJb30BAHUE JAHHON
dyHKIIM 1I0TEPh abCOJIIOTHO SKBUBAJIEHTHO HCIIOJIH30BAHUIO CMEMIEHHON CpeJHe-
KBaJPATUIHON omubKu ¢ napamerpom « = 1 + v (Ipu JOHOJHATENHLHOM IIKAJIU-
poBanuu learning-rate’a rpajuentaoro 6ycrunra). Kpome Toro, JOruaHo UCIOIB30-
BaTh TObKO jimib 0 < 7 < 1, 7K. B caydae v < 0 OyZeT MOOIMIPATHCS TOXOXKECTD
OTKJINKOB HOBOT'O JIepeBa PeIIeHnil Ha OTKJIUKHU BCEro aHcaMOJisl, B TO BpeMsl KaK
MBI XOT€JI YMEHBIIUTb KOPPEJAIUI0 MEXKy HUMH, a B ciaydae v > 1 yHKIwms

% i [(h(z;) + f(zi) —yi)? — v(h(z;) — f(x:))?] Gymer mMeTh MEHHMyM B TOUKax
i=1

h(z;) = +00. B coorBercTBUM € TpAaHUIAME U3MEHEHUS ¥, & TAKYXKE BBIBEICHHON 3a-
BUCHMOCTBIO v = 14 MOJIydaeM, 9To MMEeT CMBICI PACCMATPUBATH Jummb « € [1;2].

st TpoBepKM KadecTBa PabOTHI MIPEJICTABICHHOTO MeToIa Oy/ieM pernaTh pas3-
JINYHBIE 33J1a91 KJIACCU(DUKAIUN U PErPECCUU UCIOJIb3Ysl OOBIYHBIN Ipa HeHTHBII
OyCTUHT, CDABHUBAsi PE3YJIBTATHl PADOTHI C IPAIUEHTHBIM OYCTHHIOM C HUCIIOJIb30Ba-
HIEM CMEIEHHON KBaIPATUIHOM ormuOku. Kpome Toro, mpoBOIUINCh BEITUCIATE b
HbIE SKCIEPUMEHTHI C MCIIOJIb30BAHUEM CPEIHEKBAIPATUIHON OIMMUOKN C y/IAJIeHIEM
OT 0Oy4YeHHOro aHcaMOJIsI, HO UX PE3yJIbTAThHI IOJHOCTHIO COBIIA/IAIOT C MCIIOJIH30Ba~
HUEM OOBITHOW CMENEHHON KBaJIPATUIHON OMIUOKM, ITO COOTBETCTBYET TEOPUH.

HawuboJsiee xopormux pe3ysibTaToB Ha PA3JIUIHBIX 3a/a9aX y/IAJI0Ch JIOCTHIb JIJIs
a = 1.1. Ucnonb3oBanne MomuduupoBanuoit byHKINA OTEPh TO3BOIUIO YTy d-
IIUTH TIPEJICKA3ATEIbHYI0 CIIOCOOHOCTD T'PAJMEHTHOrO0 OyCTHWHTA, KaK Ha 3aJadax
kJaccuuKaIi, TaK ¥ Ha 33/[a9aX PErPECCUU.

WTorosbie pe3yabTaThl 9KCIEPUMEHTOB TIPEJICTABICHBI B TaduIE 1.

Ha6op manabixlCp-kB. omubkaCMerr. cp-KB. OMmOKa| v
Apurmus 0.89 0.90 1.7
JlegHuK® 0.72 0.75 1.1
IIponaku 0.21 0.26 1.1

Cucr. nasi. 0.41 0.46 1.1

Tabmauna 1. [leneBast MmeTpuka Ha TECTOBOM BHIOOPKE JIJIsT JIECOB, OOYYEHHBIX CTAHIaPTHOMN
nponeaypoit rpaguenTaoro Gycrunra (cronben «Cp-kB. ommbKa») W € UCHOIH30BAHAEM
CMENIEHHON CpeIHeKBaIpaTuaHoi ommbku (crosber; «Cmernr. ¢p-KB. ommbkas )

[1] Jerome H. Stochastic Gradient Boosting // Computational Statistics & Data Analysis,
2002. — Pp. 367-378.

[2] Joxyxun A., Cenvro O. OnTuMaibHbIe BBILYKJIble KOPPEKTUPYIOIIHE IPOIE/IyPhl B 3a-
Jlagax BbICOKO pazmeproctu // ZK. Bbrauci. marem. u marem. dus. 2011. C. 1751-1760.
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Method for improving generalization performance of gradient
boosting

Korolev Nikolai'> korolev.nikolay.s@gmail.com
Senko Oleg®x senkoov@mail.ru

'Moscow, Lomonosov Moscow State University
2Moscow, CC RAS

Decision Tree Forests have worked well for applied problems. Gradient boost-
ing [1] has been able to increase the predictive power of forests. These algorithms
are quite widespread and already used in many areas of human activity to solve
various problems in practice.

Denote x1,xs, ...,xny — points in some multidimensional space corresponding to
known and easily measurable features of real objects; y1, v, ...,yn — values of some
difficult-to-measure features of objects. The task is to find function f(z) such as
y; = f(x;) + €;, where ¢; — prediction error on ith object, i.e. the function f(z)
should approximate the real relationship between the required values of y; and the
known features of x;. To construct the function f(z) only information about some
T < N objects is used, and the quality of the approximation is checked by the
remaining N — T objects.

Gradient boosting [1] is based on iterative construction of the f(z) by using
a large number of decision trees, each of which fixes the mistakes of the previous
ones. In this case, to solve the problem, an optimized loss function is set. One
of the standard optimized loss functions is mean squared error L(f(z),X,Y) =

1z 9
= T i;(f(zi) —yi)*.

It is proposed to use modified loss functions.

1T
We'll use as loss function L(f(z), X,Y) = T S (aof (z;) — yi)?, where o € R .
i=1

The main idea of this approach is to add noise to the trained decision trees in
order to reduce the correlation between the outputs of different decision trees in the
final forest, which allows to increase the generalization performance of the trained
model. [2].

As noted earlier, in order to increase the generalizing ability of a for-
est of decision trees, it is necessary to reduce the correlation between deci-
sion trees, therefore it is reasonable at each step to optimize the function

% i [(h(zi) + f(zi) — yi)* = v(h(z;) — f(x;))?]. This function has an additional
i=1

additive —y(h(x;) — f(z;))?, allowing for additional regularization by increasing di-
versity between the new trainable tree and the already trained forest of decision
trees.
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Note that in such a situation it turns out that the use of this loss function is
absolutely equivalent to the use of biased mean square error with the parameter
a =1+~ (with additional scaling of the gradient boosting learning rate). Besides,
it is logical to use only 0 < v < 1, because in the case of v < 0, the similarity
of responses of new decision tree to the responses of the entire ensemble will be
encouraged, while we wanted to reduce the correlation between them, and in the

T
case of v > 1 function % > [(h(@i) + f(@i) — yi)? — v(h(x;) — f(2:))?] will have a
i=1
minimum in points h(z;) = +oo. In accordance with the limits of « variation, as
well as the derived dependence o = 1 + 7y, we obtain that it makes sense to consider
only a € [1;2].

To check the quality of the presented method, we will solve various classifica-
tion and regression problems using conventional gradient boosting, comparing the
results of work with gradient boosting using a biased mean squared error. In ad-
dition, computational experiments were carried out using the mean squared error
with distance from the trained ensemble, but the results completely coincide using
the biased mean squared error, which is in line with a theory.

The best results on various problems were achieved for o« = 1.1. The use of the
modified loss function made it possible to improve the predictive ability of gradient
boosting, both for classification problems and for regression problems.

The final results of the experiments are presented in the table 1.

Dataset  [MSEBiased MSE| «
Arrhythmia |0.89 0.90 |[1.7
Glaciers  [0.72 0.75 1.1
Sales 0.21 0.26 1.1
Syst. pressure 0.41 0.46 |1.1

Table 1. Target metric on a test set for forests trained by the standard gradient boosting
procedure (column "MSE”) and with usage of biased mean squared error (column ”Biased
MSE”)

[1] Jerome H. Stochastic Gradient Boosting // Computational Statistics & Data Analysis,
2002. Pp. 367-378.
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[2] Dokukin A., Senko O. Optimal convex correcting procedures in high dimensional prob-
lems // J. Comp. Math. and Math. Phys., 2011. Pp. 1751-1760.
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!Tya, Tynbckuit ToCyjapCTBEHHBIH YHIBEPCATET

B mpocreiiinem cirydae Bu3yasm3alinsd JaHHBIX IIPEJIOJaraeT n300paKeHue 3a-
BUCHMOCTH OIIPeIeJIEHHO (DYHKIIUU OT OJHOTO WJIM HECKOJIbKUX HapaMeTpoB. Takast
3aJa4a TPUBHAJbHA JJIS JBYXMEDHOI'O M TPEXMEPHOTO CJIydaeB, B KOTODPBIX JIOCTa-
TOYHO TIOCTPOUTH TpaduK cooTBeTCTBYIOMEH pazmeproctr. OJHAKO B PEAHHBIX 3a-
Jagax OOBEKT ONMCHIBACTCH HE OJIHOM IMapoil MPU3HAKOB — [JIsi OIUCAHUSA OOHLEKTOB
OKPY2KAIOIIEro MHUPa HUCIOJIb3YIOTCH JECATKH M COTHU BJIMAOININAX HA HUX (PAKTO-
poB. Busyau3npoBaTh 3aBUCUMOCTD IIPHU OOJILITIOM KOJIUYIECTBE OIMUCATE/ILHBIX ITPH-
3HAKOB JIOBOJIbHO-TAKM MpOodIeMaTudHo. Takum 00pas3oM, 1pu BbIOOPE KOJUIECTBa,
XapaKTEPUCTUK OOBEKTA YIUTHIBAIOTCS KAaK «IIPOCTOTa» U HALJISIIHOCTH BA3yaJIn3a-
1Y, TAK U JOCTOBEPHOCTb U TOYHOCTH mccienoBanus [1]. OcHoBHOi ujeeil Buzya-
JIM3AIMY MHOI'OMEPHDIX JIAHHBIX B PA0OTe sIBJIAETCH BU3YAJIM3AINs Ha OCHOBE IOUC-
Ka Kpardafiilliero He3aMKHYTOI'O IIyTH MEXKJy O0beKTaMHU HCCJIeIyeMOil BBIOOPKU U
ero oTobpazKeHueM Ha JIBYMEPHYIO IJIOCKOCTD B BUJE HE3AMKHYTOro rpada (memod-
K1), cTOJ0YATON JuarpaMMbl pacipe/ie/ieHus 00beKTOB BIOJIb HANJIEHHOIO Iy TH UIx
[IPOEKINK Ha IIyTh. B pabore mpeyiaraercst K paCCMOTPEHUIO HECKOJIBKO KPUTEPUEB
IIOMCKa KpaTdaiIero He3aMKHYTOI'O IIyTH.

1. IlepBoIit KpUTEpPUit 3aKIIOTAETCS B MTOUCKE KPATUIANIIET0 HE3AMKHYTOIO ITYTH
U MaTeMaTHYeCKU BBIPAXKaeTCs KaK MUHUMUBAIMS CJIeIYIOMEero pyHKINOHATIA:

N
J1 = min E di,ifl
1=2

re d; j - PacCTOSHUE MeXKAY i-if U j-if TouKoi, ¢ = 1...N — TOpsI0K 00X0/1a 97IeMeH-
TOB B IryTH, N - KOJIMIECTBO SJIEMEHTOB.

2. Bropoit kpurepnit 9BpUCTUIECKNN U MCIOJB3YETCSI B TOM CJIydae, KOTga Heoo-
XOJIUMO HANTH IIyTh C HAUMEHbIIEH JUIMHON U ¢ HAWOOJIBIINM PACCTOSHUEM MEXKLY
TEePMUHAJILHBIMIA TOYKAMU, TAKIM 00pa3oM «BolpsaMuThy» KHII. Bropoit kpurepnii
obecrieunBaer MUHUMYM pasauibl Mexk 1y jymmaoit KHIT u paccrosinuem mexx ity Tep-
MUHAJbHBIMA TOYKAMU Iy THU:

Jo = min( i dii—1— dl,N)

i=2
rae d; j - PACCTOAHIE MKy i-if U j-#f Touxoi, ¢ = 1...N — mops 0K 00X0/1a 37IeMeH-
TOB B 1yTH, [N - KOJIMIECTBO JIEMEHTOB.
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Asropurm AQ — tipejicraBisier coboit OJTHBIH TTepebop BCEX BAPUAHTOB COEJINHE-
HUIl TOYEK U BBIOOPA KPATUAMIIEro Iy TH, TO €CTh TAKOIO, ¥ KOTOPOI'O CYMMa PacCTO-
SIHUH MeKJLy TOYKAMU TIPH 00X0jie sIBJIsieTCsl MUHUMAaJIbHON (nasee agropurm AOQ).
CanoxkHOCTh JanHoro anropurma papsa ((N —1) - N1)/2.

Anropurm Al — ero mjes 3akK/i09aercs B TOM, YTO BBIOMPAIOTCS JBE TOYKU,
PACCTOSTHIE MEKTy KOTOPBIMI MUHUMAJIHLHOE, Jlajiee U3 HUX CTPOUTCs rpad u3 pedbep
TaK, 9TO JIsl KaXKIOH TOYKN HAXOAUTCS HamboJiee MpubJIMyKeHHas: K Hell, U Tak [0
TexX TOp, oKa He OyayT coeauHennbl Bce N Todek. CII0KHOCTD JAHHOTO aJrOPUTMA
(3N?+ N)/2.

Anropurm A2 — mopudukarus Al, KoTopasi 3aK/II0YAETCS B TOM, YTO JIJI KayK-
JIOM, TaK HA3BIBAEMOM, 3aTPABOTHON TOTKU HAXOIUTCS OTMKAMIIAsT U 9TH IBE TOIKHI
MPEJICTABIISIOT CTAPTOBBI OTpe30K. Jlasee JEHCTBUSI MOBTOPSIIOTCS 110 aJTOPUTMY
Al. Cnoxuocts anmroputma N - (N2 + N) = N3 + N2.

Auropurm A3 — moguduranus Al, koropast 3aKjr04aercsi B ToM, 9ro rpad KHIIT
crpouTes u3 Kaxk1oit napsl Touek. CioxuocTs agropurma (N2 —N)/2)(N?+N) =
= (N* - N?)/2.

OueBnjHO, 9TO pernieHue, HaliieHHOe pu ucnob3oBanun Al, Gymer cpemau pe-
menuit A2 u A3, a pemenue, HaiijienHoe rpu nomor A2, Bxoaur B A3. Asropurm
A4 — momudukanusa ajgropurma A3, KOTOpas 3aK/II09aeTCsd B TOM, YTO M3HAYAILHO
BBIOMpAETCsl OJ[HA TOYKA, 3aTeM CJEBa WM CIpaBa OT Hee epebUparoTCs BCe Maphbl,
KOTOPBIE CTAHOBATCSI TEPMUHAJBLHBIMU JIJIsl 9TOW Tpoiku. /lajee BbImoHSIETCS MO~
ncK, Kak B amroputme Al. ClI0’KHOCTB TAKOTO aJrOpHTMa OleHmBaeTcs, Kak ((IN? —
— N?)/2)(N%? + N) = (N° — N3)/2.

Takzke TpeIaraloTCs PeKypCUBHBbIE BapuaHThl 3Tux ajroputmoB A1R, A2R,
A3R, A4R, KoTOpbBIE 3aK/II0YAIOTCS B TOM, YTO €CJIM IIPHU IIOUCKe OJmzKaimeil Tod-
ku (U3 crnucka CBOGOAHBIX) K TEPMUHAJILHON TOYKe Oyler OOGHAPYZKEHO HECKOJIbKO
PABHOY/IAJIEHHBIX TOYEK, TO PACCMATPUBAETCS KAXKJIbIii BADUAHT TAKOTO IIyTH.

B zaksmounTebHON 9acTu pabOThl PUBEIEHBI PE3YJIBTAThI SKCIIEPIMEHTOB Ha
MOJIeJIBHBIX JIAHHBIX ¥ Ha PeaJbHBIX JaHHBIX, Takux Kak Iris Data Set [2], Abalone
Data Set [3]. Taxk»Ke IpOBejIeH SKCIEPUMEHT Ha JIAHHBIX M3 MCCJIEOBAHUS 321491
JIeTeKTUpOBaHusi 1aieHuil [4]. BbosHEHO 9KCIepuMeHTaIbHOe CPDABHEHHE aJIlOPUT-
MOB TIOUCKa KpaTJaifliiero He3aMKHYTOrO Iy TH, & TaKyKe IPUBEJEHBI CPABHUTETLHBIE
TaOJIUIBI BPEMEHHBIX 3aTPAT HA UX BLIYUCJICHUE.

Pabora Bermosnrena mpu dunamncoBoit momaepkke MunncrepcTBa HAYKN U BBIC-
mero obpasoBanust P® B pamkax rocyjgapcrBenHoro sajanusi FEWG-2021-0012 u
vgactuaHo rpanTta PO®I No. 20-07-00055 (C.JI. TsoeHKo).
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Multidimensional data visualization based on the shortest
unclosed path search

Surkov Egor'« eg-su@mail.ru
Seredin Oleg* oseredin@yandex.ru
Kopylov Andrey* and.kopulov@gmail . com
Duvoenko Sergey' sergedv@yandex.ru

!Tula, Tula state university

In the simplest case data visualization assumes an image of the certain depen-
dency function of one or more parameters. This problem is trivial for two- and
three-dimensional cases where it is enough to get an appropriate dimension chart.
However, in real tasks an object of the surrounding world is described by more than
one pair of features to describe them, it is necessary to use tens and hundreds of fac-
tors influencing them. Visualize the dependency with a large number of descriptive
features is quite problematic. Thus, when selecting the number of characteristics of
an object, the following are taken into account, both the ”simpleness” and clearness
of visualization as well as the reliability and accuracy of the study [1].

The visualization of multidimensional data core idea in the work is visualization
based on search for the shortest unclosed path between (SUP) the sample objects and
its mapping to a two-dimensional plane as an open graph (chain), a column chart of
the distribution of objects along the found path or a projection onto the path. In this
paper consider several criteria for finding the shortest open path is proposed. The
first criteria is to find the shortest unclosed path and is mathematically expressed
as the minimization of the following functional:

N
Jl = min E di’ifl
=2

where d i, j) - distances between i-th and j-th point, i = 1...N — the order of elements
in the path passage, N - number of elements.

2. The second criteria is heuristic and used when it is necessary to find the
path with the shortest length and with the greatest distance between the terminal
points, thus ”straighten” the shortest unclosed path. The second criteria provides a
minimum of the difference between the length of the SUP and the distance between
terminal points of the path:

N
Jo = min( Z dii—1— dl,N)
i=2
where d(i, j) - distances between i-th and j-th point, i = 1...N — the order of elements

in the path passage, N - number of elements.
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In addition, the work implements the following algorithms for finding the shortest
unclosed path: Algorithm AOQ - is a full search of all the options for connecting points
and choosing the shortest path, that is, one in which the sum of the distances between
the points after bypassing is minimal (further algorithm A0). The complexity of this
algorithm is equal to (N — 1) - N1)/2.

Algorithm A1 - his idea is that two points with distance between them is minimal
are selected, then an edges graph is constructed from them so for each point there
is a closest to it, and so on until all points are connected. The complexity of this
algorithm is equal to (3N? + N)/2.

Algorithm A2 — modification Al, is that for each beginning point there is the
nearest one and these two points represent the starting segment. Then the actions
are repeated according to the algorithm Al. The complexity of this algorithm is
equal to N - (N2 + N) = N3 + N2

Algorithm A3 — modification A1, is that the SUP graph is constructed from each
pair of points The complexity is equal to ((N? — N)/2)(N? + N) = (N* — N?)/2.

Obviously, A2 and A3 will include the solution found when using A1, and the
solution found with A2 is included in A3.

Algorithm A4 — modification of the algorithm A3, initially one point is selected
as starting point. Then all pairs are attached to the left and right of starting
point, which become terminal for this triple. Next, the search is performed as in
the algorithm A1. The complexity of such an algorithm is estimated as ((N?3 —
— N?)/2)(N? + N) = (N° — N3)/2.

Recursive variants of these algorithms A1R, A2R, A3R, A4R are also proposed,
which consist in the fact that if several equidistant points are found when searching
for the nearest point (from the free list) to the terminal point, then each option of
such a path is considered.

The final part of the paper presents the results of experiments on model and real
data, such as iris Data Set [2], Abalone Data Set [3]. Also experiment is conducted
on data from the study of the fall detection task[4]. An experimental comparison
of algorithms for finding the shortest unclosed path is performed, and comparative
tables of time spent on their calculation are also presented.

This research was financially supported by Ministry of Science and Higher Ed-
ucation of the Russian Federation within the framework of the state task FEWG-
2021-0012 and partially supported by RFBR. No. 20-07-00055 (Dvoenko S.).
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MNpumeHeHne metogoB MoHTe-Kapno B 3agavax aHanusa
BPEMEHHbIX PSAf0B C MY/IbTUKOJIJIMHEAPHOCTbIO

Kupuaox Hzopv Jleonudosur' igokir@rambler.ru
Cenvro Oaee Barenwmumnosur’ senkoov@mail.ru
"Mocksa, MucturyT skonomukn PAH

2Mocksa, PeepanbHblii TocyqapcTennbii nentp “Nudopmarnxa u yrnpasiaenne” PAH

Hacrosimas pabora saBIsIeTCST TPOIOIKEHIEM UCCIEI0OBAHNI, OIyOJTHKOBAHHBIX B
[1], re Gpura npeIOzKeHa METOMOOTUST BepUQUKATINE 3aKOHOMEPHOCTE!, a TakxKe
CpaBHEHWs TPUMEHUMOCTU MOJIEJIEi JIjisl OlrcaHusi HabOPOB MHOIOMEDPHBIX BPEMEH-
HbIX psiytoB MeTomamu Moure-Kapio. Meromosorust siBiisiercst 0600IIeHIeM TIOIX0/1a,
HCIIOTE3YEMOTO B psijie PaboT, MOCBAINIEHHBIX EPECTAHOBOYHBIM TECTaM HA 3a1a9n
perpeccuu u KJaCTePU3aIiy I BpeMeHHBIX psiaoB. OHa mpe/inoiaraeT cpaBHeHIe
OLIPE/ICJIEHHBIX XapPAKTEPUCTUK SMIMPUYECKUX JAHHBIX (Haupumep, koaddurmenra
JeTepMuHalin RQ) C KBAHTUJISIMU COOTBETCTBYIONINX XapPaKTEPUCTUK HAOOPOB HC-
KyCCTBEHHO CM€HEPUPOBAHHBIX C UCIOJIB30BAHUEM JIATUNKA CJIYUYAHBIX THCE]T Bpe-
MEHHBIX DPsiJIOB (CTAIMOHAPHBIX, WM HECTAIMOHAPHDBIX ), JJisi KOTOPBIX BBILIOJIHEHA
HyJIeBas TUIOTe3a 00 OTCYTCTBHUH IIPOBEpsieMoil 3akoHoMepHocTh. [Ipn mamHOM mOI-
X0JIe, p-3HAYEHUs, UCIOJIb3YeMble JIiisd BepuUKAIMN 3aKOHOMEPHOCTEH — 9TO 1071
IIPEBBIIEHUT 3HAUEHUIT XapaKTEePUCTHUK JJIs NCKYCCTBEHHBIX BHIOOPOK HaJ| 3HAYUEHU-
eM JIJIsI KOHKPeTHOro Habopa JaHHbiX. Hanpumep, eciu ata jgoas — 5%, roBopaT o
95%-nom kBanTuie ¢ p = 0.05.

PaccemarpuBaemplit 110/1X07] TIO3BOJISIET y9I€CTh BO3MOXKHOCTH 3hdeKTa JI0KHOIM
perpeccuu 1pu aHAJA3€ BPEMEHHBIX PsJIOB, KOTOPBIE SIBJIAIOTCS HECTAIMOHAPHBIMA
B CMBbICJIE HAJIMYHS <EJINHUYHOIO KOpHs». HecrammoHapHOCTh TAKOrO THIIA ITOPOXK-
JIaeTcs MPOIeCCAME THIIA CJIYUYaitHOro OJIyKJIaHWS U He CBsi3aHa C CYIIECTBOBAHUEM
BPEMEHHBIX TPEHJIOB UJIN CEe30HHBIX KoJyiebanuil. HeKOppeKTHOCTD IPUMEHEH ST CTaH-
JIAPTHBIX METOJOB BepU(MUKAINN I BPEMEHHBIX PsJIOB, HECTAIIMOHAPHBIX B yKa-
3aHHOM CMBICJIe, OTMeYaIach MHOIMMHE uccieaoBarensymu. OHa CBA3aHa ¢ T€M, 9TO
TaKie BPEMEHHBbIE DsJIbl HEJMb3s PAaCCMATPUBATH KAaK COBOKYIIHOCTb HE3ABUCHUMBIX
Habsonennit. HecrarmonapHocTh ¢ € IMHUYHBIMU KOPHSIMH BCJIEJICTBUE STOTO YacTO
[IPUBOJIUT K IOsIBJIEHUIO JIOKHBIX perpeccuii. Perpeccuto npuHsATO HA3bIBATD JIOZKHOIA,
ecsiu oHa, Oymyun bOpMaIbHO 3HAYMMON [IPU UCIIOJIb30BAHNN CTAHIAPTHBIX CPEJCTB
BepudUKAINU, IO CYTH HABJISAETCs OECCMBICIICHHON M Pa3pyINaeTcs IPU BBIXOIE U3
BPEMEHHOI'O MHTEPBaJIa, 110 KOTOPOMY OHa ObLia HaiizeHa. /[ KOppeKTHON Bepu-
dbuKaIn PerpecCHOHHBIX MOJeNell JJIs HeCTaIMOHAPHBIX BPEMEHHBIX D:AJIOB paHee
OBLII IIPEJJIOXKEH METO/I KOMHTeIPAllii, KOTOPbIii OCHOBaH Ha TPEOOBAHUM HE TOJIBKO
CTATUCTUIECKON 3HAUMMOCTH MOJIEJIel, HO U CTAIlMOHAPHOCTH OCTATKOB Mojeseil. B
HACTOsIITIIee BPEMs T€OPUs KOMHTEIDAINH sIBJI€TCS CTaHIAPTHBIM moaxoaoM. OmqHa-
KO, PEAJILHO OHA MOYKET ObITh IIPUMEHEHA, TOJIHKO JJIT BPDEMEHHBIX PAI0B JTOCTATOYTHO
00JIbITON JyHBI, He MeHee 60 nabimogenuii. CBA3aHO 9TO ¢ HU3KON MOIIHOCTBHIO Te-
cra Jluku-@yiepa. Lenb Harieir paboTbl — co3/aHUe W IPUMEHEHNe MeTOOB JIJIs
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BepudUKAINN 3aKOHOMEPHOCTEN JJIi OTHOCUTEIHHO KOPOTKUX BPEMEHHDIX PAOB, B
KOTOPBIX MeHee 20 HabJrrogeHui.

Ecyiu BpemeHHBIE Psijibl TTOPOXKIAIOTCST HECTAIMOHAPHBIMU CJIY YANHBIME IIPOIEC-
CaMU, 9TO MOXKET IPUBOJUTH HE TOJIBKO K TOSBJIEHUIO JIO2KHON PErpecCHOHHON 3a-
BUCHMOCTH, HO TAKXK€ K JIOZKHOI 3HAYNMOCTHU APYTUX IMIUPUIECKAX 3aKOHOMEPHO-
creit u 3ddexroB. B 3aBucuMocTH OT 3a/1a9M MOYKHO TOBOPHUTL O JIOXKHOU KJracTe-
pusanum, JOXKHOM BBIXOJIE€ [1APAMETPOB MOJENH 3a IPEJesIbl PAaHee YCTAHOBJIEHHBIX
OrpaHUYEHUIT, JIO}KHOM PA3JIMIUN MEXKJIy MOJEJISIME | T. 1I. PazpabarbiBaeMasi HAME
METO0JIOTHS [TO3BOJISIET UCCIEI0BATH MOA00HbBIE 3D (MEKTHI B pAMKaX OJHOIO 00IIEero
MTOJIXOIA.

[Tomgpobuee paccMoTpuM SBJICHIE KOPPEJSIIUU MEXKy pPerpeccopamu, obycsas-
smBarotee 3hdekT MyabTuKoTHHeapHocTr. OHA CYNECTBEHHO BBIpAXKEeHA, HAIIPH-
Mep, MeK/1y SKOHOMUYECKUMHU IOKA3aTEIIMHI, XaPaKTePU3YIOIIMU IIPOU3BOJICTBO 1
COIMAJIBHO- SKOHOMUYECKNE WHCTUTYTHI B MAKPOIKOHOMUIECKUX M ME309KOHOMUIE-
CKUX cucreMax. B Hareit pabore UCIIOIB3YIOTCS BAPUAHTHI HYJIEBBIX THIIOTE3, B KO-
TOPBIX PErPECCOPBI He TOTHKO HE3ABUCUMBI JIPYT OT JIPyTa, HO U KOPPEJIUPYIOT IAPyT
¢ apyrom. O6ozuauum yepe3 Ho(p) HyIE€BYIO TUIIOTE3Y, IIPEIIOJIATAIONLYI0 HE3ABUCH-
MOCTbD I1€JIEBO ITEPEMEHHO OT IIaphl PEI'PECCOPOB IIPHU YCIOBHUH, UTO KO3 PUIMEHT
KOPPEJISIUU MeXKJIy perpeccopaMu paseH p. VIHTYUTUBHO MOXKET IIOKA3aThCs, Pac-
npesenerne R2 st perpeccHmoHHON Mojiesnn 1pu crpaseamsocTn Ho(p) momkmo
ILUIABHO 3aBUCETHh OT BEJIMYUHBI p Ipu maMenenuu nocjemuero or 0 mo 1. Ilpu p =
= 0 myseBag runoresa Ho(p) 0YEBUIHO MPEIIIOIArAET, YTO PEIPECCOPBI SABJISIIOTCS
B3aMMHO HE3ABUCHMBIMU, a IPU p = 1 HyJieBasi THIIOTE3a IIPEJIIOIAraeT IepPexo] OT
JBYX(aKTOPHOI MoJies i K oHO(gakTopHOi. O IHAKO, HAIIIM YNUCIEHHBIE SKCIIEPUMEH-
ThI ITOKA3aJIM, UTO JJIsi PErpeccopoB, KOPPEIUPYIOMIKUX JIPYT C JAPYIOM B JUAIIA30HE
(0; 0.9999...) pacrpe/ie/ieHe 1 COOTBETCTBEHHO KBAHTHIN MHOYKECTBEHHBIX 2 ocTa-
IOTCSL TAKMMU K€, KaK U JJIs CJIydas MOJHOCTHIO OPTOrOHAJIBHBIX 10 OTHOIICHUIO
JPYT K ApYyTy perpeccopos. Ilomyteno Teopermiaeckoe 060CHOBAHIE TAHHOTO (hbakTa.
He3aBHCHMOCTh MHOYKECTBEHHOrO R? 0T p n36aBjIseT OT HeOOXOUMOCTH CIIeIHAIb-
HO YYUTBHIBATH MYJIBTUKOJIJIMHEAPHOCTb B CHMYJIUPOBAHHBIX HAOOPAX JAHHBIX, €CJIH
IPEIMETOM HCCICIOBAHAS ABJIACTCS TOJILKO MHOYKECTBEHHBLIN R’ 3aBHCHMOCTH Iie-
JIEBOII ITepeMeHHOI 0T perpeccopoB. [Ipu sToM, KOppessiust MeXKIy perpeccopaMu
BJIMSIET HA TOYHOCTD OIEHKHU BKJIAJIa KaXKJ0I0 KOHKPETHOI'O PErpeccopa B MOJIEIb.
[1] Kupumox U.JI., Cenvro O.B. Bbibop Mojesell ONTUMAILHON CIOKHOCTH METOIAMU

Monre-Kapso (ma mpumepe Mofesneit mpou3BoACTBeHHbIX (hyHKIWMi permonos Poccnii-

ckoit Peneparun) // Nndopmaruka u ee npumenennst, 2020. T. 14(2). C. 111-118.
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Application of Monte Carlo methods in the tasks of analysis of
time series with multicollinearity
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This work is a continuation of the research published in [1], where a methodol-
ogy for the verification of patterns was proposed, as well as for a comparison of the
applicability of models for describing sets of multivariate time series by Monte Carlo
methods. The methodology is a generalization of the approach used in a number of
works devoted to permutation tests for regression and clustering problems for time
series. It involves comparing certain characteristics of empirical data (for example,
the coefficient of determination R?) with the quantiles of the corresponding charac-
teristics of the sets of time series (stationary or non-stationary) artificially generated
using a random number generator, for which the null hypothesis of the absence of
a testable pattern is fulfilled. With this approach, the p-value used to verify the
patterns is the fraction of the excess of the characteristic values for artificial samples
over the value for a particular dataset. For example, if this fraction is 5%, one speaks
of a 95% quantile with p = 0.05.

The approach under consideration allows us to take into account the possibility
of a spurious regression effect when analyzing time series that are nonstationary
in the sense of having a “unit root”. Nonstationarity of this type is generated by
processes such as a random walk and is not associated with the existence of time
trends or seasonal fluctuations. The incorrect application of standard verification
methods for time series that are nonstationary in this sense has been noted by many
researchers. It is connected with the fact that such time series cannot be considered
as a set of independent observations. As a consequence, nonstationarity with unit
roots often leads to the appearance of spurious regressions. It is customary to call
a regression spurious if, being formally significant when using standard verification
tools, it is essentially meaningless and is destroyed when it leaves the time interval
for which it was found. For the correct verification of regression models for non-
stationary time series, a cointegration method was previously proposed, which is
based on the requirement not only of the statistical significance of the models, but
also of the stationarity of the residuals of the models. Cointegration theory is now
the standard approach. However, in reality it can be applied only for time series
of sufficiently long length, at least 60 observations. This is due to the low power
of the Dickey-Fuller test. The purpose of our work is to create and apply methods
for verifying patterns for relatively short time series, in which there are less than 20
observations.

If time series are generated by non-stationary random processes, this can lead
not only to the appearance of a spurious regression dependence, but also to the
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spurious significance of other empirical patterns and effects. Depending on the task,
one can talk about spurious clustering, spurious departure of model parameters
beyond the previously established limits, spurious differences between models, etc.
The methodology we develop allows us to study such effects within the framework
of one general approach.

Let us consider in more detail the phenomenon of correlation between regressors,
which causes the effect of multicollinearity. It is significantly expressed, for example,
between economic indicators characterizing production and socio-economic institu-
tions in macroeconomic and mesoeconomic systems. In our work, we use variants
of null hypotheses, in which the regressors are not only independent of each other,
but also correlate with each other. Let us denote by Hy(p) the null hypothesis,
which assumes the independence of the target variable from a pair of regressors,
provided that the correlation coefficient between the regressors is p. It might seem
intuitively that the distribution of R? for the regression model, if Hy(p) is valid,
should smoothly depend on the value of p when the latter changes from 0 to 1. For
p = 0, the null hypothesis Hy(p) obviously assumes that the regressors are mutu-
ally independent, and for p = 1 the null hypothesis assumes a transition from a
two-factor model to a one-factor model. However, our numerical experiments have
shown that for regressors correlating with each other in the range (0; 0.9999 ...), the
distribution and, accordingly, the quantiles of multiple R? remain the same as for the
case of completely orthogonal with respect to each other regressors. The theoretical
substantiation of this fact has been obtained. The independence of the multiple
R? from p eliminates the need to specifically take into account multicollinearity in
simulated datasets if the subject of research is only the multiple R? dependence of
the target variable on regressors. At the same time, the correlation between the
regressors affects the accuracy of assessing the contribution of each specific regressor
to the model.

[1] Kirilyuk I., Sen’ko O. Selection of optimal complexity models by methods of nonpara-

metric statistics (on the example of production function models of the regions of the
Russian Federation) // Informatics and applications, 2020. Vol. 14(2). Pp. 111-118.
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O6 opHoIi pobacTHOW cxeme rpagueHTHoro GyctuHra

ITu63yxos 3ayp Myxadurosuu?« intellimath@mail.ru
IMOCKBa, MockoBckmit me1arornaecknii TOCy/IapCTBEHHBIN YHUBEPCUTET
2Mocksa, MockoBecknii (pU3MKO-TEXHUIECKHIT HHCTATYT

B ruraccuaeckoit cxeme rpaiueHTHOTO OYCTUHTA PEMIAeTCsl 3a1a9a MUHUMUABAIAN
SMIMMPUIECKOTO PUCKA!

H* =arg min Q(H),
HeL(H)

riae L(H) — xuacc yuneiinbix kombunanuii 6a308bix GyHknuii u3 kiacca H:

j=1
rge a; € R, hj(z) € H, z € R™,
LN
O(H) = = S UH (), ). 1)
k=1
{Z1,...,Zy} — KOHEUHBIT HAGOD BXOMOB; {71, ..., YN | — SHAUEHUS, OXKUJIAEMbIE HA

Borxoue; £(y,§) — Heorpunarenbuas auddepennupyeMas GyHKIUA TTOTEPb.
Ha kakoM mare nponeypbl IpaJMeHTHOr0 OYCTHHIA PEIaeTcsa 3a/1a9a MUHH-
MU3AIAN:
h*, a* = arg r]?in Q(h,a),

e’

rie
AR
Q(h,a) = N;g(Hk+ahk7gk)a (2)
a€RuheM, H, = H(iy), hi, = h(iy).

Oauu u3 meronos noucka munumyma Q(h, ) OCHOBAH Ha IPUMEHEHUH HTEPa-
TUBHOTO METOJa noouepednoti munumusayuu (alternating minimization):

hPTY = argmin Q(h,aP)
heH (3)
aPtt = argmin Q(hP*, ),

puadase o’ = 1.
OHAKO, SMIUPUIECKOE PaCIIpe/Ie/ICHIe 3HAYCHUI

{z = zx(h,a) = L(Hy, + ahg,§x): k=1,...,N}

Bcepoccuiickast kougepennuss MMPO-20. Poccusi, r. Mocksa, 7—10 gexabps 2021 r.



Data mining 89

MOXKET COIEPXKATH BLIOPOCHI N3-3a NCKAYKCHUI B TAHHBIX WJIA HEAJCKBATHOCTH YACTH
JIAaHHBIX 110 OTHOIICHUIO K BBIOpAHHON Mopeau sapucumocTu. IIpm arom, cpemmee
apudMeTUIecKoe IyBCTBUTEIHLHO K BHIOPOCAM.

JLJ1st Ipeo10JIeHUsT BJIMSTHAST BBIOPOCOB UCIIOJIb3yeTcst DoJiee pobacTHAST TIOCTAHOB-
Ka 3aJa4m:

QM(hva) = M{Zl(h’a)v o ~>ZN(h7a)}a

e M{zy,...,zxy} — nuddepernupyemas ycpensstonmast arperupyomas HOyHKIUs,
ycToliumBast K BeIOpOcaM B JaHHBIX [1, 2, 3.
ITo mocrpoenuio, OM/9z > 0 ma Bcex k=1,...,N u

Hanpumep, nensypuposantoe cpejtee apudMeTHIecKoe

N
1 . _
WM, s5{z1,....2n} = N Z min(zy, Zp.5.¢)s
k=1

rme 0 < 6 < 1, e = 0.001, 2,5, — 1OPOroBoe 3Ha4YECHUE, KOTOPOE BBIYUC/IACTCA C
[TOMOIIBIO «CIJIAYKEHHOI'0» BapUaHTa O-KBaHTUJIS:

N

Zpoe = Mpse{z1,... an} = arg ngZpé,e(Zk —u),
=1

1—=96)p(r), r<0

paclr) = 4 11~ el pelr) = VT e,
5,05(7°)a r <0,

Heobxonumoe ycaoBre sKCTpeMyMa JaeT CUCTEMY YPaBHEHU:

vg =Y (h,), k=1,...,N

N
kaﬂ/(ﬁk + Oéh(i‘k)agk)Vh(i'k) =0,
k’;l )
k; vpl! (Hy + ah(Zy), g )h(Tr) = 0,
rie
'yk(h7 a) _ 8M{Zl(h7 Oé), v aZN(hva)}.

8zk

Iponeaypa (3) miga noucka h* u @ UpuHUMAET BUJ, IPOLELYPHI UMEPAMUBHO20
nepeszsewusarus (iterative reweighting):

N

hPT1 argmin > v (h?, o?)¢(Hy, + oPh(Z1), Gr)
heH 1

N -
aPtl = argmin Y (APt oP)0(Hy + ahy, §i).
@ k=1
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B sToit nreparuBHOil cxeMe Ha KayKJOM ITare OCyIeCTBISETCS MIHIMU3AIIS B3Be-

IIIEHHOU CYyMMBI IIOTEPb.
Ha HarIsIIHBIX IPUMepax JIEMOHCTPUPYETCsl yCTOHIMBOCTh Nponeayps (4) 0THO-

CUTEJIBHO OOJIBITIONO KOJUIECTBA BHIOPOCOB B O0YYAIOIINX JAHHBIX.

[1] Calvo T., Beliakov G. Aggregation functions based on penalties // Fuzzy Sets and
Systems, 2010. Vol. 161(10). Pp. 1420-1436.

[2] Shibzukhov Z. Resistant neural network learning via empirical risk minimization //
Advances in Neural Networks — ISNN 2019, 2019. Vol. 11554. Pp. 340-350.

[3] Shibzukhov Z., Semenov T. Machine learning based on minimizing robust mean
estimates // In Pattern Recognition. ICPR International Workshops and Challenges,
2021. Pp. 112-119.



Data mining 91

One Robust Scheme of Gradient Boosting

Shibzukhov Zaur'*x intellimath@mail.ru
Moscow, Moscow Pedagigical State University
2Moscow, Moscow Institute Physics Technologies

In the classical scheme of gradient boosting, the following problem of minimizing
empirical risk is solved:

H* = i H),
argHrenLl{lH)Q( )

where L(H) is a class of linear combinations of the basic functions from the class H:
P
H(z) =) ajhy(x),
j=1

where a; € R, h;(z) € H, z € R",

N
O(H) = = S ((H (), i), 1)
k=1

{Z1,...,Zy} are inputs; {§1,...,9n} are expected outputs; {(y,y) is nonnegative
differentiabale loss function.
At each step of the gradient boosting procedure the following minimization prob-
lem is solved:
h*,a* = argmin Q(h, a),
NeY
where
1L
Q(h,a) = N’;E(erahk,yk)» (2)

acRand h e H, f{k = H(&y), ilk = h(Z).
One method for finding minimum of Q(h, «) bases on iterative method of alter-
nating minimization:

hPtl = i h.aP
arg min Q(h, af)

aPtl = argmin Q(hP*!, ), o

at the begining a® = 1.
However, empirical distribution of the values

{Zk:Zk(h,a)ZK(ﬁk—i-Oéhk,gk)l k:LaN}

Russian National Conference MMPR-20. Russia, Moscow, December 7—10, 2021
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may contain outliers due to distortions in the data or the inadequacy of part of the
data in relation to the selected dependency model. At the same time, the arithmetic
mean is sensitive to outliers.

To overcome the impact of outliers, a more robust formulation of the problem is
used:

Om(h,a) = M{z1(h,a),...,2n(h, @)},

where M{z1, ..., zy} is differentiable averaging aggregating function, which is resis-
tant to outliers in data [1, 2, 3].

By construction, OM/9z, > 0 for all k =1,..., N and

M/z) + -+ OM/dzy = 1.

For example, censored arithmetic mean

N
1 . _
WM, 5-{z1,...,28} = N Z min(zx, Zp.5.¢),
k=1

where 0 < 6 < 1, e = 0.001, z, 5, is the threshold value that is calculated using the
<moothed> version of the d-quantile:
N

zp,ﬁ,s - Mp,&,s{zla ceey ZN} = arg muin Z pﬁ,e(zk - U),
k=1

_ (1*5)/)5(7”)3 r<0 — \/2 2
p&,e(r) = {5P5(7"), r <0, 05(7") = \Vre4et—e.

The necessary condition of the extremum gives a system of equations:

vg =v(h,a), k=1,...,N
N

> el (Hy, + ah(@y), ) Vh(ix) = 0,
=1

N -
> wrl! (Hy, + ah(iy), gr)h(Zr) = 0,
k=1

where

%(h,a) _ 8M{21(h, Oz)a,Zk , ZN(h, a)}

Procedure (3) for finding h* and o takes the form of an iterative reweighting pro-
cedure:

N .
hPHL = argmin Y- v (hP, oP)U(Hy, + aPh(Zy), i)
he€H . (4)
N .
ot = argmin 3 k(R P )0(H), + ahy, Gk).-

k=1
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In this iterative scheme, the weighted sum of losses is minimized at each step.
The stability of the procedure is demonstrated by illustrative examples (4) rela-

tively large number of outliers in the training data.

[1] Calvo T., Beliakov G. Aggregation functions based on penalties // Fuzzy Sets and Sys-
tems, 2010. Vol. 161(10). Pp. 1420-1436.

[2] Shibzukhov Z. Resistant neural network learning via empirical risk minimization //
Advances in Neural Networks — ISNN 2019, 2019. Vol. 11554. Pp. 340-350.

[3] Shibzukhov Z., Semenov T. Machine learning based on minimizing robust mean esti-
mates // In Pattern Recognition. ICPR International Workshops and Challenges, 2021.
Pp. 112-119.
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Mopdonorunyeckas Teopusi NPoCTOTbI

Busuavmep FOputi Basenmunosuy'« viz@gosniias.ru
"Mocksa, ®T'VII TocHUNAC

B pamkax mopdosorun IIbirbesa [1] Mo3anaHble n300parkeHusi UMEIOT BUJT

n
fa,y) =Y frxr(z,y), (1)
i=1
rme n — gucao obacreit MozanmaHoro paszbmenua F kampa ) mmomaan S Ha mHere-
pecekaromuecss obsactu F = {F1,..., Fn}. F rakxke naspiBaor (opmoii F s
Cpaprenne opM 10 CJIOXKHOCTH 33J1a€TCs OTHOINEHHeM YaCTUIHOIO IOPSIKa
«He cJiozkHee 110 popmes. Jjist mo0bix dopM F u G MOXKHO yKa3aTh 0oJiee CJI0KHYIO
dopmy F A G u menee caoxkuyio F'V G. Ussecrna mepa cioxuocru dhopm i (F),
COIIACOBAHHASA C 9TUM YACTHIHBIM MOPsiIKOM (CM. [2]).
Dopmy F' TakzKe ONUCHIBAIOT PEJISIIIUOHHON MOJEIBIO (OTHOIIEHHEM CXOICTBA):

nF(xayauv’U) = Z XF; (x7y)XFi (’LL,U) =
i=1,...,n

[ Lecn Vi s xp (2,y) = xr (u0);
B 0, B IPOTUBHOM CJIydae.

(2)

Pacemorpum 3amady mocrpoeHns BepOATHOCTHON MEPhI HA MHOXKECTBE (hOPM.
Omnpenesnmm npocrory q(F) dopmbr F, xax Ll-wopmy momemu ng npu S = 1:

¢(F)=1=pu(F) = nr(@,y,uwo)li= Y ngel@yuv).  (3)
(z,y,u,0)EQXQ

PaccMOTpIM MHOYKECTBO MO3aMIHBIX (hOpM Kak Bioxkenne B 29, rie © = Q x Q.
Oupenenum onepanuu obbequnenus (U) u nepecevenus (N) asyx dopm F,G €

nFﬁG(xv Y, u, ’U) = ml’n’(nF(xv Y, u, ,U)’ nG(xa Yy, u, U))
nFUG(m? Yy, u, U) = max(nF<xa Y, u, U)7 77G(37, Yy, u, U))

IIpocrora ¢(F) € [0, 1] ecrb BepositHOCTHAsE Mepa Ha (©, U, N), MOCKOIbKY:

q(0) = 1 s upocreiimeit hopmbr O(no(x, y, u,v) = 1);
q(&) = 0 ma crnoxnedimein dopybl F(ng (z,y, u,v) = 0);
q(FUG) =q(F) + q(G) — ¢(F N G); (npaBuio CJI0KEHUsI TPOCTOTHI )

Bcepoccniickast kougepennust MMPO-20. Poccusi, r. Mocksa, 7—10 gexabps 2021 r.
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¢(FUG) = q(F) + q(G) nns mecoBmecrusix dbopm (F NG = 2);
q(FNG) =q(F)q(G) nas mesasucumbix dbopm (¢(F N G)/q(F) = q(G)).

ITo amastoruu ¢ Teopueit BEpOSATHOCTEI, CBSI3aHHOM C MHOYKECTBOM COOBITHIA, OTIe-
parusavu (1, YIJIN) u Mepoil «BeposiTHOCTD COOBITUS», Mbl IIPEJJIAraeM TaKyIO KOH-
CTPYKIIUIO Ha MHOXKeCTBE O pestsiinoHHbIX (hopM ¢ omneparsamu (U, N) 1 Mepoii «11po-
crota pOPMBI» Ha3LIBATH MOPQOIOTHIECKON Teopueil MPOCTOTHI.

IIpocToTa MMeeT CMBICT T€OMETPHUUIECKON BEPOSTHOCTHU s CAyYIafiHON Tapb
TOYEK TI0NACTh B OJHY 00JIaCTh HOKPBITHs (pasbueHust). 1o mMopdoornieckas
(BHYTDPEHHSI FeOMETPUYIECKAsl) BEPOSITHOCTD, CBsi3aHHas ¢ Mopdosoruei (BHyTpeH-
Hell reoMeTpueii) JIaHHON KOHKPETHON (hOPMBI, & HE CO CTATUCTHYECKUM aHCaMOIeM
dopm man KaaccoM n300parkeHuit JaHHoi (hOPMBI.

Jlerko nokasarh, 9TO BCe NHCTPYMEHTHI MOPQOJIOrNIECKOI0 aHAIN3a MO3ANIHBIX
dOpM MOXKHO 3aHOBO BBECTU Ha OCHOBE TEOPUU IIPOCTOTHI. B yacTHOCTH, MOPhOIIO-
ruueckuit koaddunuent koppesanuu dopm (MKKD) umeer su:

yeeom o j=1,. 1,...,mnj=1,.

rae ¢(G;|F;) = q(G; N Fl)/q(Fz) — ycsoBHag mnpocrora G orHOCHTENIBbHO Fj. MHbBI-
vu caosamu, MKK® (4) 310 cpefHsisa 110 KaIpy JIOKaJdbHAsI yCJIoBHas mpocrora G
OTHOCUTETBHO F'.

Ucxonga uz sroro, BeegeM riobasbubie (o ©) amamoru MKK® — yenosnyio u
AIIOCTEPUOPHYIO POCTOTY st runore3sl F' u nabionenus G-

9(GIF) = q(GNF)/q(F Z Z p”/ Z pkv (5)

- g=1,.

q(F|G) = ¢(FNG)/q(G Z Z pm/ Z vis (6)

.,ng=1,.

KOTOpBIe CBsI3aHbl hopmysioit Baiteca /st mpocTOTH:

q(F|G) = q(G|F)q(F)/q(G). (7)

Taxum obpazoM, B JaHHOI paboTe MPEJIOKEeHa TeOPHUs MIPOCTOTHI I MO3AMd-
aeix popwm, mana marepuperanus MKK® kax cpemmeit TOKaJIbHOM OMEHKN yCIOBHOM
MIPOCTOTHI, TPEJTOXKEHO CpaBHeHne (hOPpM HA OCHOBE YCJIOBHBIX W AIlOCTEPHOPHBIX
OIEHOK ITPOCTOTHI.

[1] Hvmoves FO., Yyauukos A. Meronsr Mopdosornieckoro anannsa nsobpakenuii // M:

Puzmaraut, 2010. 336 c.

[2] Busuavmep FO. B., 2Keamos C. IO., Bycypun B. 1. CoBpemenubrit MOpGhOIOrmaecKuii
aHaJIN3 U €ro IPpUMEHEHNE B aBHAIIMOHHBIX CHUCTEeMaX TEeXHHUYIECKOI'O 3peHUA // MZ H3,ﬂ;—

Bo MAU, 2020. 176 c.
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The Morphological Simplicity Theory

Vizilter Yuri'x viz@gosniias.ru
"Moscow, GosNIIAS

In the framework of Pyt’ev morphology [1] we consider images as piecewise-
constant 2D functions

f(x7y) :ZfFiXFi($7y)a (1)

where n is a number of tessellation F on frame {2 with area .S into connected regions
of constnt intensity, F = {F1,...,Fn};f = (fr1,...,frn)? is an intensity value
vector. Such images we call the mosaic images.

Morphological comparison of mosaic shapes by complexity is traditionally imple-
mented in terms of a partial order relation ”not more complex by shape”. The set
of mosaic shapes has an algebraic lattice structure: for any shapes F' and G we can
find the more complex shape F' A G and less complex shape F'V G. More complex
shapes are obtained by region splitting, and less complex shapes are obtained by
regions merging. The generalized full-order relation based on the definition of the
shape complexity measure pg (F') is introduced in [2].

The shape F of the mosaic image corresponds to the relational shape:

UF(CUJ/?%U) = Z XF; (xay)XF1 (u,v) =

i=1,...,n

_ {17ifVi:XFi(x’y):XFi(u7v); (2)

0, otherwise.

Consider the problem of constructing a probabilistic measure on a set of shapes.
Define simplicity ¢(F) of F as L'-norm, of nr model with S = 1:
q(F):l_/‘LH(F): HUF(T/,Z/,UW)Hl: Z UF(%ZJ,U,U)- (3)
(z,y,u,v)EQXQ

Consider the set of mosaic shapes as an embedding to 2, where © = Q x Q.
We define the union (U) and intersection (N) of the two shapes F,G € ©:

UFOG(%ZJ’U’ U) = min(nF(x7yvu? U)7 776‘(% y,U,U))
UFUG(%%U”U) = maz(nF(Iayaua v),ng(x,y,u,v))

Simplicity ¢(F) € [0, 1] is a probabilistic measure on (0,U,N):

q(0O) =1 for the simplest shape O(no(x,y,u,v) = 1);

Russian National Conference MMPR-20. Russia, Moscow, December 7-10, 2021
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q(@) = 0 for the most complex shape @(ng(z,y,u,v) = 0);
q(FUG) =q(F)+q(G) — q(F N G); (simplicity addition rule)
q(FUG) = q(F) + q(G) for incompatible shapes (FFNG = ©@);
q(FNG) = q(F)q(G) for independent shapes (¢(F NG)/q(F) = q(G)).

We well know the probability theory based on some set of “events” with op-
erations (AND, OR) and the measure for "event probability”. We propose here
the analogous construction with a set © of relational shapes with operations (U, N)
and the measure for ”shape simplicity” to be called the morphological theory of
simplicity.

Simplicity has the meaning of the geometric probability for a random pair of
points to fall into the same coverage area (partition). This is a morphological (in-
ternal geometric) probability associated with the morphology (internal geometry) of
a given specific shape, and not with a statistical ensemble of shapes or a class of
images of a given shape.

It is easy to demonstrate that all tools for morphological analysis of mosaic
shapes can be reintroduced based on the theory of simplicity. Morphological shape
correlation coefficient (MSCC) for coverings:

K2,(G,F) Z pi Z (Gy]F;) = Z Z pu/pu (4)
Lno g=1,. Lng=1,.
where ¢(G,|F;) = q(G, ﬂFi)/q( F;) — conditional simphc1ty of G; with respect to F;.
In other words, MSCC (4) is the average over frame local conditional simplicity of
G with respect to F.
Based on this, we introduce the global (by ©) analogues of the MSCC — condi-
tional and posterior simplicity for hypothesis ® and observation I':

q(GIF) = q(GNF)/q(F Z Z p”/ Z pk, (5)

-ong=1,.

q(FIG) = q(F N @) /q(G Z Z p”/ Z i (6)
which are connected by the Bayes formula for sunphaty:

4(F|G) = q¢(GIF)q(F)/q(G). (7)

Thus, this work proposes the theory of simplicity for mosaic shapes. We provide

the interpretation of the MSCC as the average local estimate of conditional simplicity

and propose the new tool for shape comparison based on posterior and conditional
estimates of simplicity.

[1] Pyt’ev Yu., Chulichkov A. Morphological methods for image analysis // Moscow: Fiz-
matlit Publisher, 2010. 336 p.
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[2] Vizilter Yu., Zheltov S., Busurin V. Modern morphological analysis and its application
in aviation technical vision systems // Moscow: MAI, 2020. 176 p.
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Teopusi NpoCTOTbI U MO3anyHble NOKPbLITUS

Busuavmep FOputi Basenmunosuy'x viz@gosniias.ru
"Mocksa, ®I'YII TocHUNAC

B mopdonorun ITeireesa [1] mas mo6bix qByx dhopm (pasbuennit kaapa ) F u
G MOX)HO yKazaTh bostee ciokuyo dopmy F AG u menee cioxkuyo FVG. B pabore
[2] mpengiokena «reopusi IPOCTOTHI» (GOPM HA OCHOBE BEpPOATHOCTHON Mepbl ¢(F),
otpe/iesisieMoii Kak L1-HopMma pesisiiinoHHON Mojeau np(z, y, u,v) € 0, 1:

4(F) = [ne(zyuo)lli = > ne,y,u0). (1)
(z,y,u,0)EQXQ

ITpu srom omnpegesennt onepanun obobeaubenus (U) u nepecedenns (M) opu.
Onnako pemerka (0,U,N) ¢ rpanunavu (O, &) He COBIAJAET ¢ PENIETKOI IbITHEB-
ckux dopm. Bo-miepsoix, N = A, Ho U # V. Bo-BTOpBIX, & HE ABjIsIeTCS pazbueHneM
(ectp mecymectByonme nuxceast (np(z,y,x,y) = 0)). Suadur, pemerka (©,U,N)
BKJIIOUAET JIoKann3oBaHHble (opmbl [3]. B-rperbux, onepanus U He3aMKHYTa st
MO3aUIHBIX (POPM, TIOCKOJIBKY NpuG HE UMEET «OJIOUMHO-IMaroHaJIbLHOrO» Bujaa. Ta-
kuM 06pazom, (U, N)-3aMbIKaHUE HE COBIAJAET C U3BECTHBIME Kiaccamu Gopm. Bee-
JIEM SIBHO 3TOT HOBBIH KJIACC MO3AMIHBIX (hOpM.

Mozanuabim okpbitneM ® kajpa ) mwromaan S HazoBeM mHapy pasdmeHue-
HOKPBITHE, W (SKBUBAJIEHTHO) MHOYKECTBO Iap obsacTeil Kajapa Buja:

® = (F,0) = {(F,®)),....(F, )}, (2)

Takux, uro: Fy U...UF, = O F,NF, = &;(®; = @) wm (&; D F;); (F; € &) =
(F;N® =2);(F;, CP) & (F, CP;),i=1,...,n;k=1,...,n; rye n — aucyo nap
(nocurens, nokpeitue); F = {Fy,..., F,} — Habop HocuTeel, COCTABIAIONUX 6a30-
Boe pazbuenue ;P = {Py,..., P, } — HAGODP HOKPBLITUIH, COCTABJILAIONIUX IOKPLITHE
Q. B wacraoctu, nupu F = ¢, ® — nonHoe mo3andHoe pasbueHue Kaapa.

O & = (F,¢) u T' = (G,)I) = {(G1,I'1),...,(G;,T})} obosnauum:
Di» Zis Dj» Zj> Dij, Zij — HOPMHPOBaHbIe 1o u obsacreit F;, ®;, G, 1y, NG, ©;NL
COOTBETCTBEHHO.

Pengnmonnas popma ® onmcbiBaeTCst OTHOMIEHUEM TOKPBITHUS:

1,ecom Ji: ((x,y) € Fy;) u ((u,v) € D;);

0, B IpOTUBHOM cIydae

(3)

n@(xvyauvv) =

[TokpbITHST ¢ OJUHAKOBBIMU PEJIATMOHHBIMI (DOPMAMHU CUATAIOTCS SKBUBAJIEHT-
ubivu. [Tycrs (®)* - onepalus npuBeleHUs K KAHOHUYIECKOMY BHJLY, [JIe HET HOCH-
Tejieil mycThixX (&) 1 ¢ COBHAJAIOIUME HOKpbITUaMuU. Torma:

eNT=Y=WY)={W;; =FENG;,Y;; =2, NLj)}j=1,. pi=1,..n)"

Bcepoccuiickast koagepennuss MMPO-20. Poccusi, r. Mocksa, 7—10 qexkabps 2021 r.
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QU =B =(V,B)=({(Vij =FiNG;,Bi; = ®UT})} =1, 1i=1,..n)"

MozHO J0Ka3aTh, YTO KJIACC MO3AUYHBIX HOKPBLITHI siBigercsa (U, N) - 3aMblKa-
HUEM MHOXKECTBa JIOKAJIU30BaHHBIX MO3AUYHBIX Pa30OUeHuil. DTO [M03BOJIAET BBECTH
JIJIST TIOKPBITHI BCe MOP(POJIOrTIeCKre HHCTPYMEHTHI.

Mepa 1pocTOThI:

4(®) =l =Y a@)= > pz (4)

i=1,...,n i=1,...,n

Merpuueckoe npocrpanctso dhopm ({0, 1}-upocrpancrso Xammunra B 0):

dne(®,T) = [|Ine(z, y, u,v) — nr(z,y,u,v)|[L1 =
Z N 12: Dij ZZ+ZJ 221]) - (5)
:q(@)+q(F)— Q((I’HF)=Q(‘I>UF)—Q(‘I>0F)-

Mopdoaornaeckuit koacbdunnent koppessimun dopm (MKK®) st moxphrTwit:

K3,(T, ®) Z i Z i) = > D pijzis/a (6)
Lno g=1,. i=1,...,nj=1,....m
rae ¢(T';|®;) = q(T'; N q)i)/q(fl)i) — ycoBHast mpocToTa I'; oTHOCHTENBHO P;.
O6061meHHOE TOXKIECTBO IPOCTOTEL JJIst OKPLITHit (anasor [4]):

9(®) = [ne(,y, w01 = Y pizi = du(®,2) =
i=1,....,n (7)

— 1— du(®,0) = K3(9,0) = ¢(9[0).

Ces3b U ¢ V.ITycTs onepanus [P] 3aMbIKaAHUST 110 CBSI3HOCTH TIOCJIEIOBATEIHLHO Ha-
xoauT B ® Bce 06J/1acTU ¢ TIePeCceKANUMUCS IIOKPBITASIMUA U 3aMEHSeT UX TOKPBITUSI
Ha o0benMHeHne TOKpbITHil. JIerko ybeauTbest, 9To

FVG=(FuQg)* (8)

Takum obpasoM, B JaHHON padoTe MpeIokeHa MOPQOIOTH MO3AUTHBIX IT0-
KPBITU, cOoIvlacOBaHHAd C IIPOCTOTON KaK BEPOATHOCTHOI MEpOU U BKJIIOYAIOIAs B
Ka4eCcTBe TOJIKJIACCA MBITHEBCKYI MOPQOJIOrUI0 MO3AMIHBIX PA3OUeHNUIA.

[1] Hwmwves I0. I1., Yyauuwkos A.H. Meroabl MOPdOJIOrHUEcKOro aHajan3a H300parke-

nuit // M: @usmariut, 2010. 336 c.

[2] Busuavmep FO. B. Mopdomnoruueckast reopust upocrorsl // MaremaTndeckue MeTO/IbI

pacnioznaBanus ob6pa3os: Tesncel nokmanos 20-it Beepoccuiickoit kondepenmm, 2021.
[3] Busuavmep FO. B., XKeamos C. FO., Bycypun B. H. CopemeHHbI# MOopdoornaeckuii

AHAJIN3 U €ro IPUMEHEHNE B ABUAIIMOHHBIX CUCTEMAaX TEeXHUYecKoro 3penus // M: Uzu-

Bo MAMU, 2020. 176 c.
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[4] Busuavmep FO. B., Buezoaos O.B., 2Keamos C. FO. «®opmyna Ditaepay ayst Mopdo-
JIOTMYIECKOT0 aHaJIN3a MO3aM4YHbIX M300paykeHuil // VHTesuekTyannsanus o6paboTKu
nadopmarmn: Tesucor qoxmanos 13-it Mexaynapoamoit koudepennun, 2020.
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The Simplicity Theory and Mosaic Coverings

Vizilter Yuri'x viz@gosniias.ru
"Moscow, GosNIIAS

In the Pyt’ev morphology [1] for any two shapes (tessellations of the frame Q) F
and G we can find the more complex shape F' A G and less complex shape F'V G.
In paper [2] was proposed a ”theory of simplicity” of forms based on the probability
measure ¢(F'), defined as the L1-norm of the relational model ng(z,y,u,v) € 0, 1:

q(F) = HnF(xvyau7U)”1 = Z nF(mayuuav)' (1)
(z,y,u,0)EQXQ

We define the union (U) and intersection (N) of the shapes. However, the lattice
(©,U,N) with boundaries (O, @) does not match the lattice of Pyt’ev shapes. Firstly
N = A, but U # V. Secondly, & is not a tessellation(has some non-existent pixels
(nr(z,y,z,y) = 0)). So, the lattice (©,U,N) included a set of localized shapes [3].
Thirdly, the operation U is not closed for a set of mosaic shapes, because gy does
not have ”block-diagonal” view. Thus, (U, N) operations does not coincide with any
known class of shapes. So, let us introduce this new class of mosaic shapes in the
evident form.

The mosaic cover ® of the frame ) with area S is called a “tessellation-covering”
pair, or (equivalently) a set of region pairs of the form:

(I):<F»(I)>:{<F17(I)1>7"'7<Fn»q)n>}a (2)

such that: F1 U... UFn = Q,FZ ﬂFk = J; (‘bl = @) or (‘I% D) Fz)v(Fz SZ (bk) =
(F;N®p = 92);(F; C ) & (Fr, € P;),i=1,...,n;k = 1,...,n; where n — the
number of pais (support, cover); F = {Fy,..., F,} — set of supports, which form
the basic partition of Q;® = {®q,..., P, } — set of covers, which form the overall
covering of Q. In the particular case of F' = ®, ® — is a complete tessellation of the
frame.

For ® = (F,®) and T' = (G,TY = {{(G1,T1),...,(G;,T})} denote:
Dis Zi, P, %4, Dij, Zij — normalized areas of regions Fj, ®;,G;,I';, F; NG, ®; NI re-
spectively.

The relational shape ® is described by the “covering relation”:

1,if 3i: ((z,y) € Fy;) and ((u,v) € D;);

0, otherwise

U‘P(xvyvu’ U) = { (3)

Coverings with the same relational models are considered as equivalent. Denote
(®)* the operation of bringing to a “canonical form” in which there are no supports
with empty (&) or the same covers:

Russian National Conference MMPR-20. Russia, Moscow, December 7-10, 2021
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PN =Y =W)Y)=({Wi; =FNG;,Yi; = ;N5 i1 ni=1,...n)"

U =B = <V, B> = <{<V;j = Fi N Gj7Bij = (bz U Fj>}j:1,...7l;i:1,..‘,n)*~

One can prove that the set (class) of mosaic coverings is the (U, N)-closure of the
set of localized mosaic tesselations. This we can introduce all morphological tools
for coverings.

The complete order by simplicity and the simplicity measure:

o(®) = lnallz1 = Z q(®;) = Z Dizi (4)
1=1,...,n 1=1,...,n

Metric space of shapes ({0, 1}-Hamming space in ©):

dre(®,1) = [[ne(z, y,u,v) = nr(z,y,u,v)| L1
= Z ng zi + 25 — 2zi5) = (5)
j=1,...li=1,.
=q(®) +q(I') —2¢(@NT) = q(i’ uUr) —q(@ND).

Morphological shape correlation coefficient (MSCC) for coverings:

KM F (I) Z Pi Z F |(I> Z Z pzjzzj/zu (6)
where ¢(T';|®;) = q(Fj N @i)/q(fI’i) — conditional simplicity of Fj with respect to ;.
The “generalized simplicity identity” expression (analogue of [4]):

4(®) = [Ine(@,y,w, )1 = D pizi = du(®,9) =
i=1,...,n (7)

1 —du(®,0) = K3,(9,0) = ¢(2|0).

Finally, we state the connection between U and V. Denote [®] the “connectivity
closure” operation that finds the pairs of regions in ® with intersecting covers and
replaces them with their union until there will be no pair with intersecting covers in
®. It’s easy to see that

FVG=(FUG)* ®)

Thus, this work proposes the morphology of mosaic coverings, consistent with
“simplicity” as a probabilistic measure and including the Pyt’ev morphology of mo-
saic tessellations as a subclass.

[1] Pyt’ev Yu., Chulichkov A. Morphological methods for image analysis // Moscow: Fiz-

matlit Publisher, 2010. 336 p.
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[2] Vizilter Yu. The Morphological Simplicity Theory // Mathematical methods of pattern
recognition: Theory and Applications: Book of abstract of the 20th Russian National,
2021.

[3] Vizilter Yu., Zheltov S., Busurin V. Modern morphological analysis and its application
in aviation technical vision systems // Moscow: MAI, 2020. 176 p.

[4] Vizilter Yu., Vygolov O., Zheltov S. “Euler Identity” for Morphological Image Anal-

ysis // Intelligent Data Processing: Theory and Applications: Book of abstract of the
13th International Conference, Moscow, 2020.
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MopenunpoBaHue UNKANYECKUX MPOLECCOB peLleHnsiMmun
KYCOYHO-JINHENHbIX PAa3HOCTHbIX YPAaBHEHU C NOCTOSAHHbLIMU
koadhpnumeHTamMmmn No 3KCnepnMeHTaabHbIM AaHHLIM B BUAe
BPEeMEHHbIX psigoB

Cmupros Baadumup FOpvesun'« smirnovvlyu@yandex.ru
Kysneuosa Anna Bunmopoeua2 azfor@narod.ru

"Mockga, OO0 “Azdopyc”
?Mocksa, T BYH UBX® um. H.M. Dmanysna PAH

B pabore mpejjioyker MeTo ] MOJIEIUPOBAHUS TUHAMUIECKUX MUKIMIECKAX TPOIEC-
COB, IPEJICTABICHHBIX BpeMEHHBIMU pagamu. Moesb coctonut u3 pemenuii aByx (uiu
6oJiee) JIMHEHHBIX PA3HOCTHBIX YPABHEHUIA ¢ IIOCTOAHHbIME KoM duimenTamu. [Ipes-
JlaraeMble MOJIEJIM OTHOCATCS TOJIBKO K CUCTeMaM €O CBOOOHBIMU KoJiebaHusMu (Kak
OTBET Ha 3aJIaHNe HAUAJIBHBIX ycsIoBuil). Jluist cucreM ¢ yupaBisONMMu BO3IeHCTBI-
SIMU TIPU [IPEJJIAraeMOM THIIe MOJIEJIUPOBAHUSI IOTPEOYETCST TIePECUUThIBATE KO-
bUIMEHTHI MOIEIN JIJTsi KaXK 00 MOMEHTA BKJIFOUEHUsI YIIPABJISIIOIIET0 BO3I€HCTBHS,
KOTOPOE B 9TOM CJIydae CJIeIyeT PACCMaTpPUBATh KAK 3a/[aHNe HOBBIX HATAHHBIX
ycioBuii. Vlnrerpajbuble KpUBbIe JTUHEHHBIX PA3HOCTHBIX YPABHEHUI, BXOMANINX B
MOJI€JIb, COCTBIKOBBIBAIOTCS 110 HEIIPEPBIBHOCTH. [lepeKiiouenne ¢ 0HOTO ypaBHEHUSI
Ha JIPYyroe IMPOUCXOJIUT, KOTJa NHTerpajibHas KPUBasi JIOCTUraeT II0pora — MPAHUIIBI B
dazosom npocrpancTse. Mojesb almpoKCUMUPYET 110 HAUMEHbBIIINM KBaJIPATaM IKC-
[epUMEHTAJIbHBIE JaHHbIe (BDEMEHHON Psifl) Ha KOTOPBIX OHA CTPOUTCH (DYHKIUAMU
Buga A X e®XIXAt 5 cos (w x j X At + ) + B. Taxoit BEIGOP aIPOKCHMUPYIOMIIX
dbyurnmit npeacTapisercd HanboJiee COOTBETCTBYIONMNUM PEAJbHBIM JTUHAMIIECKAM
nporeccaM MakKpoOMUpPa — POCTY HOIyJsiuil (IIpr OTCYTCTBUM BPAroB M JIOCTATOY-
HOJT KOPMOBOI#i 6a3e), BBIBEJIEHUIO JIEKAPCTB U3 OpPraHm3Ma, a TakXKe BceM (dbusnde-
CKUM IIPOIECCaM HaKOIUIeHHUs / MOTPebJIeHNs B3aMMOCBA3AHHBIX PECYPCOB, KOIJIA
CKOPOCTb HAKOILIeHUs / HOTpeb/ieHus IPOIOPIUOHAJLHA UMEIOIIEicsd Macce pecyp-
coB. Ucmomp3oBanme Mofean ¢ 60jee €M OTHOM CHUCTEeMON JIMHEHHBIX ypaBHEHUH
COOTBETCTBYET MPUHIIAITY YIPABJICHUS 10 “Y3KOMY MECTY — CUTYAIUU, KOTJA HEKO-
TOPBIIl pecypc HaXOIUTCs B W30bITKE U HE BJIUSIET Ha JUHAMHUKY BCErO IIPOIECCa B
nesoM. B 9TOM ciydae Bech IPOIECC pacla aeTcsl Ha OT/E/IbHBIE 3BEHbsI, KOTOPbIE
MOIYT OBITH ONHMCAHBI YPABHEHUSMHU 1-10 — 2-T'0 MOPSIIKOB.
YcyoBue CyIiecTBOBaHUS ITUKJIOB

Asropur™m BbrUuCIEeHEST KOIDOUIMEHTOB U HAYATBHBIX YCIOBUAN JIJIsT ATIITPOKCH-
MUDYIONIHX Mojieseii (aproperpeccuii) 6bur onmcan Hamu B [1]. Heobxomumo orme-
TUTb, 9TO STOT AJTOPUTM UCIOJIB3YET BCE UMEIOIINECS] TOYKHU IKCIEPUMEHTATHLHOTO
BPEMEHHOI'O Psiia KaK JJIs TOJIyIeHUs KO3MMUIIMEHTOB allIpPOKCUMUPYIOIIE aBTO-
perpecun, Tak ¥ iUl €e HAdabHBIX ycjoBmit. Kpome TOro, ajropurm mgaer eamH-
CTBEHHOE pEIeHrne W He UCIOJb3yeT KaKue-mnOo 3BpUcCTUKkU. B HacTosimeir pabore
MBI IIpeJICTaBJIAEeM TJIaBHBII pe3yibTaT — BOSMO2KHOCTH KOHCTPYUPOBaHUA 3aMKHYTO-
ro nukia B pazoBOM IPOCTPAHCTBE JIOOON PA3MEPHOCTH C IIOMOIIBIO ABTOPETPECCH

Bcepoccuiickast koagepennust MMPO-20. Poccus, r. Mocksa, 7—10 gexkabps 2021 r.
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2-ro (miu 6osibiuX) HOpsiiKoB. B [1] 6bw10 I0Ka3aHO, YTO aBTOPErpeccHsi, HAIPUMED
2-ro MOpsJIKa, MOXKET ObITh 3alluCcana KaK:

Y(j) = A(j) x Y1 + B(j) x Yo + C(j) (1)

Tyt koapdburmentor A(f), B(j) u C(j) sABISIOTCS TIEPEMEHHBIME BEJIMUIHHAMMI, a
Y1 u Yy - HOCTOSHHBI U SBJISAIOTCSA NCKOMBIMU HAYAJIBHBIME YCJIOBUSIMH ABTOPErPECc-
cuu. Bpuio mokazano, 9To ayis noJrydenus nocienosareiabuoctu eanant A(j), B(j)
u C(j) cuauasa HEOOXOAUMO BBIYHCIATH KOI(D UIMEHTH! 06bI4HOM (OPMBI Hpei-
CTaBJIEHNsI AaBTOPEIPECCHU — U3 CHUCTEMBI ypaBHeHN{T, GOPMATIBHO COOTBETCTBYOIIEH
cucreme ypasaernit FOua-Yokepa. 3areM BbIUUCIISAIOTCS Bee 3HaYeHnst BesnanH A(j),
B(j) u C(j), a no HUM — 3HadueHUs! Y] U Y) - U3 CUCTeMbl yPABHEHHIl, MUHUMU3HU-
PYIOIIUX CPEJIHEKBAIPATHIHOE OTKJIOHEHHE (M 110 KO3 bUIMeHTaM, U 110 9TUM Ha-
YAJIBHBIM YCJIOBHSIM).

Tor daxr, 9T0 aBTOperpeccus MoKeT ObITh HpejicTaBieHa B Gopme (1), mosso-
JISIET TIOCJIATh KPUBYIO - DEIlleHne aBTOPErPecCUr 13 JII0Or0 HATaIbHOTO OJIO0KEHNUS
(n3 Touku Yy dazosoro npocrpascTsa) B JIO0YI0 3aIaHHY0 TOUKY Y (n) 3a 33/ jaHHOE
qucsio maros (n). Heobxomumo b perurs ypasaernne: Y (n) = A(n) x Y1+ B(n) x
x Yy 4+ C(n) ornocurensuo Y1:

(Y(n) = B(n)) x (Yo = C(n))

vi = e @

Torma asroperpeccus B dhopme (1) u ¢ HAYAIBHBIMU YCJIOBUSIMU Yo U Y] IpUMET
Ha (n)-M Imare B TOYHOCTH 3HaueHue Y (n).

Kak pesysbrar — ecTh BO3MOXKHOCTB TIOJIy YUTh 3aMKHY T IIUKJI B (DA30BOM IIPO-
cTpaHcTBe JIF000i PA3MEPHOCTH — HAJIO JIWIIb OCIATH 3aMBIKAIOILYI0 BETBb BTOPOIO
yPaBHEHUS U3 HEKOTOPOIl TOYKM BETBU 1-TO mpoIecca B €ro HAYAIBHYIO TOUKY.

Kpome Toro, takoit THII MOIEIMPOBAHUS TO3BOJIAET MEPEBECTH MOJEIUPYEMYIO
CUCTEMY B 33/IAHHOE COCTOSHUE - TOUKY-IeJIb U3 JI000T0 TEKYIIEro MOIOKEHHS TaKe
B CJIydae, KOrja Ie/IeBOe COCTOSHIE MEHSIETCs ¢ T€IeHUEeM BPEMEHH.

Ha pucynke 1 mpejicraBiieH pe3yIbTaT KOMIBIOTEPHOTO MOJICTUPOBAHUS TTHKIU-
geckoro mnporecca Ha dazopoii mwiockoctu X-Y (Y — BeprukajibHasg KOODJAUHATA).
B pabore Takike mpoBejieH aHaM3 CKOPOCTU CXOJUMOCTH HUHTEIDAJIHHBIX KPUBBIX
K YCTONYMBOMY IUKJLY, AHAJIN3 YCTONINBOCTU AIIIPOKCUMAIINN SKCIIEPUMEHTATHHBIX
IUKJIUIECKUX JIAHHBIX, U Hail/leHa 3aBUCUMOCTb MEXK/Iy KoddduimenTaMmm aBTope-
rpeccun u Ko duieHTaMu IpeICTaB/IeHNs] €e DEIleHNs B BHe KPUBOI, 3aBUCSIIIEi
OT BPEMEHU.

[1] 3azopytiko H. I T'mmoTe3bl KOMIAKTHOCTA U A-KOMITAKTHOCTH B METOJIAX AHAIM3A, JIAH-

upix // Cub. xxypH. ungycrp. marem., 1998. T. 1(1). C. 114-126.
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.876; a2=-0.972: b= 124,040
a2=-0,976; b= 154,345
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Puc. 1. The result of computer simulation of a cyclic process on the phase plane X-Y
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Modeling of Cyclic Processes (of time series type experimental
date) by Solving of Piecewise Linear Differential Equations with
Constant Coefficients

Smirnov Viadimir'« smirnovvlyu@yandex.ru
Kuznetsova Annad®
"Moscow, OO0 ? Azforus”
2Moscow, Federal State Budgetary Institution of Science Institute of Biochemical Physics
named after N.M. Emanuel of the Russian Academy of Sciences

azfor@narod.ru

This paper presents a method for dynamic cyclic processes modeling, represented
by time series. The model is obtained in form of the solutions of two (or more) linear
differential equations with constant coeflicients.

Proposed models can be applied only to systems with free reactions (as a response
for setting initial conditions). For systems with forcing impact the proclaimed type
of modeling will cause the recalculation of model’s coeflicients for each new moment
of forcing impact, considered to be new initial conditions. Integral curves of linear
differential equations systems are connected by continuity. Switching from one sys-
tem of equations to another is obtained then integral curves reaches some threshold
- frontier in phase sheet (space).

The solution of linear differential equations approximates experimental data (in
the form of time series) by functions of A x e®*7*At x cos(w x j X At +¢) + B
shape (or sign-alternating functions) on condition of minimizing the RMS deviation.

Such choice of approximating functions is considered to be the most related to
a physical sense of many real dynamical processes of macroworld — the growth of
population of some species (under condition of enemies absence and a lot of food),
elimination of medicines from organism and to all physical processes of accumulation
or consumption some interconnected resources, when the speed of accumulation /
consumption is proportional the amount mass of resources.

Using of model with more than one system of linear differential equations con-
nected with principle of control by “narrow place” — the situation, when some re-
source presented in more then enough amount and not influence for a dynamic of
whole process. In such case whole process may be considered as a number of chains
which can be described by equations of 1-st or 2-nd order.

Cycle existing conditions

Algorithm calculation of coefficients and initial conditions for such models (au-
toregressions) was described in [1]. Necessary to notice that this algorithm uses
all points of experimental time series data for calculation of coefficients and initial
conditions for equation in autoregression form. In addition to it, algorithm gives the
single solution and not needs in any heuristic methods.

In this paper we would like to present the main result — ability to construct the
close cycle in phase space of any dimension with help of autoregressions of the 2-nd
(or more) order.

Russian National Conference MMPR-20. Russia, Moscow, December 7-10, 2021
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It was shown in [1] that autoregression of 2-nd order, for example can be written
as:

Y(j) = A(j) x Y1+ B(j) x Yo + C(j) (1)

The coefficients A(j), B(j) and C(j) have variable meanings, but Y7 and Yy are
the constant initial conditions to be found.

Sequence of A(j), B(j) and C(j) can be calculated after calculation of usual form
autoregression coefficients, and these coefficients of usual form must be obtained as
a solution of the equation Yule-Walker system type. After it the initial conditions Y{
and Y7 must be calculated as a solution of equations system, minimizing the RMS
approximation deviation (both for coefficients and initial conditions).

Because autoregression can be represented in (1) form, it makes possible to send
a modeling object from any initial condition (point Yy in phase space) to a prescribed
final point Y (n) in phase space for a prescribed amount of steps (n). It is necessary
to solve the equation: Y(n) = A(n) x Y1 + B(n) x Yy + C(n) and found here the
initial condition Y7:

(Y(n) — B(n)) x (Yo — C(n))

Y| = Aln) (2)

Then autoregression in form (1) with Yy and Y7 initial meanings, calculated in such

way takes the exact meaning Y (n) at step n.

As a result were found conditions for a constructing closed cycle, consisting of
two (or more) branches in phase space of any dimension — it is necessary to send
the brunch of 2-nd process from some point of it to the start point of 1-st process
to archive the closed cycle.

The result of computer modeling of cyclic process on a phase plate X-Y is shown
in figure 1. The analysis of stability and convergence rate of the solution for such
closed cycles is made. The essential influence of equation’s initial conditions to a
shape of integral curves is underlined in paper. The relations between the coefficients
of autoregression and coefficients of formula in continuous form for integral curve is
shown in paper too.

In additional, such modeling let us to archive the aim point from any start point
also let us to get aim in a case of time changing aim position.

[1] Smirnov V. Yu., Kuznetsova A. V. Approximation of Experimental Data by Solving Lin-
ear Differential Equations with Constant Coefficients (in Particular, by Exponentials
and Exponential Cosines) // Pattern Recognition and Image Analysis, 2017. Vol. 27(2).
Pp. 175-183.
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b= 124,040
b= 154,345

X0=793,01
Y0=988,0

Someange”

Fig. 1. The result of computer simulation of a cyclic process on the phase plane X-Y
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HeiipoceTeBoii meTop, pelueHns 3agaqm 0600w EHHOrO
HEMETPMNYECKOro MHOrOMEPHOro LLIKaJIMpOBaHUS

Maiicypadse Apuun Heepuesur' maysuradze@cs.msu.ru
Kounocos Aaexceti Muzatinosuy' akolosov@cs.msu.ru

"Mocksa, MT'Y um. M.B.JTomosocosa

3a a1 MHOIOMEPHOTO MIKAJTUPOBAHUST BO3HUKAIOT, KOI1a HEOOXOINMO IIOHU3UTH
Pa3MEepHOCTb BEKTOPHBIX IMPEICTABICHUN 00bEKTOB UJIN PEATN30BATH MATPUILY OJIu-
3ocreil Habopa 0ObEKTOB B BEKTOPHOM mpocTpaHcTBe. C MPAKTUYIECKOi TOYKH 3pe-
HU$ 9TO MOXKET OBbITh HYKHO JIJIs BU3YAJIM3AIMK ¥ JTaJbHENIero anasansa, 0osee
KOMITAKTHOTO ITPEJICTABICHUS U YMEHBITICHUsT MECTa, JJIsT XPaHeHus JTu00 60s1ee ObICT-
pPOr0O BBIYUCTIEHUSI, HATPUMED, CKAJSIPHOTO TPOU3BeieHns. B 3a1atax mepeBojia ecre-
CTBEHHBIX SI3BIKOB, PEKOMEHJIATEJbHBIX CHCTEMaX M CHCTeMaX UH(MOPMAIMOHHOTO
[IOMCKA aKTYaJbHO HOUDyKeHne Habopa 00bEKTOB B BEKTOPHOE IIPOCTPAHCTBO, II0O-
CKOJIBKY B 9TOM CJIydae CTAHOBATCH JOCTYIHBI CTPYKTYPbBI JAHHBIX [1JIsi OBICTPOrO
npubIMKEHHOTO TIoncKa GrmKaiimmx cocezeii [1, 2].

[TocTanoBKY 3389 MHOTOMEPHOTO IMKAJIMPOBAHUS YCIOBHO Pa3Ie/IaiOTCS Ha JIBA
KJIacca, B 3aBUMOCTH OT TOTO, TpeOyeTcs Jin COXPAHUTH 3HAaUeHus O/m3ocTeil Habopa
00BEKTOB WIN TOPSAIKU Osm3ocTeit. Korma meobXomMo COXPAHUTD TOPSIIKA OJT30-
creil, MOTYT OBITB 3a/IaHbI KAK CaMy OJIM30CTH, TaK U TOJIBKO UX [TOPSAJIKN, HAIIPUMED,
B BHJIC MATPUIIBI, TJI€ B CTPOKAX U CTOJIOIAX HAXOAATCS Maphl 00bEKTOB 13 Habopa, a
B d9efiKax 3HAKU MEXKJly Pa3/MdusgMU B OIHON U Apyroil napax o0bekTos (cm. Puc.
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Puc. 1. Marpuna nopsakos 6u3ocreit

Korma 3amanbr ToabKO mopsiiku 6sim30cTeil 1 HeOOXOIUMO HANTH TaKue BEKTOP-
HbIE MIPEJICTABICHUS O0BEKTOB, ITOOBI [IJIsi HEKOTOPOil (DYHKITNH PACCTOSHIUS HOBBIE
nopsiziku Gsin3ocTeii He M3MeHWIUCH (1), TO B ciydae KOrjia OKa3areseM KadecTBa
BBICTYTIAET JI0JIsI COXPAHEHHBIX MOPSJIKOB OJIM30CTell, TaKas MOCTAHOBKA HA3BIBACTCS
3aJ1adeil 000DIEHHOIO HEMETPUIECKOI'0 MHOTOMEPHOro mKajupoBanusi, Generalized
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Non-metric Multidimensional Scaling, GNMDS [3, 4]

d(i, j) < d(k, 1) =>e(g(i), 9(j)) < e(g(k), g(1)) (1)

rje d(i, j) — ncxonuble HenssecTHble Ormsocth, €(g(i), g(j)) — HekoTOopast PyHKIsI
paccrognusd, ¢(i) — UCKOMOE BEKTOPHOE IIPEeJICTABICHHE 00bEKTA.

Sagaaa GNMDS mozxker 66T 9¢hDEKTUBHO peIieHa ¢ TOMOIIBIO HEITPOHHOIT ceTn,
COCTOAIIEN M3 OHOTO TIOJHOCBA3HOIO cjost (cM. Puc. 2). V3HavuaibHO Beca CJiost u
BEKTOPHBIE TIPEJICTABICHIS 00BEKTOB 3aJIaI0TCs CJIydaitHbiM o6paszoM. B xoe obyde-
HUSsI, TI0 MATPUIIE TOPSJIKOB OJIU30CTEl JIjTsl KAaXKI0H YeTBEPKHU 0O'bEKTOB, COCTOSIIEH
U3 JIBYX 1ap 00bEeKTOB, ONPEJIE/ISETCS, BEPHO JIM COXPAHEH MOPSIJIOK OJIM30CTel Y BEK-
TOPHBIX NPEJICTABIEHUH O0BEKTOB, MOIYYEHHBIX B PE3Y/IbTATE IIPUMEHEHUS TOJTHO-
CBSI3HOTO CJIOSI K M3HAYAJIBHBIM BEKTOPHBIM TIPEJICTaBIeHIAM. KomaecTBo omubok
u siBasieTcs: byHKIUel 110Tephb, KOTOpasi MOXKeT ObITh npubimrKena (2)

max (0, e(g(i), 9(j)) — e(g(k), g(l)) + margin) (2)

Rank matrix » Quadruplets

Primary Corrected
vec repr vec repr

Puc. 2. Obmas cxema pemenns 3agaan GNMDS

Quadruplet

085 Loss

B pesyisibrare perreHusi ONUCAHHON 3aJa9M ONTUMUBAIMKA MOXKET OBITH IIOJIY-
JeH TaKOi HabOOP BEKTOPHBIX IPEJCTABJIEHIIT 00bEKTOB, UTO JIJIsl HErO [IPUBEIEHHAS
dbyHKIUS TOTEph paBHA HYJIIO0 — TO O3HAYAET, YTO COXPAHEHBI BCE HMOPSIKU OJI-
30cTeil, a 3HAYUT mosrydeno Tounoe pemrenne 3agadn GNMDS. B ciaygae, korma me
yraéres HallTH HyJIb (DYHKIIUU TOTEPD, TOJIYyIEeHHOE PEIIeHNE SIBIISIeTCs TPUOINKEH-
HbBIM — Mepoﬁ TOYHOCTU PeHIeHnd sABJIFAeTCd JIOJIsI BEPHO COXpaHéHHbIX TTOPAJIKOB
6smm30cTell. YCJIOBUsI, IIPU KOTOPBIX IOJIYYaeTCsl TOTHOE PEIlleHre, sIBJISTFOTCsT BOIIPO-
COM JIJIs1 JIAJIbHEHIIEro NCCIe/I0BaHus.

OmnmcaHHbIN METOJ Pean30BaH B Buje OnbimoTekn Ha si3bike python [5].

Pabora BoinosHena npu nojepykke HeKoMMepdeckoro PoHa pa3sBUTHS HAYKA
n obpasoBanus «IHTemIeKT>.

[1] Johnson J., Douze M., Jégou H. Billion-scale similarity search with GPUs // arXiv
preprint arXiv:1702.08734, 2017.
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2]
3l

(4]

]

Bernhardsson E. Annoy // github.com/spotify /annoy

Agarwal S. et al Generalized Non-metric Multidimensional Scaling // Proceedings of
the Eleventh International Conference on Artificial Intelligence and Statistics, 2007.
Pp. 11-18.

Bronstein A. et al Generalized Multidimensional Scaling: A Framework for Isometry-
Invariant Partial Surface Matching // Proceedings of the National Academy of Sciences,
2006. Pp. 1168-72.

Kolosov A. obj2vec // github.com/obj2vec/gnmds
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Neural network method for solving the problem of generalized
non-metric multidimensional scaling

Maysuradze Archil' maysuradze@cs.msu.ru
Kolosov Alexey'« akolosov@cs.msu.ru

"Moscow, Lomonosov Moscow State University

Multidimensional scaling problems arise when it is necessary to reduce the di-
mension of vector representations of objects or to embed a set of objects similarity
matrix in vector space. From a practical point of view, this may be necessary for vi-
sualization and further analysis, for a more compact representation and less storage
space or for a faster calculation, for example, a dot product. In the tasks of trans-
lating natural languages, recommender systems and information retrieval systems,
it is important to embed a set of objects in a vector space, since in this case data
structures become available for a fast approximate search for nearest neighbors [1, 2].

Problem statements for multidimensional scaling are conventionally divided into
two classes, depending on whether it is required to preserve the values of the simi-
larities of a set of objects or orders of similarities. When it is necessary to preserve
the orders of similarities, both the similarities themselves and only their orders can
be specified, for example, in the form of a matrix, where in rows and columns there
are pairs of objects from a set, and in cells there are signs between differences in one
and another pair of objects (see Fig. 1).

(i, J) . . . (k, 1)
(i, j) # < > < >
# # > > <
# # # < >
. # # # # <
k,I) | # # # # #

Fig. 1. Rank similarity matrix

When only the orders of similarities are given and it is necessary to find such
vector representations of objects so that for a certain distance function the new
orders of similarities do not change (1), then in the case when the quality metric
is the fraction of preserved orders of similarities, such a formulation is called the
problem of Generalized Non-metric Multidimensional Scaling, GNMDS |3, 4]

d(i, j) < d(k, 1) =>e(g(i), 9(j)) < e(g(k), g(1)) (1)
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where d(i, j) are the original unknown similarity, e(g(¢), g(j)) is some distance func-
tion, g(i) is the desired vector representation of the object.

The GNMDS problem can be effectively solved using a neural network consist-
ing of one fully connected layer (see Fig. 2). Initially, layer weights and vector
representations of objects are set randomly. When training, using the rank simi-
larity matrix for each quadruplet of objects, consisting of two pairs of objects, it
is determined whether the order of similarity in vector representations of objects
obtained as a result of applying a fully connected layer to the original vector repre-
sentations is correctly preserved. The number of errors is a loss function that can
be approximated (2)

maz (0, e(g(i), 9(j)) — e(g(k), g()) +margin) (2)

Rank matrix * Quadruplets

Primary Corrected
wvec repr vec repr

Fig. 2. General scheme for solving the GNMDS problem

Quadruplet
0SS

Loss

As a result of solving the described optimization problem, a set of vector rep-
resentations of objects can be obtained such that the given loss function is equal
to zero, which means that all orders of similarities are preserved, which means that
an exact solution of the GNMDS problem is obtained. In the case when it is not
possible to find the zero of the loss function, the obtained solution is approximate
- the measure of the accuracy of the solution is the fraction of correctly preserved
orders of similarities. The conditions under which the exact solution is obtained are
a question for further research.

The described method is implemented as a python library [5].

The research is carried out with the financial support of the Intellect Nonprofit
Foundation for the Development of Science and Education.

[1] Johnson J., Douze M., Jégou H. Billion-scale similarity search with GPUs // arXiv
preprint arXiv:1702.08734, 2017.

[2] Bernhardsson E. Annoy // github.com/spotify/annoy
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[3] Agarwal S. et al Generalized Non-metric Multidimensional Scaling // Proceedings of
the Eleventh International Conference on Artificial Intelligence and Statistics, 2007.
Pp. 11-18.

[4] Bronstein A. et al Generalized Multidimensional Scaling: A Framework for Isometry-
Invariant Partial Surface Matching // Proceedings of the National Academy of Sciences,
2006. Pp. 1168-72.
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OnddepeHumnpyemblii anroputmMm noncka apxmTekTypbl C
KOHTPOJIEM CJIOXKHOCTU

Sxoeaes Koncmanmun JImumpuesu'x iakovlev.kd@phystech.edu
I'pebenvrosa Oavea Cepzeesna’ grebenkova.os@phystech. edu
Baxmees Oaez FOpvesuy'? bakhteev@phystech.edu

Cmpuowcos Badum Burxmoposuu'>

strijov@phystech.edu
Mocksa, MOCKOBCKHiT (bH3MKO-TeXHIUECKN# HHCTUTYT

2Mocksa, Beraucmurensnsrit nentp um. A.A. Jopogmumsma GULL 1Y PAH

B pabore paccmarpuBaercst 3a/1ada ONTUMU3AINNA MOJEH T1yOOKOro 00y deHust ¢
KOHTPOJIEM CJIOKHOCTH apxXuTeKTyphl. [Ipesiaraembrii MmeTo ocHoBaH Ha, nuddepeH-
mupyemom ajropurMe noucka apxurekrypbl (DARTS) [3]. CrpykrypHble napamer-
Dbl 3aJ1aI0TCA TUIIECeThIO [5], 3aBucsmieil or koaddurmenTa, 3a1a0MIero CJI0KHOCTD
apxuTekTypbl. [loj rumepceTbio MOHMMAETCs MOJIENb, TOPOK/IAIONIAs apaMeTPh
onTuMusupyemoit Mojesn. CTpyKTypa MOJIEIU IpPeJCTaBjieHa B BHJE OPUEHTUPO-
BAHHOI'O aIlUKJIMYIECKOro rpada, rje pedbpa COOTBETCTBYIOT HEJIMHEHHBIM O0TOOpazKe-
HUsIM Ha BBIOOPKE, a BEPIIMHBI — IIPOMEXKYTOYHBIMU IPEJICTABICHUSMI BBIOOPKH
ozt JiefictBueM tux orobpakenuit. CTpyKTypHBIE ITapaMeTpPbl, COOTBETCTBYIOIIIE
OTpEsIEIEHHOMY PeOpy TOuuHEHb! pactpenenernio Gumbel-Softmax [4].

BoraucimmrebHbIi 3KcEpuMeHT IpoBoauTcs Ha Beibopke Fashion-MNIST. Cpas-
HUBAKOTCsT MOJIEJIU, TI0JIyYEHHBIE C TIOMOIIBIO MIPEJJIOYKEHHOIO METO/1a, MOJIEJIH, TI0JTY-
gennble ¢ momombio DARTS, a takyke mojiesn co cirydaiiHbIMEU apXuTekTypamu. Pe-
3YJBTATHI TOKA3AJIN, ITO MPEJJIOKEHHbII MeTo 1 conoctaBuM 110 Tounoctr ¢ DARTS,
OJTHAKO ITO3BOJISIET KOHTPOJIMPOBATH CJI0KHOCTH APXUTEKTYPHI MO, U3MEHSS KO-
abdurmenT, 3aTA0MNIH CI0KHOCTE. deM Bbilre 3HadeHne Ko3(pOUImnenTa, TeM mpo-
e MOJIyYaeMasl apXUTeKTypa.

[1] Bakhteev Yu., Strijov V. Comprehensive analysis of gradient-based hyperparameter

optimization algorithms // Annals of Operations Research, 2020. Vol. 289(1). Pp. 51—

65.

[2] Ha D., Dai A., Le Q. Hypernetworks // arXiv preprint arXiv:1609.09106, 2016.

[38] Liu P., Simonyan K., Yang H. Darts: Differentiable architecture search // arXiv
preprint arXiv:1806.09055, 2018.

[4] Maddison C., Mnih A., Teh Y. The concrete distribution: A continuous relaxation of
discrete random variables // arXiv preprint arXiv:1611.00712, 2016.

[5] I'pebenvrosa O. C., Baxmees O. FO, Cmpustcos B. B. BapnanpoHHast ONTUMA3AIHST MO-
Jienm rryGoKoro obyaenus ¢ KonrposeM ciaoxkuocrn // MndopmaTuka n €€ IpuMeHenust,
2021. T. 15(1). C. 42-49.
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Differentiable architecture search with model complexity control

Yakovlev Konstantin'x iakovlev.kd@phystech.edu
Grebenkova Olga' grebenkova.os@phystech.edu
Bakhteev Oleg'? bakhteev@phystech.edu
Strijov Vadim'? strijov@phystech.edu

"Moscow, Moscow Institute of Physics and Technology
2Moscow, FRCCSC of the Russian Academy of Sciences

The paper investigates the problem of optimizing a deep learning model with
the control of complexity of the architecture. The proposed method is based on a
differentiable architecture search algorithm (DARTS) [3]. The structural parameters
are generated by a hypernetwork [5], depending on a regularization parameter. The
hypernetwork is a model that generates parameters of the optimized model. The
structure of the model is presented in the form of a directed acyclic graph, where
the edges correspond to nonlinear maps on the objects, and the vertices are interme-
diate representations of the objects under the action of these maps. The structural
parameters corresponding to a certain edge are taken from Gumbel-Softmax [4] dis-
tribution.

The computational experiment is performed on a dataset Fashion-MNIST. Mod-
els obtained using the proposed method, models obtained using DARTS, as well
as models with random architectures are compared. The results showed that the
proposed method is comparable to DARTS, but allows us to control the complexity
of the model architecture by changing the regularization parameter. The higher the
parameter is, the simpler the resulting architecture.

[1] Bakhteev Yu., Strijov V. Comprehensive analysis of gradient-based hyperparameter op-

timization algorithms // Annals of Operations Research, 2020. Vol. 289(1). Pp. 51-65.
[2] Ha D., Dai A., Le Q. Hypernetworks // arXiv preprint arXiv:1609.09106, 2016.

[3] Liu H., Simonyan K., Yang H. Darts: Differentiable architecture search // arXiv
preprint arXiv:1806.09055, 2018.

[4] Maddison C., Mnih A., Teh Y. The concrete distribution: A continuous relaxation of
discrete random variables // arXiv preprint arXiv:1611.00712, 2016.

[5] Grebenkova O., Bakhteev O., Strijov V. Variational Optimization of a Deep Learning
Model with Complexity Control // Informatics and Applications, 2021. Vol. 15(1).
Pp. 42-49.
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pagveHTHbIe MeToAbl ONTUMN3aLNN MeTanapamMeTpoB B 3aja4e
ANCTUNNAUNUM 3HAHUN
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2Mocksa, Borancinrensuptii nenrp nvenn A.A. JTopomauipiia DeepaibHOro

HCCeI0BaTeIbCKOro 1eHTpa «Mudopmaruka n ynpasiaenues Poccuiickoil akajgeMun HayK

B pabore paccmarpuBaercs 3a1ada JUCTULISIIUN MOJIETN TJIyOOKOrO 00ydeHuUsl.
JucTunanusa 3HaHUi — 9TO 3a/a9a ONMTUMHI3AIINN, B KOTOPOH YINTHIBACTCA KaK MH-
dopmarms, coepKaIasIcsa B NCXOIHON BBIOOPKE, TaK W MH(MOPMAITHS, COIEPIKAITASI-
csl B MOJIeJIi OoJiee CJI0KHON CTPYKTYPBI, HA3bIBAEMOit MOJIe/TbIo-yanTeaeM. OyHKIus
IIOTE€Ph COCTOUT U3 JIBYX CJAraeMbIX: IIPAaBJIONIOI00US UCXOHON BLIOOPKH U TIPAB/IO-
11o/106ust BRIOOpKU JucTuiuianuu. [log MetamapaMerpaMu MOIE/IN IOHUMAIOTCS T1a-
paMeTphbl ONTUMU3AIIMOHHON 3a1a91 IUCTU/IATINHN, 8 UMEHHO, KOI(MDPUITHEHT Tepe
cJraraeMbIM JIUCTU/LIATINA B (DYHKIIMH ITOTEPh W MapaMeTp Temieparypbl. [lapamer-
PBI MOJIEIA-YYEHNKA OIITUMU3UPYIOTCS IIyTEeM TIEPEHOCA 3HAHUI OT MOJIETN-Y YUTEIIs.
Sajavy JUCTUJUISIAN C ONTUMU3AIMEN MeTalnapaMeTpPOB MOJIE/IU-YIeHUKA MOYKHO
MIPeJICTaBUTh B BUJIE JIByXYpOBHEBOH 3ayadn. Ha mepBom ypoBHE ONTUMU3UPYIOT-
cd MeTanapaMeTphl, Ha BTOPOM — ITapaMeTpsl Mojienn. JIByxypoBHeBas 3ajada pe-
IMaeTcs TPAJANEHTHBIMA MeToAaMu. I yMEeHbIIeHNsT BLIIUCINTETHHON CIOKHOCTH
3a/1a41 TPAEKTOPUS ONTUMUIAINNA YaCTUYHO IIPEJICKA3BIBAETC JIMHENHONW MOJIEJIBIO.

s anam3a JTaHHOTO METOJIa TTPOBOJIUTCS BBIUUC/IUTEILHBIN SKCIIEPUMEHT Ha
CHHTETHYeCKOil BbIOOPKe, BeiOopKax n3obpazkenuiit CIFAR-10 u Fashion-MNIST. ITo
pe3yJibraTaM IKCIePUMEHTa MOXKHO CJIeJIaTh BBIBOJL 00 3(p(DEKTUBHOCTH UCIIOIB30Ba~
HUS TPAJUEHTHBIX METOIOB B 3a/ae Ha3HATEHUs METATIapaMeTPOB I (DYHKITUN ITO-
Tephb B 3ajla9€ IUCTULIANNN. TakyKe ObLT MPOAHAJM3UPOBAH MTPETIOKEHHBI METOT
ANMPOKCUMAIINN TPAEKTOPUH ONTUMHU3AIINN MeTarapaMeTPOB ¢ TOMOIIBIO JTUHEHHBIX
MoJIesIeit.

[1] Hinton G., Vinyals O., Dean J. Distilling the Knowledge in a Neural Network // CoRR,

2015.

[2] Luketina J., Berglund M., Greff K., Raiko T. Scalable Gradient-Based Tuning of

Continuous Regularization Hyperparameters // CoRR, 2015.

[3] Bakhteev O., Strijov V. Comprehensive analysis of gradient-based hyperparameter

optimization algorithms // Ann. Oper. Res, 2020. Pp. 51-65.
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Gradient-based metaparameter optimization in knowledge
distillation task
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"Moscow, Moscow Institute of Physics and Technology
2Moscow, Dorodnicyn Computing Center RAS

The paper investigates the knowledge distillation problem for deep learning mod-
els. Knowledge distillation is a model parameter optimization problem that takes
into account not only information contained in the initial dataset but also the in-
formation contained in the model with a more complex structure that is called the
teacher model. The loss function has the initial dataset likelihood term and distil-
lation dataset likelihood term. Metaparameters of this problem are the parameters
of the optimization problem, namely, the coefficient of the distillation term in loss
function and a temperature factor. The student model parameters are optimized
by transferring the knowledge of a teacher model. The knowledge distillation prob-
lem with metaparameter optimization is a bi-level problem. Metaparameters are
optimized on the first level and model parameters are optimized on the second.
Gradient methods are used to solve the bi-level problem. To make the solution less
computationally expensive we alternate gradient optimization steps and optimiza-
tion trajectory prediction with linear models.

The method is evaluated using the synthetic dataset, Fashion-MNIST dataset,
and CIFAR-10 dataset. The computational experiment showed the effectiveness
of gradient-based optimization for selecting metaparameters of the distillation loss
function. The possibility of optimization path approximation using linear models
was analyzed.

[1] Hinton G., Vinyals O., Dean J. Distilling the Knowledge in a Neural Network // CoRR,

2015.

[2] Luketina J., Berglund M., Greff K., Raiko T. Scalable Gradient-Based Tuning of Con-

tinuous Regularization Hyperparameters // CoRR, 2015.

[3] Bakhteev O., Strijov V. Comprehensive analysis of gradient-based hyperparameter op-

timization algorithms // Ann. Oper. Res, 2020. Pp. 51-65.
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Perynapusauyus napameTpoB HelipOHHOW CeTU Ha OCHOBe
HepaBeHcTBa Pucca
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2Mocksa, PemepanbHblii nccaemoparenbekuii nenrp "Mudbopmaruka u yupasnesne" PAH

Heitponnbie cetn mpsiMoOil CBA3U ¢ OOJIBITUM YUCJIOM [TAPAMETPOB TIO3BOJISIIOT
OIMCHIBATH CJIOYKHBIE HEJIMHEHHBIE 3aBUCUMOCTH C BBICOKOH TOYHOCTBIO ITyTEM OIl-
TUMU3AIUN BECOB MOJIEJI METOJIOM OOPATHOIO PACIPOCTPAHEHUsI OMMUOKY. BhicoKast
Pa3MepHOCTb MMPOCTPAHCTBA MMAPAMETPOB 3a4acTyi0 IIPUBOIUT K KOPPEJIUPOBAHHO-
CTH HEWPOHOB CETH, YTO YMEHBIIAET OOODIIAIONLYIO0 CIIOCOOHOCTh MOJME/IA U BEJIET K
e HEKTUBHOMY HCIIOIB30BAHUIO BRIYUCIUTEIHHBIX pecypcoB. B pabore craBuTcs
3a/1a9a PeryJisipu3aluy apaMeTpoB HefiPOCeTeBOi MOJIEH JIJIsi YMEHBIIEHUST €€ U3~
OBITOYHOCTH U TIOBBIIIEHUST ycTounBOCcTU. IIpearaercs paccMaTpuBaTh BeCa CJIOST
HelfpoceTH Kak peaji3alun ceMeiicTBa 0a3ucHbIX (DYyHKIUI IuIb0epToOBa IPOCTPaH-
CTBa, TAKUX YTO IPOEKIUs BXOAHOHN (DYyHKIUM Ha ITOT OA3UC yCTONYMBA W IOJIHA.
B omsimvanm ot n3BecTHBIX METOOB, OCHOBAHHBIX HA OPTOrOHAJIM3AINHN [TaPAMETPOB,
npejjiaraeTca 06oJiee OOIMMUI TOIXO/I, TPU KOTOPOM TIOCTe O0yUIeHUsT Beca KazKIO0To
CJIosT 0OPA30BBIBAIOT (DYHKIMOHAJILHBIN (peiim, cooTBeTcTByIONMit 6asucy Pucca.
Ms6biTounocTs Gasuca Pucca cBoiicTBeHHa HEHPOHHON CeTH U IMO3BOJISIET TOYHEE
OMKCHIBATH ee Beca. [loyiHOTA U yCTONYINBOCTD (bpeiiMa aHAJOTUIHBI CBOMCTBAM Op-
TOHOPMHUPOBAHHOTO Da3uca. Takum 0Opazom, B pabore hopMyiupyeTcs HoBast (pyHK-
st morepb Pucca, peanusytomas ciabble OrpaHUYeHnsT Ha TapaMeTpPhl MOJIEH, HO
pUJAoIias ODa3UCHBIE CBOMCTBA HEPOCETEBOMY CJIOI0. BBIUHCINTEIbHBIE SKCIIEPH-
MeHThI, IpoBejienHble Ha Bbibopkax CIFAR10, CIFAR100 u ImageNet, nokaszajm
BBICOKYO 3(D(DEKTUBHOCTD IIPEJJIO?KEHHOTO MEeTO/1a O0YUIEHUsI 110 CPDABHEHUIO C AJib-
TEePHATUBHBIMU TIOIXO0/IAMHU PEryJIdpu3aun mapamMerpos. VceienoBana 3aBuCHMOCTD
KadecTBa MOJIEJIM OT 3HAYCHWIT rpaHut] bpeiiMa. 3ajiada OPTOrOHATU3AIH TAPAMET-
poB Moziem 0000ITIeHa TTPEIJIOKEHHBIM METOIOM peryaspusanun Pucca ¢ cooTBeT-
CTBYIOIIMME I'DaHUIaMU dpeiima.
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Neural network parameters regularization based on Riesz
inequality

Grigorev Alexzey'x grigorev.ad@phystech.edu
Gneushev Alexander'?” gneushev@ccas.ru
"Moscow, Moscow Institute of Physics and Technology

2Moscow, Federal Research Center ” Computer Science and Control” of RAS

Feedforward neural networks with a large number of parameters are capable of
describing complex nonlinear dependencies with high accuracy by optimizing the
model parameters using the backpropagation algorithm. The high dimensionality of
the parameter space often leads to the network neurons correlation which reduces
the generalization ability of the model and leads to inefficient use of computational
resources. The paper considers the problem of neural network parameters regulariza-
tion to reduce redundancy and increase the stability of the model. The weights of a
neural network layer are proposed to be considered as an implementation of a family
of basis functions in the Hilbert space such that the projection of the input function
onto this basis is stable and complete. In contrast to the well-known methods based
on parameters orthogonalization, a more general approach is proposed; the method
implies that after training the parameters of each layer form a functional frame cor-
responding to the Riesz basis. Redundancy of the Riesz basis is inherent in a neural
network and allows a more accurate description of its parameters. The complete-
ness and stability of the frame are similar to those of the orthonormal basis. Thus,
the paper formulates a new Riesz loss function that implements weak constraints
on the model parameters but provides basis properties to the neural network layer.
Computational experiments that were carried out on the CIFAR10, CIFAR100, and
ImageNet datasets showed the high efficiency of the proposed method in comparison
with alternative approaches to parameters regularization. The dependence of model
quality on the frame bounds is investigated. The problem of model parameters or-
thogonalization is generalized by the proposed Riesz regularization method with the
corresponding frame bounds.
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MopoxaeHne mogenein 3a4aHHON CNOXKHOCTU C UCMNOJIb30BaHUEM
baiiecoBckux runepcerei

I'pebenvrosa Oavea Cepzeesta'x grebenkova.os@phystech.edu
Baxrmees Ouaee FOpvesun'? bakhteev@phystech.edu

Cmpuosicos Badum Burmoposuw'?

strijov@phystech.edu
'Mocksa, MoCKOBCKHiT (bH3MKO-TeXHIUECKHH HHCTUTYT

2MOCKBa7 Boraucimrenbusiii ientp uM. A.A. JTopoauunsma OUIT TV PAH

B pabore paccmarpuBaercs 3ajata ONTUMUA3AINNA MOJETN TIyOOKOro 00y<aeHwMsI.
TTocTpoenne Mojie/in 3aJIaHHON CJIOYKHOCTH — OJIHA U3 (DyHIaMEHTaIbHBIX ITPODJIEM
rIyOOKOro 0Oy UeHusl, TaK KaK 10 TIOCTPOEHUIO JAHHOE CeMENCTBO MOIe el mMeeT nu3-
GbIToUHOE YuCI0 napamerpos [1]. B pabore npenosaraercs, 9To CJI0KHOCTD MOZE/IH
3astana 3apanee. CJI0KHOCTH MOJE/IN UHTEPIPETUPYETCH KaK KOI(hMUIEHT, HACTPa-
MBaeMBbIil TIPYU UCIOJIBL30BAHUN MOJIETH B 3aBHCUMOCTH OT IKCILIYTAIIMOHHBIX TPehOo-
BaHUM.

Bribop momenun riryGoKOro obydeHUsl BBIMUC/IATEBHO CJIOXKHBIN Iporecc. Mbl
[peJijlaraéM BMECTO ONTUMM3AINU MOJEIN C 3apaHee BbIODAHHBIM THIEPIapaMeT-
POM, KOHTPOJIUPYIOIIUM CJIOKHOCTB, ONTUMU3NPOBATHL CPa3y CEMEHCTBO MOIEei.
IIpeamaraemblii MeTOL 3aKJIIOYAETCS B MPEJACTABICHUN TAPAMETPOB MOJIEIN TIIyDOo-
Koro obyuenus: B Bujie runepcern [2|. Tunepcers — dbyHKIUs, KOTOpast MOPOXKIAET
rapaMerpbl kKejaeMoil Mojesn. JIpyruMu cjioBaMu, TUIEPCeTb — 3TO 0TOOpaykeHne
U3 MHOXKECTBA [TEPEMEHHBIX, OTBEYAOIINX 38 CJI0YKHOCTH MOJIEJIN, BO MHOYKECTBO I1a-
paMeTpPOB MOIEJIH.

B mammnoit paborte mcmonb3yercs OaitecoBckuii moaxoa. BBoOmATCS BEepoOsITHOCT-
HbIE TPEJIIOJIOKEHNsT O ITapaMeTpax Mojeseit rimybokoro obywaenns. s mpoBepkm
BO3MOXKHOCTHU THIIEPCETH ITOPOXKIATH MOJIEJI PA3HOIN CJIOXKHOCTH OBLITH peajin30Ba-
HBI Pa3Hble METOJbI NpopeKuBaHus Mogzesedi [1, 5]. B maHHON crarhe ucciemyercs
VIPOIIEHHBIH CTydail, KOT/Ia MPeIoaraeTcs, YT IapaMeTPbl MOJIEIN PACIIPE/IeIe-
Hbl HOpMaJIbHO [1]. Bbuin uccsenoBanbl e DYHKIMK JJId ONTHUMU3ALIUE MOJEIIN,
OCHOBAHHBIE Ha BAPUAIIMOHHOM GaitecoBekoMm moaxozne |1, 6]. Takxke Gbuto mpose-
JIEHO cpaBHEHHe >TuX (DYHKIHUI ¢ JeTePMUHUPOBAHHON ONTUMU3AINEH MOJIEIH, TJIe
UCIIOJIB30BaJIaCh [y peryssipusanus. [IpoBejieH aHaM3 UX CBOUCTB JIjIsl HAIIETO Me-
TOZA.

Boraucimre sbHBIN 9KCIIEPUMEHT TTPOBOUJICS HA BBIDOPKE PYKOIUCHBIX UMD
MNIST (3] n ma BeiGopre CIFAR-10 [4]. ITomyuenHble B pe3yabpraTe 3KCIEPUMEH-
Ta TUMEPCETH MOPKIAIOT KAK MPOCThIe, TaK W CJIOKHBIE MOJEIN B 3aBUCHUMOCTH OT
TpedyeMOil CJI0KHOCTH. DTU MOJIE/IN UMEIOT Te K€ CBONCTBa, YTO U MOJIeJIN, 00y IeH-
HbIE HAIPSAMYIO, HO JIJIs UX IOJIyUeHUsl TpPeOyeTcsi MEHbIee KOJIMIECTBO BBIUUCIIU-
TeJIBHBIX pecypcoB. Kpome Toro, oHn 6ojiee cTabUIBHBI C TOYKA 3PEHUS YIAJCHUS
IapaMeTpoB.

Pabora Bermosinena mpu noepxkke Poccuiickoro domma dyHIaMEHTATLHBIX UC-
cienoBannii, mpoekT No 19-07-00875.
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The paper considers the problem of optimizing a deep learning model. Optimal
model selection is the fundamental problem of deep learning, since this family of
models has an excessive number of parameters implicitly [1]. The paper assumes
that the complexity of the model is given. We consider the model complexity as
a coefficient assigned during model final training depending on the operational re-
quirements.

The deep model selection procedure is expensive in calculations. Instead of opti-
mizing a model with some predefined hyperparameter value that controls the model
complexity, we propose to optimize a family of models. We propose to represent
the parameters of the model in the form of a hypernetwork. A hypernetwork is a
function, which generates the parameters of the desired model [2]. In other words,
a hypernetwork is a mapping from a set of variables responsible for the complexity
of a desired model to a set of its parameters.

This paper uses a Bayesian approach. We introduce a probabilistic assumptions
about the distribution of parameters of the deep learning model. To demonstrate
that we obtain models of different complexity by optimized hypernetworks, we im-
plement the model pruning methods [1, 5]. This paper investigates a simple case
when the model parameters are assumed to be distributed with a Gaussian distri-
bution [1]. We investigate two forms of model optimization functions that are based
on variational Bayesian approach [1, 6]. We compare them with a simple determin-
istic model optimization with l5 regularization and analyze their properties for our
optimization method.

The computational experiment is carried out on a sample of handwritten digits
MNIST [3] and CIFAR-10 [4]. The resulting hypernetworks generate both simple
and complex models depending on the required model properties. These models have
the same properties as models trained directly but use less computational resources.
Furthermore, they are more stable in terms of deleting parameters.

This work was supported by the Russian Foundation for Basic Research, project
No. 19-07-00875.

[1] Graves, A. Practical Variational Inference for Neural Networks // Advances in Neural
Information Processing Systems 24: 25th Annual Conference on Neural Information
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[2] Ha A., Dai M., Le Q. HyperNetworks // The International Conference on Learning
Representations (ICLR), 2017.
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CO PAH

B Hacrosiiiiee BpeMsi IIPOJIOJIZKAET BO3PACcTaTh WHTEPEC K MPoOJeMe IOJIy IeHUsT
CBEPXMEJIKOJIMCIIEPCHBIX CTPYKTYP aTOMHBIX KJjiacTepoB. Lleb 1mo100HbIX HCCIe10-
BaHU 3aK/II0YAETCS B HAXOXKICHWM KJIACTEPHOI CTPYKTYPbI ¢ MUHUMAJIBHON IIO-
TeHIUAJILHON SHEprueil. 3aavun MONCKa HU3KOMOTEHITUAIBHBIX COCTOSTHAN ATOMHBIX
KJIACTEPOB 3aKJIIOYAIOTC B MUHUMU3AINY HEBBITYKJIbIX dbyHKmii 1], xapakrepusy-
I0TCH YPE3BBIYANHO OBICTPBIM yBeJNYEHUEM KOJIMYECTBA JIOKAJIBHBIX OINTHMYMOB C
POCTOM 4YHCJIa TepeMeHHbIX. [[oaToMy Jijist uX perneHus: TpedyeTcs UCIOJIb30BaHUe
CITEIUAJIBHBIX OJIXO/I0B, YIUTHIBAIONINX CHEINMUKY HCCIEyeMbIX CTPYKTYD.

Jlist perienusi 3a/1a9 ONTUMU3AINH TOTEHIINAIOB ATOMHBIX KJIACTEPOB Peasin30-
BaHbI BEIYUC/IUTEIbHBIE TEXHOJOTUN, BKIIIOYAIOIIIE CIEIUAJTN3NPOBAHHBIE AJITOPUT-
MBI IJI00AJIBHOTO U JIOKAJIBHOTO TTOMCKa. BrOanoreky riobajn30BaHHbIX ONTUMI3a-
[[MOHHBIX AJITOPUTMOB COCTaBIAT Mojudukanun aaropurmos MSBH («Monotonic
Sequence Basin-Hopping»), «napa6osi», [laysuia, TyHaeIbHOrO 110UCKa, Po3entpo-
ka, Jlyyca—akomsr, PacTpuruna, «croxacTuaecKux MOKPBITHIT», TAOy-TIOUCKA, -
depeHnraabHOl IBOIIONNN, TEHETUIECKOTO MMONCKa, Ororeorpaduu, MONCKa TapMO-
HUU, ONBIJIEHUS [IBETKOB, [IOMCKA 10 IPUHIUIY «YYIUTEb-yIECHUK», PO CBETJISTIKOB
u apyrux. KoJuekims aJiropuT™MOB JIOKAJIbHON ONTUMU3BAIMY BKJIIOUYaeT B cebsl KBa-
3uHbIOTOHOBCKUI ajroput™ L-BFGS, MeTopl CONPsIzKEHHBIX TPAINEHTOB, JIEKOMIIO-
SULUOHHBIA «peiaep-MeTony» U IPOYUe.

C npumenenuneM pa3pabOTAHHBIX BBIYUCIUTEIbHBIX TEXHOJOTUN TPOBEICHO YHC-
JIEHHOE HCCJIefloBaHue KjacrepoB Mopca co ¢BepXGOoJIbIIUM YUCIOM 4YacTull (aro-
MOB). Munumusupyemblii DyHKIHOHAJ HMeeT cJejyolyio crpykrypy: f(x) =

N N
=3 3 ermris) (e"(l_”i) — 2), rge N — KOJIMYEeCTBO YaCTHIL, T35 — PACCTOSHHE

i=1j=i+1
MeXKy aToMaMu i 1 j. K HaCTOAIeMy BpeMeHH OIlyOJIMKOBAHbI PE3YJIbTATBI Pacde-
ToB 1 Kaacrepos Mopca n3 5-147 (B 6aze ganubix [1]), 148-240 (B paborax rpymmn
u3 Kurast [2] u Hopryrammu [3]), 241-450 aromos (B paHHHX MyGJMKAIIUAX ABTOPOB
n A.C. Anukuna). B mannoit paboTe IpoBeIeHBI CUCTEMHbIE TUCICHHBIC PACUETHI Ha-
XOZKJIEHUS HU3KOIHEPTETUIEeCKUX COCTOTHU KracTepoB u3 460-690 gacTurr ¢ marom
10 mpu p = 3. B Tabmure 1 npuBeeHbl HANTYdIINe HAWICHHBIE 3HAYCHUS 1€JI€BOI
GYHKIMT IpU YKa3aHHBIX Pa3MEPHOCTAX. B pe3ysbrare UceIe 0BaHns MO/ Ty YeHHBIX
PE3YJIBTATOB PACYETOB ObLIa BBIABJICHA JIOCTATOTHO PEry/IpHAsd 3aKOHOMEPHOCTD 13-
MeHeHUsI HAWJIy dIIero u3 u3BectHbiX («best of known») 3HaueHHs! B 3aBUCHMOCTH OT
KOJIMYECTBA, YaCTUll B K1acrepe. ABTOpaM HEM3BECTHO O JPYIHX MONBITKAX YHUCJICH-
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HOT'O peIleHns 33/1a9 ONTUMU3AINNN KOHMOPMAIINN aTOMHBIX KJyiacTepos Mopca s
paccMaTpUBAaEMbIX Pa3MepPHOCTEI.

Tabmuma 1. [lonydennble 3HaUEeHNs TOTEHITNATBHON (DyHKITNN

N | 3nauenne | N | 3nadenue |N | Snauenue
460-6243.648248540-7548.160216/620 -8876.820224
470-6403.3625701550-7700.516816/630,-9046.997894
480-6559.388537560-7881.460360/640,-9208.003264
490-6718.903821570-8034.433295/650,-9367.283286
500-6893.650168580-8210.328570/660 -9549.828351
510-7054.414052590-8374.874243/670/-9708.553979
520r-7216.954715600-8544.026103/680| -9882.546522
530-7378.800085/610F-8704.551373690-10061.910151

[1] Wales D., Doye J. The Cambridge Energy Landscape Database // URL http://www-
wales.ch.cam.ac.uk/CCD.html.

[2] Feng Y., Cheng L., Liu H. Putative global minimum structures of Morse clusters as a
function of the range of the potential: 161<n<240 // The Journal of Physical Chemistry
A, 2009. Vol. 113(49). Pp. 13651-13655.

[3] Marques J., Pais A., Abreu P. On the use of big-bang method to generate low-energy
structures of atomic clusters modeled with pair potentials of different ranges // Journal
of Computational Chemistry, 2012. Vol. 33(4). Pp. 442-452.
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At present, interest continues to grow in the problem of obtaining ultrafine struc-
tures of atomic clusters. The purpose of such studies is to find the cluster structure
with the minimum potential energy. The problems of searching for low-potential
states of atomic clusters consist in minimizing non-convex functions [1] and are
characterized by an extremely rapid increase in the number of local extrema with
a rise in the number of variables. Therefore, their investigation requires specific
approaches that take into account the specifics of the structures under study.

Computational technologies have been implemented, including specialized algo-
rithms for global and local search, to solve the problems of optimizing the potentials
of atomic clusters. The library of globalized optimization algorithms consists of
modifications of the MSBH (“Monotonic Sequence Basin-Hopping”), “parabolas”,
Powell, tunnel search, Rosenbrock, Luus-Jaakola, Rastrigin, “stochastic coverings”,
tabu search, differential evolution, genetic search, biogeography, harmony search,
flower pollination, teaching—learning-based search, firefly swarm algorithms, and
others. The collection of local optimization algorithms includes the L-BFGS quasi-
Newtonian algorithm, conjugate gradient methods, decomposition “raider method”,
and others.

A numerical study of Morse clusters with an extremely large number of par-
ticles (atoms) has been carried out using the developed computational technolo-
gies. The functional to be minimized has the following structure: f(z) =

N N
=Y > ermmi) (eP1=ri) — 2), where N is the number of particles, r;; is the
i=1j=it+1
distani:e between atoms i and j. To date, the results of calculations have been pub-
lished for Morse clusters with 5-147 (in the database [1]), 148-240 (in the works of
groups from China [2] and Portugal [3]), 241-450 atoms (in the early publications
of the authors and A.S. Anikin). In this work, we performed systemic numerical
calculations of finding the low-energy states of clusters of 460-690 particles with a
step of 10 at p = 3. Table 1 shows the best-found values of the objective function
for the specified dimensions. As a result of the study of the obtained calculation
results, a fairly regular pattern of changes in the “best of known” value was revealed
depending on the number of particles in the cluster. The authors aren’t aware of
other efforts to numerically solve the problems of optimizing the conformation of
Morse atomic clusters for the dimensions under consideration.
[1] Wales D., Doye J. The Cambridge Energy Landscape Database // URL http://www-
wales.ch.cam.ac.uk/CCD.html.
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Table 1. The obtained values of the potential function

N Value N Value N Value
460-6243.648248540-7548.160216/620| -8876.820224
470-6403.3625701550-7700.516816/630,-9046.997894
480-6559.388537560-7881.460360/640,-9208.003264
490-6718.903821570-8034.433295/650, -9367.283286
500-6893.650168580-8210.328570/660 -9549.828351
510-7054.414052590-8374.874243/670/-9708.553979
520r-7216.954715600-8544.026103/680| -9882.546522
5301-7378.800085610-8704.551373/690-10061.910151

[2] Feng Y., Cheng L., Liu H. Putative global minimum structures of Morse clusters as a
function of the range of the potential: 161<n<240 // The Journal of Physical Chemistry
A, 2009. Vol. 113(49). Pp. 13651-13655.

[3] Marques J., Pais A., Abreu P. On the use of big-bang method to generate low-energy
structures of atomic clusters modeled with pair potentials of different ranges // Journal
of Computational Chemistry, 2012. Vol. 33(4). Pp. 442-452.
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leHepaTuBHas mMogenb aBTOKOAMPOBLLUUKOB, 0Dy4aloWmnxcs Ha
n300pa>keHusix nNpeacTaBfeHbIX BbIDOpKMan oTcHeToB
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B mamnmoit paboTe MBI mpejjlaraeM HOBBII TOJX0J1, K 00y YeHUIO aBTOKOIUPOBIIIH-
KOB 10 N300PaKeHUsIM, 3aJaHHBIX CIeIMaIbHBIM 00PA30M - C IIOMOIIBIO IIPEICTABIIE
HUii B BUJie BHIGOPKU OCUETOB (BBIGOPOYHBIX IPEJICTABICHUI). DTU MPEICTABICHUS
TECHO CBSI3aHBI C KOHIIEIIHEH UieabHOro m3o0bparkenus. B mepBoii moJjioBune pa-
6OTBI MBI 0OCY?KJTaeM KaK CaMy KOHIIENIINIO, TaK W €€ PEeJIYKIUIO K HCIIOJIb3YeMbIM
BBIOOPOYHBIM IIPEJICTABIEHUIM. BTopasi 4acTh pabOTHI IOCBSIIEHA NeHEPATHBHOIM
MOJIEJI ODYYAIOIINXCST aBTOYHKOIEPOB B YCJIOBUSIX, KOIJIa BXOJHBIE JAHHBIE UMEIOT
BHJI BBIOOPOYHOIO TpejcTaBienus. s 9moro ciydas Mbl OIPUBOIUM PE3yJIbTATHI
dopmau3ay reHepaTUBHON MOJIe I 00y YeHNUsT, OMTUMI3AIMNA TPOTIEYD KOIUPO-
BaHUsl / JIEKOJAMPOBAHUSI U X CBsI3b C N3BECTHBIM B CTATUCTUIECKON TEOPUH METOIOM
MaKCHMAaJIbHOT'O TpaBio1o1ooust duinepa.

B HECKOJIBKUX NPEJBLIYIINX CTaThaX [1, 2] MbI IpeJIOKNUIN IpejCcTaBIeHne
n300pazkeHnil BBIOOPKAME CJIyYaifHbIX OTCYETOB (T.H. CTATHCTHKOH OTCYeToB [3]).
Takoe mpejcraBieHre MOTUBUPOBAHO, C OJIHON CTOPOHBI, pazsurueMm SPAD-marpuir
Ha OCHOBE OJIHO(DOTOHHBIX JIABUHHBIX JIMOJIOB, KOTOPBIE PETMCTPUPYIOT U3JIyUIeHUE B
BH/IE JINCKPETHOIO HAOOPa (DOTOOTCIETOB, & C APYTON CTOPOHBI, TOCTOSTHHO PACTYIIEH
TeHJICHIINEeN aJlanTals 3pUTEIbHOIO BOCIPUSITUS Ye/I0BeKa K MudpoBoii 0bpaboTke
nzobpazkenuii. Obe TEHIEHINN IPENOIATAI0T AHAJOITIHYIO CTPYKTYPY (DOPMUPO-
BaHUsA M300paykeHusl - IyBCTBUTEIBHYIO MOBEPXHOCTH, COCTOSIIYIO U3 OYeHb OOJIb-
[IOrO KOJIMYECTBa JIeTeKTOpoB/mukcesteil. IIpu sToM mpejosnaraercs, 910 9TH Je-
TEKTOPBI HACTOJBKO MAJIbI, ITO KaXKJbIIl M3 HUX MOXKET JIETEKTUPOBATH OJUHOTHBIA
doroH nasarIero usjrydenus. llepednciieHHble 00IIUE YePThl MOI'YT OBITH II0JIO-
JKEHbI B OCHOBY KOHIIEIIUU UEATbHOIO YCTPONCTBa BU3yaU3aIlun, 000OIIAIOIIEro,
nmoMuMo yroManyTbix SPAD-maTpui, Takxke ceryarky riiasa ¢ bOTOPEIENnTOPAMU,
HOTOMIACTUHKY € YKEJTATHHO-CEPEOPAHON IMYTHCHEH 1 TIP.

DOpMAJIbHO TOJT UJIEATBLHBIM YCTPOHCTBOM (DOPMUPOBAHUS N300PAXKEHUST MbI
nozpasymesaeM 2D-1oBepxHOCTS §) ¢ KoopauHaTamMu & = (1, T2), HA KOTOPOU H/ICH-
TUYHBIE TOYEUHBIE JIETEKTODBI, WK “/KOTHI’ B TEPMHUHAX [4] PACHOIOXKEHBI BILIOT-
HYIO JIpyT K apyry. TovuedHbie [HeTeKTOPHI M0 OIPEIE/IEHUI0 UMEIOT UCUe3a0Ile Ma-
JIEHBKYIO ILIOMAIL da CBETOYYBCTBUTEILHBIX TOBepxHOCTEH. COOTBETCTBEHHO, 00-
Iee KOJIMYeCTBO JeTeKTopos cocrasiser N = A/da, rne A - obmas miommaib 1mo-
BepxHoctu ). B npemnosioxkenuu, uro A ¢ukcuposano u da — 0, yucjgo N mosara-
ercst oueHb OojibmuM: N — 00. Takum oOpa3om, uieaabHOE YCTPOICTBO (DOPMUPO-
BaHUsi U300PaKEHUsI - ITO MOUYTH HEIPepbIBHAsI 1yBCTBUTE/IbHASI TOBEPXHOCTD {2 C
KOOP/IMHATAMU &, OTPEJICJIAIONIIME MOJIOKEHNE UJICATbHBIX TOYEIHBIX JIETEKTOPOB.

OcCHOBBIBasICh Ha KOHIIEIIINT HJICAILHOTO yCTPOoiicTBa (hOPMUPOBAHUS M300pazke-
HUSI, MOYKHO CPOPMYIUPOBATH MOJIE/Ib COOCTBEHHO WICAJTHHOTO M300parKeHus Kak
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pesyubrupyomuit Habop (doro) orcyeros mporecca perucTpalun u3jrydeHus. A
UMEHHO, [IOJT WJIeaTbHBIM U300payKeHneM MBI TIOJ[pa3yMeBaeM (YIIOpsiIOueHHOe) MHO-
keetBo X = (X1,...,&Ln), T; € Q U3 N CAYIAHHBIX OTCUETOB, 3aPETUCTPUPOBAHHBIX
nJeaIbHbIM YCTPOHCTBOM. MBI HCIIoNIb3yeM Ha3BaHMe “HjiealibHoe n3obpazxkenue' mrs
pe/jraraeMoil KOHCTPYKIuu BeJiest 3a apropamu [5]. Pacemarpusas X kax renepasib-
HYIO COBOKYITHOCTb OTCYETOB, MBI IIPE/JIATAEM HUCIOJIB30BATH TOJBKO ee HeDOIBIITYIO
CIIy9aiinyio BIOOPKY X} 3aIaHHOTO pasMepa k < n s IpeICTaB/IeHns n300pazke-
Hust. Mbl HazbiBaeM 3T0 X, IIPEJICTABICHUEM BBIOOPKOH CJIy9IaffHBIX OTCYUETOB, WJIN
[IPOCTO BBLIOOPOTHBIM IIPE/ICTABICHUEM.
TosHoE cTaTHCTHYECKOE OIUCAHUE BBIGOPOIHOrO HpecTasienusd Xy = (L1, ..., Tk)

MOZKET ObITh [IOJIYYEHO U3 MOJIEJIU HJIeabHOro uzobpaxkenus [?, 7| u ¢ BbICOKOiT TOU-
HOCTBHIO IJIOTHOCTH PACIpejiesIeHusT BeposTHOCTel X, mMeeT BUJI:

k
p(XilI(@)) = ] p(=;] (), (1)
j=1

ol I(x)) = % W= //1 2)da
Q

rie I(x) o6o3HadaeT perucTpUpyeMyio HHTEHCUBHOCTD.

OcymecTBus HEOOXOMUMYIO (POPMAJIM3AINIO EHEPATUBHON MOJEN B CJIydae,
KOTJIa aBTOHKOJIMPOBIIMKHM O0OydYaloTCs Ha M300paskKeHusix, 3aJaHHbIX B opme
BBIOOPOYHOro mpescrasiedus (1), Mbl OOGHAPYYKUJIM, YTO IIPOIECC KOAMPOBAHUSI-
JIEKOIMPOBAHIS MOYKET ObITH €CTECTBEHHBIM 00PA30M PEaN30BaH B BAJIE NUTEPAINOH-
HOI BBIMUCJIUTEBHOM MPOIETyphl. DTa IPOIELYPa IeM-TO HAIIOMUHAET U3BECTHBIN
EM-asnropur™ [6] u cocTouT B ABYX-TMATOBBIX BBIUACIEHWUSIX HA KayKJON M3 MOBTO-
PSAIOIINXCS UTepaIluii:

Konuposauue G — F : p(xz|0) — f:

(Xk7 ) (2)
arg max _ (p(z1,16), ..., p(xk, j|6)) ,
je{l,..K}
Hexoguposaune F — G : f — p(x]0):
Onr = argmax (p(Xy, £10)) 3)
= Sf (OMLan)) =0.

rjle Sy - BKJIAJ B Ipasomnonodue, @)y, - OleHKa MaKCUMAaJIbHOI'O IPABJIONOI00NUS,
nocJie/iHee ypapaenue B (3) sBjsiercd JO0CTaTOuHbIM yeoBueM Puiepa MaKCUMaJIb-
HOTO TPaBIOIOI00MSI.
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Generative model of autoencoders learning images by count
sample representations

Antsiperov Vyacheslav antciperov@cplire.ru

"Moscow, Kotelnikov Institute of Radioengineering and Electronics RAS

In this work, we propose a new approach to autoencoders learning by images that
are given in a special way — by special count sample (sampling) representations.
These representations are closely related to the concept of an ideal image. The
first half of the work in detail discussed this relation. The second part is devoted
to generative model of learning autoencoders providing that input is given as an
image sampling representation. The questions of generative model formalization,
optimization of encoding / decoding procedures and connection with the renowned
Fisher’s method of maximum likelihood in statistical theory are presented below for
this case.

In several previous papers [1, 2] we proposed the representation of images by
samples of random counts (i. e. by the counting statistics [3]). This representation
is motivated, on the one hand, by progress in the SPAD (single photon avalanche
diodes) video matrices, that register radiation in the form of a discrete set of pho-
tocounts and on the other hand, by the ever-increasing trend in the adaptation of
human visual perception for digital image processing. Both trends incorporate al-
most the same image forming structure — sensitive surface consisting of a very large
number of detectors/pixels. These detectors are assumed to be small enough, so
that each of them can detect the single photon of incident radiation. So, the listed
features can be taken as the basis of the concept of ideal imaging device, generalizing
besides mentioned SPAD sensors also the retina with photoreceptors, photographic
plates with gelatin-silver emulsion, etc.

Formally, by an ideal imaging device we assume a 2D-surface 2 with coordinates
x = (x1,x2), on which identical point detectors, or “jots” in terms of [4] are allocated
close to each other. Point detectors have by a definition a vanishingly small area da
of light-sensitive surfaces. Accordingly, the total number of detectors is N = A/da,
where A is the total area of surface 2. Under the assumption that A is fixed and
da — 0, the number N is assumed to be arbitrarily large: N — oo. Thus, the ideal
imaging device is an almost continuous sensitive surface 2, with the coordinates x
, specifying positions of its ideal point detectors.

Based on the ideal imaging device concepts, it is possible to formulate the
model of an ideal image as a resultant set of (photo) counts of a radiation regis-
tration process. Namely, under the ideal image we mean the (ordered) set X =
= (x1,...,%n),x; € Q of n random counts registered by the ideal imaging device.
We use the name “ideal image” for the proposed construction, following the authors
of [5], which introduced this term in the early 90-s. Considering X as a certain
general population of counts, we propose to use only its small random sample X,
of fixed size k < n to represent the image. Obviously, in full agreement with the
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classical statistical paradigm, such a ”sample” representation will still represent the
ideal image X. We call this X}, representation by a sample of random counts, or, in
short, the sampling representation.

The complete statistical description of sampling representation Xy = (x1, ..., k)
can be deduced from the ideal image model [1, 2] and with high accuracy the prob-
ability distribution density of Xj has the form:

k
p(Xill (@) = [ olasl (@), (1)

where I(x) denotes the intensity registered.

Basing on the generative model formalization in the case of autoencoders learn-
ing the images given in the form of sampling representation (1), we found that the
encoding—decoding process can be naturally implemented in the form of a recurrent
computational procedure. This procedure is somewhat reminiscent of the well-known
EM-algorithm [6] and consists in the the following two-step recurrent iterations:

Encoding G — F : p(z|0) — f:

angE{I?,?.J%K} (p(m17]|0)3 ey p(mk7]|0)) ’
Decoding F — G : f — p(x|0):
Onr = argmax (p(X, £16)) (3)

= St (BJV[L,Xk)) =0

where s¢ is the score, 837, — maximum likelihood estimation, so the last equation

in (3) is the Fischer’s sufficient condition for maximal likelihood.

[1] Antsiperov V. Maximum Similarity Method for Image Mining // Pattern Recognition.
ICPR 2021. Lecture Notes in Computer Science, 2021. Vol. 12665. Pp. 301-313.

[2] Antsiperov V. Representation of Images by the Optimal Lattice Partitions of Random
Counts // Pattern Recognition and Image Analysis, 2021. Vol. 31(3). Pp. 381-393.

[3] Foxr M. Quantum Optics: An Introduction. // Oxford, NY: Oxford University Press,
2006.

[4] Fossum E. The Invention of CMOS Image Sensors: A Camera in Every Pocket. // Pan
Pacific Microelectronics Symposium, 2020. Pp. 1-6.

[5] Pal N., Pal S. Image model, Poisson distribution and object extraction. // J. Pattern
Recognition and AI, 1991. Vol. 5(3). Pp. 459-483.
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CBepTo4HbIi nepapxu4veckuii HepoceTeBoi knaccudunkatTop

Tadoicues Hcmaun Mapamosur'« ismailgadzhievff@gmail.com
Jonenko Cepzeti Anamonvesur’ 0000-0001-6214-3195
"Mocksa, HIU sineproit dusukn nvenn J1.B.CroGebIpiHa

2Mocksa, MI'Y umenn M.B.JIomonocosa

Jlokta 1 IOCBAIIEH pa3pabOTKe U UCCIEIOBAHUIO CBEPTOYHON MOANMUKAIINN AJl-
roputrMa mepapxudeckoro Heiipoceresoro kiaccuduraropa (MHK) [1]. Asropurm
BBIIIOJIHAET PEKYPCUBHYIO KJIACCHMUKAIMIO IIyTEM IIOCTPOEHUs JepeBa KJIacCOB, B
KazKJIOM y3JIe KOTOPOIr'o OTJIeJIbHON HEHPOHHOI CEeThI0 PaCIIO3HAETCSI OAMHOYKECTBO
BCEX KJIACCOB (KAXKJIbIH JOYEPHUIT y3€1 CONEPKUT IIOJMHOKECTBO KJIACCOB y3Jla-
pouuress). [locrpoenue JiepeBa KIacCoB MPOUCXOIUT B IIpoLecce 00yIeHus 3a CIer
CIIUSHUST KJIACCOB, KOTOPbIe KJIACCHMUKATOD B y3Jie IMyTaeT Jalle BCero. AJIropuTM
pU3BaH OOBLEJINHUTD CUILHBIE CTOPOHBI JIEPEBLEB PENIeHNl U HEHPOHHBIX CeTelt,
B 9ACTHOCTHU, YMEHBIIUTH KOJMYECTBO IMApaMETPOB IIPU COXPAHEHWH JIOCTATOYHOM
CJIOZKHOCTHU MOJIEJIH.

[Tpobiiema yMeHbIIEHNsT KOJTMIECTBA TAPAMETPOB OCOOEHHO aKTyaJIbHA JIJIs 38124
KOMITHIOTEPHOT'O 3PEHUS — MO/IEJIHN, BBIIAIOIIIEe HAanboiee KaUeCTBEHHDBIE PE3YIbTAThI
JUISL «TSKEJIBIX» 33129, TPEOYIOT ONTHMHU3AINN OOJIHIIOIO KOJIMIECTBA IIapAMETPOB.
Hanpumep, syumme pesyabrarel Ha 3a1ade ImageNet nmokasaner B cratee [2]. Mo-
Jiestb ucnosibzopasa 2440 mue apamerpos. OjHako, B padore [3] chopmynmnposana
ruroresa 0 ToMm, 9To 10 90% BecoB HEHPOHHON CETHM SABISIOTCA HEMH(POPMATHBHDI-
MU — aBTOPBI BBIOMPAIOT CJIYYANHYIO MOJCETh MCXOIHOM CEeTH U TOJIyJalOT CXOXKEee
KadeCcTBO PabOTHI.

VMeHbIeHNEe KOJTUYECTBA IaAPAMETPOB MOXKET [03BOJINTH D DEKTUBHOE UCIIOIb-
30BaHMe MOJIEIN Ha «CJIabbIX» BBIYUCIUTENISIX ¢ OPPAHUYEHHON IMaMsIThIO0 ¥ OTPaHU-
YEHHBIMU BBIYUC/IUTEBHBIMI BO3MOXKHOCTSIMU, HAIIPUMED, Ha MOOUJIBHBIX Tejiedo-
HaX, UTO ABJISETCH BECbMa aKTYAJbHBIM.

Momundukamus NHK, npeacrasiennast B J0KJIa/e, - 3TO MONBITKA IPUMEHEHUS
NMHK « 3ajat1e pacrno3naBaHust ©300parKeHNi My TeM 3aMeHbI KJIaCCU(pPUKATOPOB B y3-
Jlax JiepeBa Ha CBepTOUHbIE HefipoHHbIE ceTu. 2KemaeMbiM 3(hHEKTOM UCITOTH30BAHUS
Mepapxun KJacCoB sIBJISIETCS YMEHbIIIEHNe JIC/Ia TapaMeTpoB Mojienu. B orinyane ot
opururagbaoro MHK obyuenune npoucxomut B gBe crajun. Ha mepBoii crajuu cTpo-
UTCS JIEPEBO KJIACCOB 3a CUYeT «CJIAaDBIX» CBEPTOUYHBIX CETEH ¢ MajbIM KOJUIECTBOM
rmapaMerpoB, Ha BTOPOIl IIPOMCXO/UT 3aMeHa CBEPTOYHBIX CeTeil B y3jax Ha Oosiee
CHJIbHBIE C UX ODyYeHHEM Ha IOIMHOYKECTBaX MCXOJHOT0 Habopa.

Omnuiem aaropuTM HOCTPOEHNs jiepeBa Kiaccos st ceeproanoro MHK (CTHK)
(nepBas crajus). B Kaxk0M y3iie jepeBa HaXOJUTCsl HepOHHAA CeTh, KOTOpast 00y-
qaeTcs paclo3HaBaTh TPUMEPHI U3 HEKOTOPOT'O MIOJIMHOXKECTBA BCEX KJIACCOB. B mpo-
mecce 00yJeHMs CEeTU KJIACCHI, KOTOPBIE CETh 9allle BCErO IYTAET, 00beINHATOTCS.

st oripejiesieHus TOTO, KAKUe KJIACCHhI CETh IIyTaeT MeXKJIy COOOil, NCIIOoJIb3yeT-
Csl IIPOIEe/Iypa «MOJIOCOBAHUSI» IIPUMEPOB KaXKJIOI'O KJIacca; 00beINHSIIOTCS Te KJIac-
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Cbl, OOJIBIIMHCTBO IIPUMEPOB B KOTOPBIX <«IIPOrOJIOCOBAJIN» B OIMH U TOT K€ KJIAcC.

[Tocse rosmocoBanms »KeJjiaeMble OTBETHI 7SI O0bEeIMHAEMBIX KJIACCOB JI€JIAIOTCS OJH-

HAKOBBIMU, a O0ydYeHMe CeTH IIPOJI0JIZKAETCsI C Ilepepa3sMevYeHHBIMUA TaKUM 00Pa30M

npumepamu. B cirydaax, ecam JanbHeiiee cnsgHue KJIaCCOB HEBO3MOYKHO, WU €CJIN

MIPOIIJIO YCTAHOBJICHHOE MAaKCUMAJIbHOE KOJUIECTBO SII0X 0e3 CIUSHUM, Mporeaypa

00y d9eHmsT OCTAaHABIHBACTCS.

B pesysbrare Kiacchl OKa3bIBAIOTCH O0BEIUHEHHBIMU B I'PYIIILI B COOTBETCTBUU
C TeM, KaK CeTb B y3Jie UX IIyTaeT, a d3(PMEKTUBHOCTL U KAIECTBO OOyUIEHUs TOCIIE
00'beIMHEHUsT KJIACCOB CYIIECTBEHHO BO3PACTAIOT. 3aTeM Ha KaXKJION U3 MOJIY YeHHBIX
rpymn o0ydaeTcs HOBasi HEPOHHAsT CeTh — TAKUM 00pa30M PEKYPCUBHO BBICTPanBa-
€TCs JIEPEBO KJIACCOB.

Kak ormeuasiocs panee, mocsie 3Toro Impou3BOIUTCH BTOpas CTaIus O00ydIeHus —
MOJIEJIA B y3JIaX 3aMEHSAIOTCH Ha 0oJiee CJIOXKHbBIE, U IIPOU3BOJIUTCS ITOBTOPHOE 00Y-
JeHue.

Asropury™ peanmmusosan ¢ moMompio 6ubmuorexu Tensorflow [4].

g TecTupoBanus ajaropuTMa MCIOJIb30BaHa rasionnag 3anada CIFAR-10 [5].

B moxkmazme obcyKaaroTcst METOIbI, TO3BOJISIONINE Yy IIINTh KAIECTBO pabOThI
CUHK. Oxuanm n3 runeprnapamerpos CUTHK siBjistercst mopor 1o akTuBaiusiM Heii-
POHOB TIPH I'OJIOCOBAHUH (TOJIOCYIOT TOJIBKO T€ IIPUMEDhI, MAKCUMAJIbHAST AK THBAIIHST
BBIXOJHBIX HEHPOHOB sl KOTOPBIX MPEBLIIIAECT OPOr). DTOT TUIEPIAMETD HACTIE-
JyeTcst CBepTOIHO Mondukarmeit ot opurunaaia. OOcyKaaercs 1e1ecoodpa3sHOCTh
HCIIOJIB30BAHUS IIOPOra 10 AKTHUBAIMAM B PAMKAX CBEPTOYHON MOMUMDUKAIIAN.

Bazkno 1oguepKHyTh, 9TO JIEPEBO KJIACCOB, IOJIyYE€HHOE HA IIEPBOIl cTaun o0y-
qeranst CUHK, mMoxkeT 6bITh Iepencriob30Bano Juist Apyrux 3ajaad. Hampumep, B
mozesn YOLO9000 [6], npenHasHAUEHHON /71l CETMEHTHPOBAHUS OOBEKTOB HA 1300~
PaXKeHUsIX, UCIIOIb3YeTCsl NepapXuiecKasi OTHOCUTETbHO KJIACCOB (DYHKIIUsI TIOTEPD,
r7e OmmMOKN CYNTAIOTCS HA BCEX YPOBHSAX JepeBa KJaccoB. Vlepapxms KIacCOB BbI-
CTpanBaeTCs Ha OCHOBE CEMAHTUKHU CJIOB, 0003HAYAIONINX ITUX KJIACCHI, [TOJIY I€HHOM
u3 cyoBapeit. OJIHAKO CeMaHTHIECKOE POJICTBO METOK KJIACCOB HE O3HAYACT BU3YAJIb-
HOE POJICTBO MpuMepoB. [loaTomy 1menecoobpa3Hoil sABJIsIETCST BO3MOXKHOCTD UCIIO b=
30BaHUs UEPAPXUH KJIACCOB, TIOJIYIEHHONW aJAIITUBHO U3 JAHHBIX.

OO6cyxmaiorcs TakKe ajbHENIne HaIpaBJIeHUs WCCICIOBAHUS W COBEPIICH-
CTBOBAHUS AJTOPUTMA, T.K. HOJIyIE€HHBbIE PE3YIbTATHI 10 KAUECTBY PACIO3HABAHIS
[IOKa JIaJIeKN OT WJIeaJIbHBIX, CUJIBHO YCTyIas Pe3yJIbTaTaM, IIOJIyYaeMbIM C ITIOMO-
MBIO TJIYOOKUX CBEPTOYHBIX HEHPOHHBIX ceTeil.

[1] Swetlov V., Persiantsev I., Shugay J., Dolenko S. A new implementation of the
algorithm of adaptive construction of hierarchical neural network classifier // Optical
Memory and Neural Networks (Information Optics), 2015. Vol. 24. Pp. 288-294.

[2] Dai Z., Liu H., Le Q., Tan M. CoAtNet: Marrying Convolution and Attention for All
Data Sizes // arXiv:2106.04803, 2021.

[3] Frankle F., Carbin M. CoAtNet: Marrying Convolution and Attention for All Data
Sizes // arXiv:1803.03635, 2019.
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[4] Tensorflow library // https://www.tensorflow.org/.
[5] CIFAR-10 dataset // https://www.cs.toronto.edu/ kriz/cifar.html.
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Convolutional hierarchical neural network classifier

Gadzhiev Ismail'x ismailgadzhievff@gmail.com
Dolenko Sergey® 0000-0001-6214-3195
"Moscow, D.V.Skobeltsyn Institute of Nuclear Physics

2Moscow, M.V. Lomonosov Moscow State University

The report is devoted to the development and research of the convolutional mod-
ification of the hierarchical neural network classifier (HNNC) algorithm [1]. The
algorithm performs recursive classification by building a class tree, in each node of
which a subset of all classes is classified by a separate neural network (each child
node contains a subset of the classes of the parent node). The construction of a class
tree occurs in the training process by merging classes that the classifier in the node
confuses most often. The algorithm is designed to combine the benefits of decision
trees and neural networks, in particular, to reduce the number of parameters while
maintaining sufficient complexity of the model.

The problem of reducing the number of parameters is especially relevant for
computer vision tasks - models that produce the highest quality results for ” difficult”
tasks require optimization of a large number of parameters. For example, the best
results on the ImageNet problem are shown in article [2]. The model used 2440
million parameters. However, in [3], a hypothesis is formulated that up to 90% of
the neural network weights are uninformative. The authors choose a random subnet
of the original network and get a similar quality of results.

Reducing the number of parameters can allow the effective use of the model
on "weak” computers with limited memory and limited computing capabilities, for
example, on mobile phones, which is very important.

We present the HNNC modification, that is an attempt to apply the HNNC to
the image recognition problem by replacing the classifiers in the tree nodes with con-
volutional neural networks. The desired effect of using a class hierarchy is to reduce
the number of model parameters. Unlike the original HNNC, training consists of two
stages. At the first stage, a class tree is built with the use of ”weak” convolutional
networks with a small number of parameters; at the second stage, the convolutional
networks at the nodes are replaced with stronger ones, with their training on subsets
of the original set.

Let us describe the algorithm for constructing a class tree for convolutional
HNNC (CHNNC) (first stage). At each node of the tree, there is a neural net-
work that learns to classify patterns from a subset of all classes. In the process of
training, the classes that the network confuses most often are combined.

To determine which classes the network confuses with each other, the procedure
of ”voting” of the patterns of each class is used; those classes are combined, most of
the patterns in which ”voted” in the same class. After voting, the desired answers
for the merged classes are made the same, and the training of the network continues
with the patterns re-labeled in this way. In cases where further merging of classes
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is impossible, or if the specified maximum number of epochs has passed without
merging, the training procedure stops.

As a result, the classes are combined into groups in accordance with how the
network at the node confuses them, and the efficiency and quality of learning after
the classes are combined significantly increase. Then, on each of the obtained groups,
a new neural network is trained - in this way a class tree is recursively built.

As noted before, after this, the second stage of training is performed - the models
in the nodes are replaced with more complex ones, and the training is repeated.

The algorithm is implemented using the Tensorflow library [4].

We use CIFAR-10 image classification task [5] to test the algorithm.

We also discuss methods to improve the quality of the CHNNC. One of the
CHNNC hyperparameters is the threshold for neuron activation during voting (only
those patterns vote for which the maximum activation of the output neurons exceeds
the threshold). This hyperparameter is inherited from the original. The expediency
of using the threshold for activations in the framework of convolutional modification
is discussed.

It is important to emphasize that the class tree obtained at the first stage of
CHNNC training can be reused for other tasks. For example, in the YOLO9000
model [6], designed for segmenting objects in images, a hierarchical loss function
relative to classes is used, where errors are calculated at all levels of the class tree.
The class hierarchy is built on the basis of the semantics of words denoting these
classes, obtained from dictionaries. However, the semantic affinity of class labels
does not imply visual affinity of the patterns. Therefore, it is expedient to be able
to use the class hierarchy obtained adaptively from the data.

Further directions of research and improvement of the algorithm are also dis-
cussed, since the obtained results in terms of recognition quality are still far from
ideal, much inferior to the results obtained using deep convolutional neural networks.
[1] Svetlov V., Persiantsev I., Shugay J., Dolenko S. A new implementation of the algo-

rithm of adaptive construction of hierarchical neural network classifier // Optical Mem-

ory and Neural Networks (Information Optics), 2015. Vol. 24. Pp. 288-294.

[2] DaiZ., Liu H., Le Q., Tan M. CoAtNet: Marrying Convolution and Attention for All

Data Sizes // arXiv:2106.04803, 2021.

[3] Frankle F., Carbin M. CoAtNet: Marrying Convolution and Attention for All Data

Sizes // arXiv:1803.03635, 2019.

[4] Tensorflow library // https://www.tensorflow.org/.
[5] CIFAR-10 dataset // https://www.cs.toronto.edu/~kriz/cifar.html.
[6] Redmon J., Farhadi A. YOLO9000: Better, Faster, Stronger // arXiv:1612.08242, 2016.
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AnpuopHoe pacrnpegeneHne napaMeTpoB B 3agavax Bblbopa
Mopenel rnybokoro obydeHus

I'paboeoti Andpeti Barepuesur'x grabovoy.av@phyesstech.edu
Cmpuotcoe Badum Buxmoposur'? strijov@phystech.edu
'"Mocksa, MocKOBCKHMiT (hU3MKO-TEXHIYCCKH HHCTHTYT (HAIMOHATLHDIH
HCCJIE/IOBATETHCKUI YHUBEPCUTET )

2Mocksa, DeqepaabHbIi ICCIEIOBATEILCKIIH TeHTp «HpOpMATHKa 1 YIpaBICHIES
Poccuiickoit akagemun nayk (PUIL MY PAH)

B pabore ucciegyercs npob/ieMa CHUKEHUsT CJIOXKHOCTU AIIIPOKCUMUPYFOIITUX MO-
JieJieit MarmmHHOTO 00y UeHns. PaccMaTpuBaOTCst MOAXO/IbI, KOTOPbIE OCHOBAHHBIE HA,
JUCTHUJLIAIIN Mojiesieii rirybokoro oby4aenusi. [Ipeniaraercs BeposiTHOCTHOE 0OOCHO-
BaHUe METOJIOB JINCTUILIAIAN U IIPUBUJIETTPOBAHHOIO 00y YeHUsd, & TaK2Ke 0000ITeH e
KJIACCUIECKOW JTUCTHUIIISTIAN, UCIIONb3Ysl CBI3HBIN OaitecoBckuil BbiBo. Jist crmke-
HUsl PA3MEPHOCTH IIPOCTPAHCTBA [IAPAMETPOB P BHIOOPE MOJIEJIN UCIIOIb3YeTCsl MH-
dopmanusa 06 UX AITPUOPHOM U alTOCTEPUOPHOM pacipeaeaennsax. [Ipeamosken MeTon
Ha3HAYEHUS allPHOPHOTO PACIIPE/IEICHUS IaPAMETPOB YUSHNKA Ha OCHOBE ATIOCTEPU-
ODHOI'O pacIpejieieHrs apaMeTpoB Mojenn yuanresd. [Ipocrpancrsa mapaMmerpos
yUnTeNsd U yYeHWKa B OOIIEM ciydae He COBIAIAioT. 1Ipemmaraercs MexaHusM mpu-
BeJIEHUsI [IPOCTPAHCTBA [IAPaMETPOB MOJIEJIA YIUTE sl K IIPOCTPAHCTBY ITapaMeTpoB
MOJIEJIN yUeHHMKA ITyTEeM BbIDABHUBAHUSI CTPYKTYPhI MOJIEJINA Y IUTEISI.

IIpemoxken MeTo/1 JIOKAJBHOIO BBIPDABHUBAHUSA CTPYKTYP B PAMKaX OJHOTO Ce-
MeHcTBa HeHpOoCeTeBBIX MOJeseil: MOMHOCBA3HBIE CeTH, PEeKyppeHTHble ceTn. Pac-
CMOTPEHHBIE CTPYKTYPbI CEMENCTB 3a/[aI0TCs IUCJIOM CJIOEB U PA3MEPHOCTHIO IIPOMe-
JKYTOYHBIX IIPOCTPAHCTB TOC/IE KaxKJIoro cJjos. CieoBaTeIbHO, KaxK 1as CTPYKTYPa
3a/1aeTCsI [TOCJIEI0BATEIbHOCTBIO HATYPAJIbHBIX dncesl. Kaxk10e 9ucio CoOoTBeTCTByeT
Pa3MEpHOCTH ITPOMEXKYTOYHOIO IIPOCTPAHCTBA, & JIJINHA [TOC/IEI0BATEIBHOCTH COOT-
BETCTBYET YHCJIy CJIOeB HeitpoceTu. IIpocTpancTBo CTpYKTYp sSBJIsI€TCS ITPOCTPAH-
CTBOM IIOCJIE/IOBATEIHHOCTEH HATYPAJbHBIX IHCEJI.

B pabote mpejioxken MeTOI JIOKAJIHLHOTO BBIPABHUBAHMS CTPYKTYPBI C COXpPaHe-
HUEM allOCTEPUOPHOIO PACIIPEJIE/IEHUsI BEKTOPa [TapaMeTpOB MOJIen yIuTeisl. BBo-
JIUTHCST MHOYKECTBO CTPYKTYP, KOTOPOE IIPU ITOMOIIHX [TOC/I€I0BATEIBHOCTH JIOKATh-
HBIX TPe00PA30BAHMIT MTOJIYIaeTCHA U3 UCXOMHON CTPYKTYPHI MOMEIN YIUTES.

[IpoBomuTCs TEOpeTUYIECKUIT AHAIN3 IPEJJIOYKEHHOIO MEXaHN3Ma COITOCTABJIEHUS
CTPYKTYD. BBIYnCINTEIbHBIH SKCIIEPUMEHT ITPOBOJUTCS HA CUHTETUYIECKUX JTAHHBIX,
a takzke Ha BbiOOpkax FashionMNIST u Twitter Sentiment Analysis.

Hacrosimast pabora comeput pe3y/abraThl mpoekTa Maremarndeckue MeTObI
UHTEJUIEKTYAJIFHOTO aHaIn3a OOJIBIINX JAHHBIX, BBIIOJJHIEMOTO B pAMKAX peajIn3a-
mun [Iporpammer lHenrpa xommerenruit Harmonampmoit TeXHOIOrnaecKkoil nHATIAA-
tuBbl «IleHTp XpaHenus u anajau3a OOJIBIINX JAHHBIX», [IOJ/IepKUBaeMOro MiurHu-
CTEpPCTBOM HAayKW U BhICIIero obpasosanus Poccuiickoit Peneparun o lorosopy
MI'YV um. M.B. JlomonocoBa ¢ @oHI0M TO/IEPKKH ITPOoeKTOB HalmoHabHOM Tex-

Bcepoccniickast kougepennuss MMPO-20. Poccusi, r. Mocksa, 7—10 gexka6bpst 2021 r.
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HoJtOrmYecKoi nannnaTussl or 11.12.2018 Nol3/1251/2018. Pabora BeiosHEHA TpH

noyepkke Poccuiickoro donja dyHsmamenTanbabx uccsepoBanuii (npoexrsl Nol19-

07-01155, No 19-07-00875).

[1] I'pabosoii A. B., Cmpuoicos B. B. BaiiecoBckast AucTRIUISIIUST MOJieJielt riryGoKoro oby-
genusi // Asromaruka u Tesemexannka, 2021.
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Prior distribution of parameters for the deep learning model
selection problem

Grabovoy Andrey"> grabovoy.av@phyesstech.edu
Strijov Vadim?x strijov@phystech.edu
"Moscow, Moscow Institute of Physics and Technology (national research university)
2Moscow, Federal Research Center “Informatics and management” Russian Academy of
Sciences

This research studies the approximating machine learning models’ complexity
reduction problem. It analyzes distillation methods for deep learning models. It
proposes to generalize the original distillation with the probabilistic techniques. It
generalizes this probabilistic technique for the case of Bayesian inference. The au-
thors propose to reduce dimensionality of the parameter space using the prior and
posterior distributions of the model parameters. They assign the prior distribution
of the student parameters to the posterior distribution of the teacher parameters.
The paper analyzes the case when the teacher and student parameter spaces do
not match. To align the spaces the authors perform local transformations of the
teacher’s structure.

A method for the local alignment of structures was proposed. It includes the fully
connected network and the recurrent networks. The model structure is specified by
the number of layers and the number of dimensions of intermediate spaces after each
layer. So any structure is specified by a sequence of natural numbers. Each number
in the sequence corresponds to the dimension of intermediate space. But the length
of the sequence corresponds to the number of layers in the neural network.

The paper proposes a method for local structure transformation. It keeps the
posterior distribution of the teacher parameters. It introduces a set of structures,
which starts with the initial structure of the teacher and follows with the sequence
of local transformations.

The paper carries the theoretical analysis of the proposed structure alignment
method. The computational experiment is carried out on synthetic data, as well as
on FashionMNIST and Twitter Sentiment Analysis samples.

This article contains the results of the project Mathematical Methods for Mining
Big Data, carried out within the framework of the Program of the Competence
Center of the National Technological Initiative “Big Data Storage and Analysis
Center”, supported by the Ministry of Science and Higher Education of the Russian
Federation under the Agreement of Moscow State University. M.V. Lomonosov
with the Fund for Support of Projects of the National Technological Initiative of
11.12.2018 No.13 / 1251/2018. This work was supported by the Russian Foundation
for Basic Research (projects No. 19-07-01155, No. 19-07-00875).

[1] Grabovoy A., Strijov V., Bayesian Distillation For Neural Network // Automat. Re-

mote Control, 2021.
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MeTtoauka oueHkn cteneHn HecenapabenbHocTU pyHKLMN

Topros Asexcandp FOpvesun'x gornov@icc.ru
3apodniox Tamwvsana Cepzeesnal tz@icc.ru

"Mpxyrek, MucTuTyT qumaMukn cucTeM u Teopun ympasiaerus uM. B.M. Marpocosa CO

PAH

OYHKIUIO MPUHATO HA3BIBATH CenapadesbHOl, eCIl ee MOKHO IIPEeJICTABUTH KaK
cymmy (yHKIHH oHOrO mepeMenHoro. Ha mpakTuke J0CTaTOYHO 9acTO BCTPEUAIOT-
Csl MOJIEJIH, OlUChIBAeMble GJU3KUMU K cerapabesbHbIM (DYHKIUAME («KBa3uCera-
pabenbHbIMEI» ). [Tost cTenenbio HecenapabeabHOCTH Oy/IeM OHUMATH CPETHEE COOT-
HOIIIEHUE CYMMbI MO/JLyJIefl BHEIMArOHAJIbHBIX 3JIEMEHTOB K CyMMe MOJLyJIeil juaro-
HaJIbHBIX.

B mokmame obcy:KmaroTcs aBe METOOWKH OIEHKN CTEIEeHN HecemapadeTbHOCTH
MHOTOMEpHOU (DYHKITUH, OMUPAIOININECT Ha JBA HEJIEPMUHUPOBAHHBIX AJTOPUTMA.
IlepBblit aJIrOPUTM IIOCTPOEH 110 «MUHUMAJILHOMY MPUHIMIY»: C [IPUMEHEHUeM 3a-
JIAHHOI BBIYHC/IMTEIBHON CXeMbl CTOUTCSI AIllPOKCUMAIlUs MaTpHIlbl Lecce, mpsi-
MOIl aHaJIN3 KOTOPOIl, BBIIOJHEHHBI B HaOOpe MPOOHBIX TOYEK, U JAeT yCPEeIHEH-
HOe 3HAaYEeHME WCKOMOIO II0Ka3areisi. BTOpoil ajaropurM HOCTPOEH IO «IIaMsiTh-
9KOHOMHUYIHOW» CXeMe: B KarKJ0i IPOOHON TOYKE BBLIUNCIISAETCA IPAAuenT (DYyHKINN,
MIPOUBBOJINTCS CMEIeHe TTPOOHONW TOYKN Ha AlpUOpPU 3aJaHHYI0 BEJIUIHHY BIOJIb
HAIPABJICHUs] TPAJMEHTa; B MOJIYICHHON TOYKE CHOBA BBIMUC/SIETCS TPAJMEHT; Ha
Pa3HOCTHU T'PAJIUEHTOB U CTPOUTCSI JIOKAaJIbHast OrleHKa. [loryyeHHast 10 Takoi cxeme
OIIEHKA COBIIAJIAET C OIEHKOM, JOCTUTAaeMOl IEPBBIM aJrOPUTMOM, OJHAKO B JIAHHOM
citydae HeT HeOOXOIMMOCTH XPAHUTh KBAIPATUIHYIO MATPUILY.

[IpencrasisieTcst, 910 MpeIOKEHHAS METOINKA MOXKET OBITH YIOOHBIM HHCTPY-
MEHTOM JIJTsI AllPHOPHOTO U3YUEHUs CBOWCTB MOJIe/Ieil, IPUMEHSIEMbIX B 3a/1a9aX aHa-
Jin3a JaHHBIX. [IpUBOIASTCS PE3Y/IbTATHI BHIYUCIUTEIBHBIX SKCIIEPUMEHTOB.

Pabora Bemmosmena B pamikax rocsaganust MunoOpaaykun Poccum mo mpoekty

"Teopust U METOIBI UCCICIOBAHNSA 3BOJIOIMOHHBIX YPABHEHUIT U yIIPABIAEMbIX CH-
creM ¢ ux npusoxkerusmu" (Ne roc perucrpanum: 121041300060-4)
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Technique for estimating the inseparability degree of a function

Gornov Alexander'x gornov@icc.ru
Zarodnyuk Tatiana' tz@icc.ru

rkutsk, Matrosov Institute for System Dynamics and Control Theory of SB RAS

A function is usually called separable if it can be represented as a sum of functions
of one variable. In practice, quite often there are models described by functions
close to separable (”quasi-separable”). By the degree of inseparability we mean the
average ratio of the sum of the modules of the off-diagonal elements to the sum of
the modules of the diagonal ones.

The report discusses two methods for estimating the degree of the multidimen-
sional function inseparability, based on two non-deterministic algorithms. The first
algorithm is constructed according to the "minimal principle”: using a given com-
putational scheme, the approximation of the Hessian matrix is created, the direct
analysis of which, performed in a set of sample points, gives the average value of
the required indicator. The second algorithm is built according to the "memory-
economical” scheme: at each test point, the gradient of the function is calculated,
the test point is shifted by a predetermined value along the direction of the gradient;
the gradient is calculated again at the obtained point; the difference between the
gradients is used to construct the local estimate. The estimate obtained by this
scheme coincides with the estimate achieved by the first algorithm, but in this case
there is no need to store the quadratic matrix.

It seems that the proposed technique can be a convenient tool for a priori study
of the models properties used in data analysis problems. The results of computa-
tional experiments are presented.

This work was carried out within the state assignment of the Ministry of Edu-
cation and Science of Russia under the project ”Theory and Methods of Research
of Evolutionary Equations and Controlled Systems with their Applications” (State
Registration No. 121041300060-4).
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deTekTnpoBaHue nepuognyeckux peLlueHuin ¢ NoMoLLbo
anroputma BFOA Ha HenonHbix kapTtax lNyaHkape

Pyurun Koncmanmun construchk@gmail.com
Pyuxur Anexcardp alex3005r@gmail.com

B nmammoit cratbe paccMaTpuBaeTCs 3a/1ada HAXOXKJICHUS TEPUOJIMICCKUX Pelrie-
HUl auHaMuueckux cucreM [1]. JlereKTupoBaHNe HEPUOJANYECKUX DENIeHH IIPOBO-
JIUTCS IIyTeM aHaJu3a IIocKux Kapr (ceyenwuii) Ilyankape Ha HajMdue 3aMKHYTBIX
TPAEKTOPHIl CIIEIUAJIHHOIO THIIA - TAKAX KAK KPYTH, SJUIAICH U MOJI00HBIE dury-
pol. Creruduka mpuMeHeHUs aJropuTMa mocTpoerus cedenunii [lyankape takosa,
9TO JAHHBIE TPACKTOPUU SABJSAIOTCS 3aMKHYTBHIMHU JIAIIL HA JOCTATOYMHO OOJIBITIOM
UHTEpBAJIe BPEMEHU PabOThl aaropurma (a MHOTJA M HA OECKOHEYHOM BPEMEHH).
IIpu orpanmveHHOM BpEeMEHU 3TU TPACKTOPUU HE SBJISAIOTCS 3aMKHYTBIMU, OJIHAKO
OHU JIOJI?KHBI OBITH UACHTU(DUIIMPOBAHBI KAK 3aMKHyThie TpaeKkTopun. [locTpoenmio
TAKOI'0 aJITOPUTMA MOCBAIIEHA TaHHas paboTa.

J1s1st oNTUMAJIBHOT'O IIOUCKA 3AMKHY THIX TPAEKTOPHIT MBI HCIIOJIb3yeM IBOJIIOIMOH-
HBII MeTo GakTepuaibHOil onckoBoii onrumuzauu (BFOA). Tlocrpoena nesesast
dyukiusa u pazpaborana ajgantuBHasa Bepcus ajaropurma BFOA s noucka mouru
3aMKHYTBIX TPAEKTOpHil 1Mo Bcemy m3obpaxkenuio kapT llyamkape. Munnmmsarus
IOCTPOEHHO TiesteBoit dyuKImn ¢ noMotnbio BFOA npusogut k Gosiee 6picTpoMy 1
J0CTaTOIHO 3D PEKTUBHOMY pe3yabrary. TakuM obpa3oM B paboTe MOKa3aHOo, ITO
pacIo3HaBaHue MePUONIECKIX PEIIeHUH TUHAMUYIECKIX CUCTEM BO3MOYKHO IIPOBO-
JIAT YUCJICHHO-QHAJIUTHIECKAMHI METOJAMU 38, JOCTATOYHO KOPOTKOE BPEMSI.

[1] Ruchkin C. The General Conception of the Intellectual Investigation of the Regular
and Chaotic Behavior of the Dynamical System Hamiltonian Structure. // Applied
Non-Linear Dynamical Systems. Springer Proceedings in Mathematics and Statistics,
2014.
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Detecting periodic solutions using the BFOA algorithm on the
incomplete cards Poincare

Ruchkin Constantin construchk@gmail.com
Ruchkin Alexander alex3005r@gmail.com

This article discusses the problem of finding periodic solutions of dynamical
systems. Detection of periodic solutions is carried out by analyzing Poincare plane
maps (sections) for the including of closed trajectories of a special type, such as
circles, ellipses, and similar figures. The specificity of the application of the algorithm
for constructing Poincare sections is such that these trajectories are closed only
over a sufficiently long time interval of the algorithm’s operation (and sometimes
over infinite time). For limited time, these paths are not closed, but they must
be identified as closed paths. This work is devoted to the construction of such an
algorithm.

For the optimal search for closed trajectories, we use the evolutionary bacte-
rial search engine optimization (BFOA) method. An objective function has been
constructed and an adaptive version of the BFOA algorithm has been developed to
search for almost closed trajectories over the entire image of Poincare maps. The
minimization of the constructed objective function using BFOA leads to a faster and
more efficient result. Thus, it is shown in the work that the detection of periodic
solutions of dynamical systems can be carried out by numerical-analytical methods
for a shortly time.

[1] Ruchkin C. The General Conception of the Intellectual Investigation of the Regular
and Chaotic Behavior of the Dynamical System Hamiltonian Structure. // Applied
Non-Linear Dynamical Systems. Springer Proceedings in Mathematics and Statistics,
2014.
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Q-nowuck: yaa4Hblii meToa Ans 3agaquv be3ycnoBHoOm
MWUHUMU3aALUN

Toproe Aanexcandp FOpvesun'? gornov@icc.ru
Mpxyrcek, MHCTHTYT JUHAMIKE CHCTEM U Teopun yipasienns uv. B.M. Marpocosa CO
PAH

2Mocksa, MOCKOBCKHMIi (PH3MKO-TeXHUIECKHT MHCTHTYT (HAIMOHATbHbIIT
MCCIIEIOBATEILCKUI YHUBEPCHUTET )

HpaKTI/I“IeCKI/Iﬁ yciex MeTo/la OIITUMU3AIINN 3aBUCUT OT MHO2KECTBa pasHOXapaK-
TepHBIX (PaKTOPOB, MHOIME U3 KOTOPBIX HEBO3MOXKHO 3apaHee IMPeyrajaTh U IIpo-
Meputh. IIpusiTo canTaTh <«yJadHBIMY METOJ, ONTUMUBAINHA, KOTOPBII MOKA3bIBAET
XOPOIIINE BEIIUC/IUTEIbHBIE PE3YIbTATHI HA MHOTUX PA3HOOOPA3HBIX SKCTPEMATIbHBIX
3a/1a9aX.

B jokiazie o6cyKIaeTcs pa3BUBAEMbIil HAME B TIOCJIEIHUE TOJIbl 9BPUCTUICCKIIA
AJIPCOPUTM, Ha3BaHHBIN — «Q-1ionck». OCHOBHAsI UJIesl TI0X0/1a BOCXOIUT K KJIACCUIE-
ckuMm paboram FO.I'. EBTyieHko, B KOTOPBIX BIIEPBBIE IPUMEHSLIACH TEXHUKA HEPAB-
HOMEPHBIX HMOKPBITHIA, Jlajlee PACIPOCTPAHEHHAsT aBTOPOM HA MHOTOMEDHBIE HEBbI-
MyKJIble 33JIa9d. B MpejIoXKeHHOM aJIrOpuTMe HeT HAKOILICHWs WH(MOPMAIIMOHHOM
6a3bl TPo6 1/ 1in pasbUEHNit, UTO MO3BOJISIET CHIATh YPE3MEPHO BHICOKHE TPEOOBAHMS
K HCIIOJIb3yeMOIl [TaMsITi — KOHEYHO, 3a CUeT «IoTepu rapanTuii». JIpyroit «ummeosio-
TUYECKON OCHOBOI» MOYXKHO CUMTATH MOMCKOBBI MeTos Jlyyca—dakosbr nin meror
OTCEUYECHNS JUINIICOUIOB, KOTOPBIE MTOCIIY?KUJIA MOJE/IBIO JIJIsi MEXAHU3Ma CIKATHUS
MMOUCKOBBIX «OPYCOB», TIO3BOJISIIOIIETO TIOCTEIIEHHO TEPEXOIUTH OT TJIOOATBHOTO CKa-
HUPOBAHUSA K JIOKAJIbHOMY yTouHeHUI0. ChHOPMUPOBAHHBII AJITOPUTM OCHAIIEH CPEJI-
CTBaAMM «CMSITUYEHUsI JKECTKOCTU» OTCEYEHUIT, YTO TO3BOJISIET TIOHNKATH PUCKH CTap-
TOBOIl moTepu TJIOOABLHOIO PEeIleHus], XapaKTepHble jisg MeToja Jlyyca—fakoib.
B zaBepinenne KOHCTPYKIMKM OPraHU30BaH [IBYXYPOBHEBbIN BBIYUC/IUTEIbHBIN IPO-
1IECC, MTO3BOJISIIOIIUI UCIIOIH30BATH MEPUOINIECKUI mepe3alryck mo gopmary «basin
hopping», 9T0 TakKe CyIIeCTBEHHO MOBBIIIACT HAJICYKHOCTD JOCTUKEHUST PE3YIHTATA
B HEBBIIIYKJIBIX 33/a9aX. Ajropurm Tpebyer Beero o/iHoit mpobbl Ha NTEPAINN CXKa-
THS U, CJIEJIOBATEIBHO, MAKCUMAJIbHO «MHMOPMAIMOHHO 3dexrTuBens. [IpuBosrcs
Pe3yJIbTaThl BEIYUCIUTEIbHBIX IKCIEPUMEHTOB.

PaGora Bbinosinena upu noguepkke Munoopuayku Poccuu (Ne roc. perucrpaiuu:
121041300060-4).
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Q-Search: a successful method for the unconstrained
minimization problem

Gornov Alexander'? gornov@icc.ru
rkutsk, Matrosov Institute for System Dynamics and Control Theory of SB RAS
2Moscow Institute of Physics and Technology (National Research University)

The practical success of the optimization method depends on many factors, many
of which cannot be predicted and measured in advance. It is considered an opti-
mization method “successful”, which shows good computational results on many
different extremal problems.

The report discusses a heuristic algorithm, which we have been developing in
recent years, called “Q-search”. The main idea of the approach goes back to the
classical works of Yu.G. Evtushenko, in which the technique of nonuniform cover-
ings was first applied, which was further extended by the author to multidimensional
nonconvex problems. The proposed algorithm does not accumulate the information
base of samples and /or partitions, which made it possible to remove excessively high
requirements for the used memory (of course, due to the ”loss of guarantees”). An-
other “ideological basis” can be considered the Luus—Jaakola search method or the
ellipsoid cut-off method, which served as a model for the compression mechanism of
the search “boxes”. This technique allows a gradual transition from global scanning
to local refinement. The constructed algorithm is equipped with a means of “soften-
ing the rigidity” of cutoffs, which makes it possible to reduce the risks of the initial
loss of the global solution. Such risks are typical for the Luus—Yaakola method. At
the end a two-level computational process is organized, which allows the use of a
periodic restart in the “basin hopping” format. It also significantly increases the
reliability of achieving results in non-convex problems. The algorithm requires only
one sample per compression iteration and, therefore, is ”informationally efficient” as
much as possible. The results of computational experiments are presented.

This work was supported by the Ministry of Education and Science of the Russian
Federation (state registration number: 121041300060-4).
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Moaundukayus metoga LBFGS c 3koHOMU4YHbIM ogHOMEpHbIM
NOVCKOM

Anururn Anmon Cepeeesuny anikin@icc.ru
Upkyrex, UIACTY CO PAH

Ha rekyrmmit MOMEHT BpeMEHH MMEETCsi BECbMa PA3BUTHIN MAaTEeMATHICCKUAN All-
rmapar, IPUMEHUMBII I PeleHus 3aad BbITyKJIoi onTtuMu3sanuu. Ho, misa 3amaq
JPYTUX KJIACCOB, K COYKAJIEHUIO, CUTYallls He CTOJIb OJIaroNpUATHA KAK C TOYKH 3pe-
HUS TEOPHUU, TaK U C TOYKU 3peHus TpakTuku. [Ipu paccMoTpeHnn BBITYKIIBIX 38184
MBI, KaK [IPABUJIO, CIUTAEM, UTO 00J1aaeM OIpeIeIeHHON nHMOpMaIueii 0 cBoiicTBax
ONTUMU3UPYEMOil (DYHKITIH, KOTOPas U [TO3BOJISIET TPUMEHSTh ONTUMAJIBHBIE C TOY-
KI 3PEHHsA OIEeHOK MeTombl. [Ipn pertennn peasbHBIX TPUKIAIHBIX 33189 T0100HO0M
nndopMaIyi, K COKaJIEHNIO, IPAaKTUYecKn Hukoraa ner. Hanpumep, anpuopu nens-
BECTHO 3HaY€HUE KOHCTaHT ﬂnnmnua L, 9TO IIPUBOJIUT K OTCYTCTBHUIO «IIPOCTOT'O»
crrocoba BBITTOJTHEHUS I'PAJIMEHTHOrO Iara;

o = %, aF = gF — PV (2",
BwmecTo sTOr0 mpuxomuTcs 3aIryCKaTh MPOIENYyPY OJHOMEPHON MUHUMU3AIIAU, T.€.
pelaTh BCIOMOTaTeIbHYIO 33/1a4y ONTUMU3AINN Ha KaxKJI0l HTepaliui rpaJIueHTHO-
o METOoJIa:

o = argmin f(z* — aV f(zF)). (1)

a>0
Ou4eBuHO, 9TO B OOIIEM CJIydae 9TO JOCTATOTHO TPYIOEMKas Iporerypa, dddek-
THUBHOCTBH KOTOPOIl PaJIMKATHLHBIM 00PA30M BJIHSET OBICTPOAEHCTBIE ONTUMUABAIIOH-
HOTO METOJ[A B I[EJIOM.

B pabote npejiaraercs u uccienyeTcss HECKOJIbKO BAPUAHTOB SKOHOMUYHBIX aJI-
POPUTMOB OJTHOMEPHON MUHUMU3AIUNA: HAa OCHOBE 1apabOIMIeCcKOil allllpOKCUMAIIH
(¢ ucnob3oBaHueM u 6€3 UCIOJIH30BAHUS 3HAYCHUS I'PAIUEHTA B TEKyIIEl TOUKe),
«aJIaAlITUBHAAY ¢XeMa (¢ BO3MOXKHOCTBIO YBEJUICHNs] U yMEHBIICHUS [1Aara), «CKIMa-
omas» cxeMa (€ BOBMOXKHOCTBIO TOJILKO yMeHblenus mara). Obuieit uieeil upes-
JIO2KEHHBIX ITO/IXOJIOB fABJISETCH MAaKCHMAJIbHO BO3MOXKHOE YMEHBINEHUE YHCJIa BbI-
YUCJIEHUI ONTUMU3UPYEMOii (DYHKIINK TIPU, eCTECTBEHHO, COXPAHEHUU CBOMCTBA MO-
HOTOHHOCTU. PAKTUIECKHU, IIPEJJIAraeTCsl CyIeCTBEHHOE CHUZKEHUE CJIOZKHOCTU HTe-
paruu (M, COOTBETCTBEHHO, BPEMEHHU) 1I€HOI Gojiee rpyboro perienus 3aaqu OHO-
MEpHOTO moucka. Huskas cTOMMOCTh MTepaIluid MMeeT Ba’KHOCTb KaK B COBPEMEH-
HBIX 33Jla9ax JIOKaJIbHO (yHI/IMO,ILaJII)HOfI) ONITUMU3AINN OOJIBINON U CBEPXOOTBITO
pa3MepHOCTH, TaK U B 33J/a4aX IVI0DAJIBHOIO IIOMCKA, IIPU PENIEHUN KOTOPBIX, KaK
[IPaBUJIO, MHOXKECTBO Pa3 3allyCKaeTCsl MIPOIe/Iypa JIOKAJIBHOTO CITYCKA.

[IpescraBiieHbl pe3ysIbTaATHl BBIYUC/IUTE/BHBIX SKCIIEPUMEHTOB IS PSIIa MOJIE b=
HBIX U IPUKJIAIHBIX 33029 OMTUMU3AINNA: MUHIMHI3alns moreHmaioB Mopca n Ku-
TuHra, pemenne 3a1a4qn PageRank, a rakke oOyuenne cséprounsix ueiipocereii. [1o-
JIYIEeHHBIE PEe3YIbTATHI TPOAEMOHCTPUPOBAJIN PAOOTOCIIOCOOHOCTD 1 3D PDEKTUBHOCTD
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[IPEJIOKEHHBIX [TOJIX0/IOB, [IPU 9TOM HAWJIYUIHE PE3YJIbTATHI ObLIN JTOCTUTHY THI HA
MomubUIMPOBAHHOM BapuaHTe mupoko n3sectHoro merona LBFGS [1]. TIpencras-
JIeHHast MOJU(UKAIS METOJ/a BKJIIOYAeT B cebsl «IIPaBUILHOE» MACIITAOUpPOBAHUE
HAIPABJICHUSI OJJHOMEPHOrO IMOUCKA, WCIIOJIH30BAHUE MCTOPHUM IMArOB OJHOMEPHOIO
[MOUCKA U PAJL JIPYTUX U3MEHEHUH, HAIPABJICHHBIX HA CO3JIaHUEe «KOMMOPTHBIX YCJIO-
BUII» JJTsI TIPEJJIOYKEHHBIX MIPOTIEIYP OJHOMEPHOW MUHUMUBAIINN. DTO MO3BOJIUIIO HA
GOJILINIMHCTBE PACCMOTPEHHBIX 339 UMETh CPEJIHIOI CJIOXKHOCTH MPUOINKEHHOTO
(«rpy6oro») pemenns 3anaau (1) nopsiaka 2-3 Berauciaenuit GyHKIUN, a B OTJETb-
HBIX CJydasgX U BOBCE IOPsjiKa 1, KOTJa MPEJIOXKEHHAas IIPOIE/ypa OJIHOMEPHON
MUHUMHA3AIUY TOYTH BCETJIA TPABUILHO «yTaJIbIBAeT» pasMep miara, 06ecreunBaro-
muit pesrakcanuio onrumusupyemoi (ynknuu. O4YeBuIHO, 4TO KadecTBO (peakca-
nps, f(zF) — f(2*+1)) Taxoro pemrenns MoxeT GBITH OIIYTHMO Xy¥Ke, 4eM B CIIydae
«IECTHON» MUHUMH3AINN, HO PE3YIbTATHI BBIUUCIUTEBHBIX IKCIIEPUMEHTOB TOKa-
3aJIM, 9TO 32 OJUH U TOT YK€ IIPOMEKYTOK BPEMEHU KaK IPABUJIO BBINOJHEE CJeIaTh
HECKOJIBKO <IIPOCTBIX» UTepaluii, BMECTO OJIHON «CJIOXKHOi».

Tlonydenmbie pe3ynabTaThl BHYIIAIOT OCTOPOXKHBIN ONTUMU3M U TO3BOJISIIOT HaTe-
ATHhCs HA, BO3MOYKHOCTH 3P DEKTUBHOTO IIPUMEHEHUsT TTPEJIJIOKEHHBIX MTOJIX0/I0B KaK
JIUTST PEIIeHNsT PYTUX AKTYAJbHBIX 38187 ONTUMU3AINN, TaK U JIJIST PEAJTU3AIIH JIPY-
IUX «3KOHOMHUYHDBIX»> METOJOB ONTHUMU3AINN.

[1] Léu D., Nocedal J. On the Limited Memory Method for Large Scale Optimization //

Mathematical Programming B, 1989. Vol. 45. Pp. 503-528.
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Modification of the LBFGS method with economical line-search

Anikin Anton anikin@icc.ru
Irkutsk, ISDCT SB RAS

At the current time, there is an advanced mathematical tools applicable to solving
convex optimization problems. But, unfortunately, for problems of other classes, the
situation is not so favorable both from the point of view of theory and from the point
of view of practice. When considering convex problems, we, as a rule, believe that
we have certain information about the properties of the optimized function, which
allows us to apply estimates-optimal methods. Unfortunately, there is almost never
such information when solving real applied problems. For example, the value of the
Lipschitz constants L is unknown a priori, which leads to the absence of a “simple”
way to perform a gradient step: .

k
at =,
aF T = gk — oFVf(ah),

Instead, we have to run a line-search procedure, i.e. solve an auxiliary optimization
problem at each iteration of the gradient method:

o = argmin f(z* — aV f(zF)). (1)
a=0

Obviously, in the general case, this is a rather time-consuming procedure, the effec-
tiveness of which radically affects the speed of the optimization method as a whole.
Several variants of economical line-search algorithms are proposed and investi-
gated: parabolic approximation-based (with using and without using the gradient
value at the current point), “adaptive” scheme (with the possibility of increasing and
decreasing the step), “reduction” scheme (with the possibility of only decreasing the
step). The general idea of the proposed approaches is to reduce the number of com-
putations of the optimized function as much as possible while, of course, maintaining
the monotonicity property. In fact, a significant reduction in iteration complexity
(and, accordingly, time) is proposed at the cost of a more rough solution to the
line-search problem. The low cost of iteration is important both for modern large-
and huge-scale local (unimodal) problems, and for global optimization problems, the
solution of which, as a rule, requires multiple runs of the local descent procedure.
The results of computational experiments for a number of model and applied
optimization problems are presented: minimizing the Morse and Keating potentials,
solving the PageRank problem, as well as training some convolutional neural net-
works. The obtained results demonstrate the operability and effectiveness of the
proposed approaches, while the best results were achieved with a modified version of
the well-known LBFGS method [1]. The presented modification of the method in-
cludes “accurate” scaling of the line-search direction, using the history of line-search
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steps and a number of other changes aimed at creating “comfortable conditions” for
the proposed line-search procedures. All this made it possible to reduce the average
complexity of the approximate (“rough”) solution of the problem (1) to 2-3 calcula-
tions of the function, and in some cases even to &~ 1, when the proposed line-search
procedure almost always correctly “guesses” the step size that provides relaxation of
the optimized function. Obviously, the quality (relaxation, f(z*) — f(2**1)) of such
solutions may be significantly worse than in the case of jjhonest;; minimization, but
the results of computational experiments have shown that it is usually more prof-
itable to make several “cheap” (fast) iterations in the same period of time, instead
of one “expensive” (slow).

The obtained results inspire conservative optimism and allow us to hope for the
possibility of effective application of the proposed approaches both for solving other
modern applied optimization problems and for implementing other “economical”
optimization methods.

[1] Liu D., Nocedal J. On the Limited Memory Method for Large Scale Optimization //

Mathematical Programming B, 1989. Vol. 45. Pp. 503-528.
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BbluncnurtenbHasa CNoOXHOCTb 3a4a4U UEeH3ypupoBaHUAa OAHHbIX

Kymmnenxo Oavaa Andpeesra« olga@math.nsc.ru
IMascynoe Aaexcandp Baadumuposun'? apljas@math.nsc.ru
"Hosocubupck, Nucruryr maremarukn um. C. JI. Cobosesa

2Hosocubupck, HoBocubupckuii roc. yHIBEPCHTET

PaszBurne TexHOIOIMIT B COBPEMEHHOM MUPE MPUBOJIUT K SKCIIOHEHITUATIBLHONR CKO-
poct pocta obbeMa MHMOPMAINN B CAMBIX Pa3HbIX 00JACTAX, UTO JTAET, C OJHOMN
CTOPOHBI, HOBbIE BO3MOXKHOCTHU JIJIsl PEIIEHNs] PA3JINIHBIX IPUKJIAIHBIX 38/, HO, C
JIPYTOii CTOPOHBI, HOBBIIIAET PUCK IOSIBJIEHHS OIMUOOK B aHAJIM3UPYEMBIX JAHHBIX.
Tosromy npobiema nensypuposanus jJannbix (Data filtering, Data cleaning) B na-
CTOsIIIee BPEMs aKTyasbHa [IPU PEIICHUN CAMbIX Pa3HBIX 3a/1a4.

PaccmarpuBaercs 3agada oancTku 00yvaronieil BBIOOPKY, IPE/ICTABIEHHON 00b-
€KTaMH JIByX KJIACCOB, OT IIIYMOBBIX O0BEKTOB TOJBKO OJIHOIO Kilacca. Takue 3ajiaqm
BO3HUKAIOT, B YACTHOCTH, IIPH aHaJI3e OMOMEIUIIMHCKUX JIAHHBIX, TPEOYIONMEM I10JI-
HOT'O COXpaHEeHWUsI JIAHHBIX OJIHOIO U3 006pa30B. VcKirouenne n3 oby4aroleil BBIOOpKY
HEBEPHO KJIACCUDUIMPOBAHHBIX OOBEKTOB (Wjin 00bEKTOB-BHIOPOCOB) OCYIIECTBIIsA-
eTcsl Ha OCHOBE aHAJIN3a JIOKAJBLHOTO OKPYXKeHUsT 00beKTOB. JaHHbIi MoIxo omnm-
paercs Ha THIOTE3Y JIOKAJILHONH KOMIAKTHOCTH. KosimuecTBeHHAS] XapaKTEePUCTHKA
JIOKAJIHOP KOMITAKTHOCTH 06pa3a OIEHNBAETCS C MTOMOIIBIO (DYHKITHH KOHKYPEHTHO-
I'0 CXOJICTBA, YCIIENTHO UCIIO/Ib3yeMOil B KOTHUTUBHOM aHAJIU3e JIAHHBIX [IPU PEIlleHIH
PA3/IMIHBIX TPUKJIATIHBIX 3a1a9.

IlensypupoBate 06beKTOB-BbIOPOCOB C IOMOINbIO (PYHKIUU KOHKY-
PeHTHOro cxoAcTBa. /st mojyuennst KOJIMIeCTBEHHON OIEHKN KOMIAKTHOCTH 00-
pPa30B B (PpUKCUPOBAHHOM IIPU3HAKOBOM IIPOCTPAHCTBE ncrosb3yercs FRiS-byHkims
(Function of Rival Similarity)[1], ¢ momompio KoTopoit dhopManusyercs: mpeJcras-
JIEHHE O KOMITAKTHOCTH KaK O <«BBICOKOM» CXOJCTBE OOBEKTOB OJHOIO 00pasa JIpyr
C JIPYTOM U <«HU3KOM» CXOJICTBE C OOBEKTAMU JIPYTUX 0OPA30B.

s pemennst paccMaTpuBaeMOil 3aa9n HeOOXOINMO TIPHU COXPAHEHNN O0bHEK-
TOB oOpa3a B HaiiTn MHOXKeCTBO A yIAJIEHHBIX 00BEKTOB 00pa3a A mim, COOTBET-
CTBEHHO, MHOXKeCTBO A* = A\ A’ ocrasmmxcs 00'bEKTOB, Ha KOTOPOM JIOCTUIAETCSI
makcumyMm FRiS-kommakTHOCTH 0Opasa A:

1 7(a,B) — 7(a, A*)
H A") = — .

B kawecTBe MeTpHMKM T HCHOJIB3YETCS CPeIHee PacCTOsiHre OT o0bekTa ji0 k > 1
OomKafmmx 06bLEKTOB 0bpasa.

BeruucanreabHasi CJIOXKHOCTDH 3a31aun. JlokazarenncrBo NP-TtpyanocTn B
CIJIBHOM CMBbIC/IE 3aJIa9¥ IIeH3YPUPOBAHNS JAHHBIX BBIITOJHEHO CBEJIEHUEM W3BECT-
ot NP-mostHo#t 3a/1a91 0 BepITUHHOM MTOKPBHITHN Tpada K 3a/1ade BbIOOPa MTOIMHO-
2KeCTBa, Ha, KOTOPOM KOMIIAKTHOCTH 00pa3a MaKCHMAJIbHA.
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Bagaga BII (Bepmmunoe nokpsitue)|2|. Jan rpad G = (V, E) u nomoxuress-
Hoe tiesioe aucyo J < |V|. Umeercst s B rpade G BEPIIIHOE MOKPHITHE He bostee
yeM u3 J 3JIEMEHTOB, TO eCcTh Takoe mojMHoxkectso Vo C V., uro |V | < J u juist
KazkJ10ro pebpa {u,v} € E xors 6bl 0JJHA U3 BEPIIMH U WJIK U [IPUHAJJIEIKUT Vv'?

B [3] mokazana ciemyomast

Teopema. 3ajia9a MONCKA HAMMEHBIIErO BEPIIMHHOTO MOKPBITHS IIPOU3BOIHHO-
ro rpada G = (V,E) cBogurca K 3ajade BbIOOpa M3 HEKOTODPOH HCKYCCTBEHHOI
BbIOOPKH X MHO)KeCTBa 00beKTOB A* C A, Ha KOTOPOM JOCTUTAETCS MAKCUMYM
dynkumonaa H. [puuem Boibopka X crpourcs 1o G 3a NOJUHOMHUAIBHOE BPEMsI
U MMeeT MOJMHOMHUAJIBHOE KOJMUIeCTBO 00beKTOB oTHOcuTesbHo V| + |El. U B A*
couepxkurcs He menee (k + 1) obbekros obpasa A.

(k)
(4c)

Puc. 1.

Ha puc. 1 npusemeno mocrpoenue uckyccrBeHHOi BbIOOpKU X 1o rpady G,
COCTOSITIIEMY W3 YeThIpeX BepIIMH. PAcCCTOSHUS MEXKJY OObEKTAMU BHYTPU TPYIII
YEePHBIX 1 OEJIBIX O0BEKTOB PABHBI " U Ty, COOTBETCTBEHHO. [ 7 1 19 IIpu JTIOO0M
k € N u sobom mostozkuTeabHoM 71 € (Q BBITOJHAIOTCS CJIe/IyTONINe HEPABEHCTBA:

r—r To —T1
r+ry  2krg —mro+ 11

O<r<ry <ryg<2r > 0.

Tak kak A = A \ A* TO U3 JOKA3aHHON TEOPEMbI [IOJIY IUM

CiiencrBue. 3aa4da IOMCKa A=A \ A* — MHOXKeCTBa yIaJseMblX 00bEKTOB-
BBIOpOCOB oOpa3a A sBisiercss NP-TpyaHOif.

Tlokazana NP-TpysHOCTH B CHJIBHOM CMBIC/IE SKCTPEMAaJbHON 3aja4u IOUCKA
MHOXKECTBA, Ha KOTOPOM JIOCTUTAETCSI COIJIACHO 33 AHHOMY KPUTEPHUI0 MaKCUMYM
OIIEHKHW KOMIAKTHOCTU obOpasza. UTo 03HAYAET TPYIHOPENIAeMOCThH COOTBETCTBYIO-
meit mpobJ/IeMbl aHAJN3a JMAHHBIX U ODOCHOBBLIBAET MPUMEHEHUE DPA3IUIHBIX IBPU-
CTUYIECKUX aJITOPUTMOB JIJIsI PEIeHNs 3aJ1a9 eH3YPUPOBHUS JAHHBIX, B KOTOPBIX B
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KadeCTBE KOJUIECTBEHHON OIEHKN KOMITAKTHOCTU 0OpPa30B MCIIOIb3YyeTCsT (DYHKITHS

KOHKYDPEHTHOTO ¢XoieTBa [4, 5.

Pa6ota BbinosiHeHa B paMkax rocygapersernoro 3aganus UM CO PAH (ipoekTs

Ne 0314-2019-0015, Ne 0314-2019-0014).
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Computational complexity of data cleaning problem

Kutnenko Olga'*« olga@math.nsc.ru
Plyasunov Alexander'? apljas@math.nsc.ru
'Novosibirsk, Sobolev Institute of Mathematics

2Novosibirsk, Novosibirsk State University

In the modern world the development of technologies leads to the exponential
rate of the information volume growth in the variety of areas, which on one hand
provides new opportunities for solving various applied problems but on the other
hand increases the risk of error appearance in the analyzed data. Therefore, the
problem of data cleaning is currently relevant in solving a variety of problems.

The problem of cleaning the training sample, represented by the objects of two
classes, from noise objects of only one class is considered. Problems of this type
arise, in particular, in the analysis of the biomedical data which requires the complete
preservation of the data of one of the images. The elimination of incorrectly classified
objects (or outlier objects) from the training sample is carried out by the analysis of
the local neighborhood of the objects. This approach is based on the hypothesis of
local compactness. The local compactness of the image is evaluated quantitatively
using the function of rival similarity which is successfully used in cognitive data
analysis for solving various applied problems.

Cleaning outliers by the function of rival similarity. To obtain a quantita-
tive estimate of the compactness of images in a fixed feature space, the FRiS-function
(Function of Rival Similarity)[2], is used to formalize the idea of compactness as
“high” similarity of the objects of one image and their “low” similarity to the ob-
jects of other images.

To solve the problem under consideration, we need, while preserving the objects
of the image B, to find the set A’ of deleted objects of the image A or, respectively,
the set A* = A\ A’ of the remaining objects, at which the maximum of FRiS-
compactness of the image A is attained:

(0, A"
amA) = 3 T e A

aEA*

As the metric 7, we use the average distance to k > 1 nearest objects of the image.

Computational complexity of the problem. We carry out the proof of
NP-hardness in the strong sense of the data censoring problem by reducing the well-
known NP-complete vertex cover problem of a graph to the problem of selecting a
subset on which the compactness of the image will attain the maximum.

Problem VC (vertex cover)[3]. A graph G = (V,FE) and a positive integer
number J < |V are given. Is there a vertex cover of at most J elements in G, i.e., a
subset V' C V such that |V'| < J and for each edge {u,v} € E at least one vertex
u or v belongs V'?
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In [3] we proved the following

Theorem. The problem of finding the minimum vertex cover of an arbitrary
graph G = (V, E) is reduced to the problem of choosing some set of objects A* C
A from some artificial sample X at which the maximum of the functional H is
attained. In this case, the sample X is constructed from G in polynomial time and
has polynomially many objects with respect to |V|+ |E|, while A* contains at least
(k4 1) objects of the image A.

Fig. 1.

Figure 1 shows the construction of an artificial sample X over a graph G con-
sisting of four vertices. The distances between objects within the groups of black
and white objects are equal to r and rq, respectively. For r and 7o, for any k € N
and any positive r; € Q, the following inequalities hold:

r—rnry ro — 71

O<r<ry<ryg<?2r > 0.
! 2 r+r1+2kr277'2+7“1

Since A" = A \ A* the above theorem yields

Corollary. The problem of searching for the set A=A \ A* of the eliminated
outliers of the image A is NP-hard.

We show NP-hardness in the strong sense of the extremal problem of searching
for a set on which the maximum estimate of the compactness of the image is achieved
according to a specified criterion. That means the intractability of the corresponding
problem of data analysis and justifies the usage of various heuristic algorithms for
solving data censoring problems, in which the function of rival similarity is used as
a quantitative assessment of the compactness of images [5, 6].

The authors were supported by the State Task to the Sobolev Institute of Math-
ematics (projects nos. 0314-2019-0015 and 0314-2019-0014).

1]
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NurepBaibHble CHCTEMBI JUMHEHHBIX anrebpandeckux ypashenuit (MICJIAY) sB-
JISIFOTCsI €CTECTBEHHBIM MHCTPYMEHTOM CO3JIaHUsI MOJeJIeil U aJropuTMoB 06paboT-
KU JIAHHBIX C MHTEPBAJILHON HEOIPE/IeIEHHOCTBIO. B 0bIeM cityvae HOucK caaboix
pewenuii ICJIAY asnsierca N P-tpyauoii 3agadeit [1], uro caepkuBaer ux mupo-
KOe BHEJIpEHNE B IPAKTUKY MOJIEJIMPOBAHUS W aHAJIN3a JTAHHBIX. B TO »Ke BpeMms,
KaK JaCTO MOKA3BIBAET DEIeHNe TTPAKTUIECKUX (MHYKEHEPHBIX) 3a/1a9 TTOCTPOEHUs
JINHEIHHBIX 3aBUCUMOCTEIN 110 9KCIIepUMEHTAJIbHBIM JIAHHBIM C HHTEPBAJIbHOI Heolpe-
JIEJIEHHOCTBIO, JIOIYCTUMOE MHOKECTBO nepeonpesesennoit UCJTAY okaspiBaercs 1)
BBIILYKJIBIM MHOTOI'DAHHUKOM, IIEJTUKOM JIEYKAIIEM B HEKOTOPOM OPTaHTE 7M-MEPHOTO
IPOCTPAHCTBA U 2) ¢ POCTOM YHCJIA YKCIEPUMEHTOB CTATUBAIOIIEMCH B TOYKY, COB-
[AJIAONILYIO0 ¢ UCTHHHBIM BEKTOPOM K03 dunuenTos juHeiinoi mojgesu. Cpoitcrso 2)
SIBJISIETCST AHAJIOTOM CBOMCTBA COCTOSITEIbHOCTH CTATHCTHIECKO MOJIEIH, B TO BPEMs
KaK CBOHCTBO 1) BO-IIEPBBIX, FAPAHTUPYET IIOJUHOMUAIBHYIO TPYI0EMKOCTD OMCKA
cnabbix pemennii ICJTAY (¢ ucnosb3oBaHueM METOJOB JIMHEHHOIO IPOrPAMMUPO-
BaHUs), U BO-BTODBIX, dABJISETCS AHAJIOIOM CBOHCTBA CTATHCTUYECKOH 3HAYMMOCTH
KO3 PUIMEHTOB CTATUCTUIECKON JTMHEHHOW Mogenu. B mokmame OyayT mpemioxe-
HbI HEM3BECTHBIE PaHee JIETKO IIPOBePsieMble JIOCTATOYHBIE YCJIOBUS IIPUHA/JIE?KHOCTH
JIOIyCcTUMOro MHOX)KecTBa KOHKpeTHOU VCJIAY MHOXKeCTBY BBIILYKJIBIX MHOTI'OI'DAH-
HUKOB, TIEJINKOM JIEZKAIIAX B HEKOTOPOM OPTAHTE, KOTOPBIE OJTHOBPEMEHHO SBJISTEOTCS
JIOCTATOYHBIME YCJIOBUSIME [TOJIMHOMUAJILHON cyioykuocTr pernenus nannoit TCJTAY.

[Tycrs UCJTAY 3asiana COBOKYITHOCTBIO YCIOBUM

Az =b, ASA<A, b<b<b, (1)
rae A, A € R™*" — 3ananubie MaTpuIpl; b, b € R™ — 3a/1aHHBIe BEKTOPHI, TAKHE UTO
A<A b<b AcR™" 2 € R" bcR™ — menssecTnsie (MOIeXKAIIHe OIIpeIeIIe-

HUIO) MaTpuIia u BeKTopbl, A # A, b # b, m > n. 3amerum, 910 B GOJIBLIIUHCTBE IPU-

KJIQJTHBIX UCCJICJIOBAHMIA B TIEHTPE BHUMAHUST OKA3BIBAETCS TOJIHKO JONYCMUMOe MHO-
. - ”
arcecmeo ICJTAY, onpesensiemoe kak X = {:c ’34 SA<ADLLbLb Ax = b}.

SxsusasentHoe (1) npescrasienne NCJIAY MoxeT GBITH 3aIIICAHO C TOMOIIBIO
cpednets mampuyvt A, = %(4 + A), mampuys paduycos A, = %(A — A), cpedneeo

eexmopa b, = %(b +b) u 6exmopa paduycos b, = %(5 -b) 1]

Bcepoccuiickast kougepennuss MMPO-20. Poccusi, r. Mocksa, 7—10 gexkabps 2021 r.
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NCJTAY 1peicTaBIIslioTCst €CTeCTECTBEHHOM MOJEJIBIO TIOCTPOCHMST JIMHEHBIX 3a-
BUCUMOCTEHH 110 TAHHBIM, 00JIAIAI0IIIM HHTEPBATbHON HEOIPEIeIeHHOCTRIO (CM., Ha~
upumep [2, 3, 4]).

[Tycts & = Alb. — HOpMaJIbHOE MCEBIOPEIIEeHIe HECOBMECTHOMN MepeoIpeIeeH-
HOil cucrembl A.x =2 b, Ab. = b, — A.T — €€ HeBA3Ka ¢ MUHUMAJILHON €BKJIMIOBOI
Hopmoit, AT — cooTBeTCTBYIOMAS TICEBI00OPATHAST MATPUIIA, U BBIIOJIHAIOTCH YCIIO-
sus AlZ < bl —A%2% < —b2, rye ¢ TOUHOCTBIO 10 HEKOTODOii MEPECTAHOBKU CTPOK
A, u 351eMeHTOB b,

Al pl
Ac = A2 y be = bg
C
Bgesiem obo3nauenus:
A A Al 7 A bl A
Ac = _22 , be = _gg , S = diag (sign (1)),

X 2 {z|(Ac — AS)x < be+ by, (—Ap— ApS)z < —be+ by},
1 — n-MepHBIT BEKTOP, COCTOSIIINN U3 eIMHUTI,
A

0.5, — MEHEMAJIBHOE CHHIYJISPHOE YHCJIO MATPUIBIA, |
Ay
Opan — MAKCHMAJIbHOE CHHIYIIAPHOE YHCIO MAaTPUIBIA,.,

|| - || obo3HAaUaET €BKINIOBY BEKTOPHYIO HODMY.

CupageinBa CJIeayomast

Teopema 1. Ilycrs souroamsiorcs yciaosus rank (A.) = n, omm > ollr  SE >0,

min |3, > o ( ||| + HAb I+ Hb , CHCTEMBI HEPABEHCTB
j=1,..n 7 O~ Tmhx m"‘xéA T x < b jL (2)
(A + A.S)z < b + b, 3)

COBMECTHBI H CYIECTBYeT cKasap 0 > 0 Takoi, 4To cHcTeMa JHHEHHLIX Hepa-
BeHCTB St > 10, sBIsieTcs caejqcrBueM Kak cucreMbl (2) tak u cucremsl (3). Torna

1. Bce 2" cucreMm JIMHEHHBIX HEPABEHCTB
(A, — A.S)x < b. + by, (4)
rae S — juaroHaJbHAas MATPHIEA HOPSJAKA N C S0eMeHTaMu +1 Ha JquaroHa,
COBMECTHBI.
2. CymecTByeT cKaJsip ) TakKoi, 9TO cucTeMa JIMHEHHBIX HEPABEHCTB ST > 15 SB-
JISETCS CIEJCTBHEM JIIOOO0H CHCTEMbI JIMHEHHbIX HepaBeHCTB Buja (4).

3. Mmuoxkecrso X coBmajaer ¢ MHOXKECTBOM X H, B CJIyYae HEILYCTOTHI, ITPEACTAB-
JIsieT COOOH BBIITYKJIBIH MHOTOIDAHHHUK, IIEJTHKOM JIEXKAIIUH CTPOrO BHYTPH Op-
TaHTa, OIPEAEITeMOr0 3HAKAMH JHATOHAJBHBIX SJIEMEHTOB MATDHIBI S, T.€.,

Ve e X = Sz > 0.

Hecioxxuo 3aMeTuThb, 910 yC/I0BUST TEOPEMBI 1 ITPOBEPSIIOTCs 38 MOJTMHOMUAAIBHOE
BpeMsI CPEICTBAMHU BBIYUCIUTEILHON JTMHEHHOW aaredphbl U JTUHEHHOTO IPOrpaMMIU-
pOBaHus.
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Sufficient conditions for the polynomial complexity of solving
interval systems of linear algebraic equations in problems of
constructing linear dependencies with interval uncertainty of data
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Sotnikov Sergey* svsotinkov66@gmail. com

!Saint-Petersburg, A.F. Mozhaysky Military-Space Academy

Interval systems of linear algebraic equations (ISLAE) are a natural tool for
creating models and algorithms for processing data with interval uncertainty. In
general, the search for weak solutions is a N P-hard problem [1], which hinders their
widespread introduction into the practice of modeling and data analysis. At the
same time, as the solution of practical (engineering) problems of constructing linear
dependencies based on experimental data with interval uncertainty often shows, the
permissible set of the redefined ISLAE turns out to be 1) a convex polyhedron ly-
ing entirely in some orthant of the n-dimensional space and 2) with an increase in
the number of experiments, shrinking to a point coinciding with the true vector of
the coefficients of the linear model. Property 2) is an analogue of the consistency
property of the statistical model, while property 1) firstly, guarantees the polyno-
mial complexity of finding weak solutions to the problem (using linear programming
methods), and secondly, is an analogue of the statistical significance property of the
coefficients of the statistical linear model. The report will propose previously un-
known, easily verifiable sufficient conditions for the membership of an admissible set
of a particular ISLAE to a set of convex polyhedra lying entirely in some orthant,
which at the same time are sufficient conditions for the polynomial complexity of
solving this ISLAE.

Let ISLAE be given by a set of conditions

Az =b, A< A<A b<b<b, (1)
where A, A € R™*™ are the given matrices; b,b € R™ are given vectors such
that A < A, b < by A € R™" z € R", b € R™ are unknown (to be de-
termined) matrix and vectors, A # A, b # b, m > n. Note that in most ap-
plied research, the focus is only on the allowable set of the ISLAE, defined as
x2{a[3a<a<ab<p<bar=o}.

An equivalent (1) representation of ISLAE can be written using middle matriz
A, = L(A+ A), radius matrices A, = L(A — A), middle vector b, = 1(b+ b) and

radius vectors b, = (b —b) [1]. To ISLAE seem to be a natural model for construct-

ing linear dependencies based on data with interval uncertainty (see, for example
(2, 3, 4]).
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Let & = ATb. be a normal pseudo-solution of an incompatible redefined system
Acx =2 b., Ab. = b, — A.Z is its residual with the minimum Euclidean norm7 AT is

the corresponding pseudo-return matrix and the conditions AL# < b, —A2% < —b2,
where with accuracy up to some rg}u ation of 1})6[' ws of A and elementb of b,
A TAQ ) bc b2 :r

Let’s introduce the notation:

't A Al T bl A . . A
Ac = _22 y be = _52 , S = diag (Slgn (I))a

>

X 2 {z](Ac — AS)x < be + by, (—Ac — AS)z < —be + by},
1 is ann-dimensional vector consisting of units,

or‘gm is the minimum singular number of the matrixA. ,

A

O I8 the maximum singular number of the matrixA4,.,

[| - || denotes the Euclidean vector norm.

The following is true

Theorem 1. Let the conditions be fulfilled rank (A.) = n, o > o/ S >0,

min |Z;] > % (UmaXH H 4 Uabell | Hb ), systems of inequalities
i=1,....,n O~ Omax o AUSB‘I' < b, + . (2)
(AC + A,.8)x < b+ b, (3)

are compatible and there exists a scalar § > 0 such that the system of linear
inequalities Sz > 16 is a consequence of both the system (2) and the system (3).
Then

1. All 2™ systems of linear inequalities
(Ao — A.S)x < b + by, (4)
where S is a diagonal matrix of order n with elements +1 on the diagonal, are
compatible.

2. There exists a scalar 6 such that the system of linear inequalities Sz > 16 is a
consequence of any system of linear inequalities of the form (4).

3. The set X coincides with the set X and, in the case of non-emptiness, is a convex
polyhedron lying entirely strictly inside the orthant defined by the signs of the
diagonal elements of the matrix S, i.e., Vx € X = Sx > 0.

It is easy to notice that the conditions of the theorem 1 are checked in polynomial

time by means of computational linear algebra and linear programming.

[1] Fiedler M., Nedoma J., Ramik J., Rohn J., Zimmerman K. Linear optimization prob-
lems with inexact data // Springer, 2006. 224 p.

[2] Voshchinin A. P., Bokov A. F., Sotirov G. R. Method of data analysis in case of interval
non-statistical error // Zavod. lab., 1990. Vol. 56(7). Pp. 76-81.
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MNMopoxxageHne LueNOYUCNEHHbIX aJIFTOPUTMOB FeHeTUYeCKUMun
mMeTogamu
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2r.MBanoso TK «ITudpas

[Ipemyoxken n pazpaboTan METOJI T€HEPAINK IIPOIPAMMBI HA HA3BIKE IITPOrDAM-
MupoBanus «PopTy», peasm3yroneil 3aJaHHbIil aJropuT™. AJITOPUTM MOJIydaeT Ha
BXO/Ie HAOOP M3 HECKOJILKUX IMEIbIX IeThIPEXOANTOBBIX YHCEJ U BO3BPAIACT HEKO-
TOpBIN APYroil Habop. AJITOPUTM 3aJa€TCsl MpUMepaMu ¢Boeil paboTbl (Tecramu).
Hanpuwmep:
cymma kBajpaTos [CopTupoBka Tpex duceaPakropuat
TPeX IEeJIbIX IUCeT

1,2,3-> 14 3,2,0-- 0,2 3 0, > 1
0,2,3->13 11,-2,3->-2,-1,3 |l->1
1,1, -1-> 3 2,1, 1,->1,1,2

12 -> 479001600
Bousee nogpobuoe onucanue MozkHO HaiiTu B [1].

HAzbik Popt. Bee paccmarpuBaembre HyHKIIE OYIyT paboTaTh CO CTEKOM JIaH-
HBIX. B creke xpaHsaTca TOJMBKO 4-OaiitoBble 1esbie dncia. Oyuknun B Popre He
UMeroT apryMmenToB. Vcxonnable maHHbIe OHM OEPYT M3 CTEKA W TaM K€ OCTABJISAIOT
pe3yIbTATHI CBOEH pabOTHI.

MI)I HCIIOJIB3YyEeM HE€ BECHb A3BIK <<(POpT>>7 a JINIIb €ero He6OJ'HDHIyIO JaCTb: KOMaH/IbI
manumyasanuu co crekom (DUP DROP ...), apudwmeruka: (+ - * ...), Gurosbie
omepaIun, CpaBHEHMs, a TAKXKe KOHCTAHTBI, YCJOBHBIC W O€3yCJOBHBIC EPEXOIbI.
OO611ee KOMMIECTBO MCXOMHBIX KOMAHIT — 32.

Hinke npuseiensl mpuMeps! IByX Iporpamm Ha si3bike Popt, peasn3yonux cyM-
My KBaJIpaTOB JIByX YHCEJ U (PaKTOPUA:

SUMSQ2 DUP * SWAP DUP * + ;
FACTORIAL CONST 1 OVER -- -ROT * OVER IF -6 SWAP DROP ;

ITouck mporpaMmbl, peasn3yrolieil aJITOPUTM BBIIOJHAETCS B HECKOJIBKO ITAr0B.

[Tar 1. Iommerit mepebop. Tak Kak MCXOMHBIX KOMAHL 32, HA OIHOSIEPHOM IIPO-
[IECCOPE 3a HECKOJbKO MHUHYT MOXKHO Iiepedparh Bce (-0ailToBbIE IIPOrpaMMBbI, UX
okoJi0 MuLtHap/a. Ha mosabtit mepebop Bcex N-6afiTOBBIX KOMAHJ TpeOyeTcs MpH-
Mepio 32V =7 4acoB HpPOIECCOPHOrO BPEMEHH.

Iar 2. BepogTHocTHbI 1 MapKoBcKuil moaxo. Ha mepBom mare, jgaxe ecian e
Y/IAJ0Ch HAWTH MCKOMYIO IPOTDAMMY, ITOJIYyIaeM «9IaCTUIHbBIE IPOTPAMMBI», TO €CTh
BBITIOJTHSIIONINE HEe BECh TECT, a JIUIIb ero JacTh. Ha nx ocHoBe hopMupyeMm TabIuILy
BEPOSITHOCTEH TOSIBIIEHUST KayK 10 KOMaH/Ibl B IporpaMMe (BepOsiTHOCTHBIH MOIXOT)
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U BEPOATHOCTU KOMAaH/I IIOCJIE U3BECTHON IIpe by e (MapKOBCKI/IfI HO,D;XO,ZI;). Ecim
7K€ TAKUX [IPOI'PaMM HET COBCEM, MJIM UX CJIUIIKOM MAJIO, TO HAIIl METOJ HEIIPUMEHUM
K JIAHHOMY AJIPOPUTMY.

ITIo nmocrpoeHHbIM TabIHUIIAM MOXKHO N€HEPHUPOBATH ITPOIPAMMBI BBIIOJTHSIOIIIE
6ostbITyIo 10110 TecToB. Ha mepBoM mmiare Mbl mepebpasim Bee MPOrpPaMMbl JJIHHOM
< 6. Temepn Oymem mocse0BaTeIbHO TEHEPUPOBATEH IIPOrPAMMBI JJIMHBI OT 7 710 14
C IIOMOIIBIO BEPOSITHOCTHOIO U MAPKOBCKOI'O METOJ@ B TEUYEHUU 3aJ@HHOIO IIPOMe-
KyTKa BpeMmeHU. 1o ero mcredeHuun repecTpouM TabJIAILy YacTOT JJIsl €€ JIyUIIero
COOTBETCTBHUS PeraeMoii 3aiade. B Halieil cucremMe 3ToT poIece OBTOPSIETCs 8 pas.

[Tar 3. «lemermka». Ecam mckomas mporpaMMa He HaiijieHa, TO CpPeINd UMEIO-
IIIXCS «IACTUIHBIX IPOrPAMM>» HAIeM HECKOIHLKO HANDOJIee 9acTO BCTPEIAIONTIXCS
KOPPEKTHBIX IOIIOCIEI0BATELHOCTEN MIHHBL > 2. By/ieM mx Ha3bIBaTh «KaHIM 1A~
TaMU B T'€HBI».

3pik POpPT MO3BOJISIET JIETKO PACIHIUPUTH CBOIl CJIOBaph — CIUCOK MMEROIIIXCST
KOMaH/I, («P€HOM» ) ¢ HOMOIIBIO JIIOObIX 33JAHHBIX KOPPEKTHBIX HOIIIPOrPAMM.

Brenem momsitue «kadecTBay caoBaps: 00Iee KOJIMIECTBO BBITOJTHEHHBIX TECTO-
BBIX JIEMEHTOB Ha OJIMH MUIJLINOH CT€HEPUPOBAHHBIX [IPOTPAMM B 9TOM CJIOBAPE.

Bynem mo-odepesan 106aBasgTL B CJA0BAph OJHOTO U3 KAHIXIATOB. Ecam Kade-
CTBO CJIOBapsl HE YLy 4IIUI0Ch, TO JAHHOTO KaHiIaTa OTKJIOHsIeM. VHade epeBoumM
«KaH/IMIATa» B «IJIEHBI» CJIOBapsi U MOBTOPsieM mporiecc. Ilpu aTom cpen ciieryio-
IIIIX, BHOBb MOSBJISIONINXCSA KAHIAIATOB OCTAB/ISAEM TOJBKO TE€X, KOTOPhIE DaHee He
BCTPEJAJINCE.

Pesyabrarer. [Ipejgoxkenasiv MeTonoM (He Gosiee 0OJHOIO 4Yaca Ha LIPOrPaM-
MY) Y/IaJIOCh OTBICKATH IIPOIPAMMBI, PEATU3YIOIIIe CJIe/YIOIIIe aJllOPUTMbL: CyMMY
KBAJPATOB JBYX 1 TPEX YUCE]I, COPTUPOBKA JIBYX U TPEX YUCEJI, MAKCUMYM / MEHUMY M
aByx u tpéx gucen, GCD, dakropuast, bunomuasibabie KodhduimerTsl, ducia Pu-
OOHAYTYIN, BRIYNUCICHUE 3HAYEHNsT MHOTOUYJICHA [IEPBOiT 1 BTOPOIt crereHu. Bee OysieBb
dyuxnun ot 2, 3 u 4 aprymMenToB, IOYTH BCE PACCMOTPEHHBIE OyJIeBbl (DYHKIUH OT 5
aprymMenToB (Bce pacCMOTpeTh He yjaercs, nx 232 mryk). JlecsaTHIHbIe U JBOUTHbIE
mdpbl gncaa (Cymma, MakeuMyM U T..). 3ajgada Kosutarna (3n + 1), HO jumb B
JiBa dTala (¢ I0JCKa3Koil).

Hawubosee ciioxubie 13 TOCTPOEHHBIX ITpOrpaMM uMmeroT jyumny 12,13, 14, s1o 6u-
HOMHUAIbHBIE KOIDDUIMEHTDI, HEKOTOPbIE OYIeBbI (DYHKIINNA U MHOTOYUICHBI.

[1] Khashin S., Vaganov S. Genetic Algorithms Using Forth // Infromational Technoligies,

2020. Vol. 26(1). Pp. 3-8.
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Generation of integer algorithms by genetic method
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A method for generating a program in the ”"Fort” programming language that
implements the given algorithm is proposed and developed. The algorithm takes as
input a sequence of several four-byte integers and returns some other sequence. The
algorithm is set by examples of its work (tests). For example:
the sum of the [Sorting three numbersFactorial
of three integers

1,2,3 514 j3,20-0,23 01
0,2,3—>13 [1,2,35-2,-1,3 [l—>1
1, 1,-1 =3 [,1,1—>1,1,2

)

12 — 479001600
A more detailed description can be found in [1].
Fort language. All considered functions will work with the data stack. Only
4-byte integers are stored on the stack. Functions in Fort have no arguments. They
take the source data from the stack and leave the results of their work there.

Of course, we do not take the whole language jjFort;;, but only a small part
of it: stack manipulation commands, arithmetic, bitwise, comparison, constants,
conditional and unconditional jumps. Total number of source commands — 32.

Here are two examples of Fort programs that implement the sum of squares of
two numbers and the factorial:

: SUMSQ2 DUP * SWAP DUP * + ;
: FACTORIAL CONST 1 OVER -- -ROT * OVER IF -6 SWAP DROP ;

The search for a program that implements the given algorithm is performed in
several steps.

Step 1. ”Brute force”, that is, a complete bust. Since the source commands
are 32, on a single-core processor in a few minutes you can iterate over all 6-byte
programs, there are about a billion of them. It takes approximately 32V =7 hours of
CPU time to fully iterate through all N-byte commands.

Step 2. Probabilistic and Markov approach. At the first step, even if the desired
program could not be found, we get ”partial programs”, that is, not performing the
entire test, but only part of it. After the first step, we heave several hundred of the
best partial programs. Based on them, we can understand which of the available
commands are more suitable for our task, and which are less. If there are no such
programs at all, or there are too few of them, then our method is not applicable to
this algorithm.
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More precisely, we form a table of the probability of each command appearing
in the program (probabilistic approach) and the probability of a command after the
known previous one (Markov approach).

Having these tables, it is possible to generate programs better suited to our task.
In the first step, we itgerate through all the programs with a length of < 6. Now
we will consistently generate programs of length from 7 to 12 or even 14 using the
probabilistic and/or Markov method for a given of time. After that, we rebuild the
frequency table to better match the problem being solved. In our system, this is
repeated for 8 time slices.

Step 3. ”Genetics”. If the desired program is not found after step 2, then inside
the available ”partial programs” we will find several most frequently encountered
correct subsequences of lengths > 3. We will call them ”the gene candidates”.

The Fort language makes it easy to expand your dictionary — the list of available
words (”genome”) using any given correct subroutines. However, it is not necessary
to add all ”candidates” at once.

Let’s introduce the concept of ”quality” of the dictionary: the total number of
executed test items per one million generated programs in this dictionary.

We will add one of the candidates to the dictionary one by one. If the quality
of the dictionary has not increased, then this candidate is discarded. Otherwise,
we converse the ”candidate” into the "members” of the dictionary and repeat the
process. At the same time, among the following candidates, we leave only those who
have not met before.

Results. Using the proposed method (no more than one hour per program), we
were able to find programs that implement the following algorithms. Sum of squares
of two and three numbers, sorting of two and three numbers, maximum/minimum
of two and three numbers, GCD, factorial, binomial coefficients, Fibonacci numbers,
calculation of the value of a polynomial of the first and second degree. ALL Boolean
functionsof 2, 3 and 4 arguments, almost all considered Boolean functions of 5 argu-
ments (it is not possible to consider all of them, there are 232 pieces). Decimal and
binary digits of a number (sum, maximum, etc.). The Collatz problem (3n+ 1), but
only in two stages (with a hint).

The most complex of the constructed programs have a length of 12,13, 14, these
are binomial coefficients, some Boolean functions and polynomials.

[1] Khashin S., Vaganov S. Genetic Algorithms Using Forth // Infromational Technoligies,

2020. Vol. 26(1). Pp. 3-8.
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Huarpamma Boponoro (/IB) koHedHOro MHOYKECTBaA IIPOCTBIX HELIEPECEKAIOIIXC S
MHOTOYTOJIbHUKOB, HA3BIBAEMBIX CafiTaMi, ecTh pa30HeHne MI0CKOCTH Ha JIOKYChI —
00J1aCTH, B KOTOPBIX PACCTOsIHUE OT BCEX TOYEK JI0 JAHHOTO CaiiTa He IIPEeBOCXOJINT
paccTostHus JI0 Apyrux caittoB. Habop MHONOYroJIbHUKOB sIBJISIETCSI YHUBEPCAIBHOIM
MOJIEIBIO JIIsl MHOTHMX MPUKJIAIHBIX 3aJa9 B TeXHUKe, reonHdopMaTuke, au3aiite,
KOMITBIOTEPHOM 3PEHNH 1 rpaduke.

IToctpoenne /IB MHOTOyTrOJLHHKOB OOBITHO OCYIIECTBJISIETCS Ha OCHOBE PETyK-
1Y — CBeJIeHUs K 3ajatde nocrpoenus JIB oTpe3kos, /st KOTOPOil cymecTByoT 3¢h-
dexrusanie O(nlogn) aaropuTMbl st 1 CARTOB-OTPE3KOB. PejyKius BKIIOYaeT
1pe1I0OpaboTKy — 0Opa3oBaHUE OTPE3KOB U3 CTOPOH MHOTOYTOJIBHUKOB, U IOCTO-
6paboTKy — MOCTPOEHUE JIOKYCOB MHOTOYTOJIBHUKOB IyTEM OObLEIMHEHUS JIOKYCOB
CTOPOH KazKJIOTO MHOTOYToJIbHUKA. [Ipyu TakoM MoJIxo/e He YIUTHIBAIOTCS JIBA CIIe-
nuUIECKUX CBOMCTBA MOy Y€HHBIX CAWTOB-OTPE3KOB. BO-TIEPBBIX, BCE 9TU OTPE3KH
[IOTIAPHO COEJIMHSIOTCS B BEPIIMHAX MHOIOYTIOJIBHUKOB. A BO-BTODPBIX, 110 OJHY CTO-
POHY KaXKJIOr0 OTPE3Ka JIEXKUT BHYTPEHHOCTb MHOT'OYTOJIbHIKA, KOTOPasi 3aBEI0MO
BXOJUT B ero Jiokyc. Vcrnonapb3oBanue 3TUX CBOWCTB B ajroputrme mocrpoenust JIB
MHOTOYTOJIbHUKOB SIBJISIETCSI PECYPCOM JIJIsT COKPAIIEHUST BHIYUCICHUI.

B nanmoMm mokitajie mpeacTaB/ieH aaropuTM IpsaMoro noctpoenns /IB s nabopa
CaliTOB-MHOI'OyT'OJIBHUKOB. AJIFOPUTM OCHOBAaH Ha MapajurMe ILJIOCKOIO 3aMeTaHUs,
O3BOJIsTOIIEl 9(PPEKTUBHO yIeCTh 3TU OCOOEHHOCTH.

Pemrenne Boimosasiercs na ocHoBe peaykiuu. [IpegobpaboTka cOCTOUT B TOCTPO-
€HUH MHOYKECTBa CARTOB-3JIEMEHTOB U3 BEPINUH U CTOPOH MHOTOYTOJIbHUKOB. Y KarK-
JIOTO 3JIEMEHTa 33JIaHa OPUEHTAINSI, OIPEJIEISTIONIAsl, ¢ KAKOH CTOPOHBI OT HEro HAXO-
JIATCSI BHY TPEHHOCTHh MHOTOYTOJIbHUKA. [Ipe/itoxken asroputsm nmocrpoenust /B mHO-
JKECTBa, OPUEHTUPOBAHHBIX CAITOB-3/IEMEHTOB, OCHOBaHHBIII Ha ITapaJurMe IIJI0CKOro
zameranusi. [Toctobpaborka cocrout B BbleeHnn pédep mosryuennoit /1B, obpaszo-
BAHHBIX [MEHTPAMHU IIYCTHIX KPYTOB, KACAIOMIUXCS PA3HBIX MHOTOYTOJIHLHIKOB.

Beprukasibras 3ameTaroniast mpsiMast JIBUKETCsI CIeBa HAIPaBO, IePeceKast B IIPo-
1ecce JIBUXKEHUs BCe CAlThI-MHOTOYTOJIBHUKA. [IpsiMast pa3duBaeT mI0CKOCTb Ha Jie-
BYIO U I[IPaBYIO IMOJIYILIOCKOCTU. KaKkiasi ToYKa 3aMeTaroleil psMoii mMeeT B Jie-
BOIl MOJIYILIOCKOCTH KaCATEJIbHBIN IIyCTOW KPYT, KOTOPBII TaKyKe KacaeTCsl XOTs Obl
ojHoro cafita-smementa. Te Kpyru, KOTOpble KacalTCsd CafiTOB-3JIEMEHTOB C BHEII-
Heil CTOPOHDI, HA3BIBAIOTCS MAKCUMAJILHBIMU BHEITHUMHE ITyCThiMEU Kpyramu. OTpe-
30K 3aMeTaloMNIeil IPsiMOii, BCe TOYKU KOTOPOT'O UMEIOT MaKCUMAJIbHBIE BHEITHUE ITy-
CThle KPYI'H, KaCAOIINecs OJHOIO M TOIO Ke caiiTa-3jieMeHTa, Ha3bIBAeTCsl 30HOI

Bcepoccuiickast koagepennuss MMPO-20. Poccusi, r. Mocksa, 7—10 gexkabps 2021 r.
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Puc. 1. Craryc 3amerarommeit IpsaMoit

9TOrO 3JIeMEeHTa. 30HBI JIEMEHTOB MOI'YT UMETH [E€PECeYeHUs] TOJBKO B CBOUX KOH-
1eBbIX TouKax. OTpesku 3aMeraroleil MpsIMO, KOTOPBIE JIeXKaT BHYTPH CANTOB-
MHOI'OYTOJIbHUKOB, HA3BIBAIOTCH IIyCTHIMEU 30HaMU. Takum 0Opa3oM, BCs 3aMeTaro-
masi mpsiMast pasdbuBaercs Ha 30HbI. CTPYKTypa JAHHBIX, OIMUCHIBAIONIALA YIIOPSIO-
YEHHOE CHU3Y BBEPX MHOYKECTBO 30H, HA3BIBAETCS CTATYCOM 3aMETAIOMICH TPIMOI.
B mpumepe ma pumc. 1 mpesacrtaBieHsl aBa cafita-mHOroyroabauka. Ilndpamm ob6o-
3HAYEHBI CANTBI-9JIEMEHTBI: BEPIIMHBI MHOTOYTOJBHUKOB — CaliThl 1, 4, 5, 1 CTOPOHBI
MHOTOYTOJILHUKOB — 2, 3, 6, 7. HoMmep 30HBI IOKa3bIBaeT, K KAKOMY U3 IPOHYMEPOBaH-
HBIX CaflTOB OHa oTHOCHUTCs. llepedenb coOBITHIT TIpescTaBsieT cOO0il YyIOpsI0IeH-
HYIO ITOCJIEIOBATETFHOCTD TIOJIOZKEHUIT 3aMETAIOIIEH TPSIMOIii, B KOTOPBIX ITPOUCXO/IAT
MOPOK/JICHNE W YHUITOXKEHUE 30H.

Tlosbimmenne 3hPEKTUBHOCTU TIPEIATAEMOT0 AJTOPUTMA, TIJIOCKOTO 3aMETAHUS
10 cpaBHEHHIO ¢ obmmM asropurmoM Popuyna [1] gocTuraercst 3a CUET CIIeIyOMUX
[PUHIAITAATBHBIX PEIeHi.

1. Ajropurm crpout ToBKO Te pebpa B caiiToB-3/ieMeHTOB, KOTOPbIE HAXOJISIT-
Csl C BHEIITHEH CTOPOHBI CANTOB-MHOTOYTOJIbHUKOB. TakuM 00pasoM, UCIIOJIb30-
BaHUE KOHIEIINY OPUEHTUPOBAHHBIX CANTOB-3JIEMEHTOB IO3BOJIMIO M30EXKATH
noctpoennsi Toii yactu JIB orpe3koB, KOTOpash HAXOIUTCS BHYTPU CANTOB-
MHOT'OYTOJIbHIKOB.

2. Ilepedennb cOOBITHIT B METO/IE TIJIOCKOTO 3aMETAHUS MMEET OCOOEHHOCTD, KOTOPAast
orpeiesisieTcst CrenuuKOil TOCTPOEHHOI0 MHOXKECTBA CANTOB-3JIEMEHTOB: TI0J[aB-
JISTEOITee OOJIBITUHCTBO COOBITUI CBSI3aHO C TAK HA3BIBAEMBIMU ITPOXOIHBIMU BEP-
MITHAMEI MHOTOYTOJIbHUKOB, B KOTOPBIX OJHA M3 UHIIUIECHTHBIX UM CTOPOH JIEYKUT
Mo3aJIM, a JApyras — BIepean 3amerarorieil mpsimoit. [Ipemmaraemprit aaroputm
BBITIOJTHSIET 00PabOTKY TaKUX COOBITHI 3a KOHCTAHTHOE BPeMs, a He 3a Jiorapud-
MHUUeCKoe, Kak B obieM anropurme @opuysa [1].

IIpeoyKeHHBII AJITOPUTM PEAJN30BaH B MOJHOM OObeMe U MPOIIES IIPOBEPKY
Ha OOJILITIOM KOJIUYIECTBE MPUMEPOB. BbicoKast HAIEKHOCTD U 9 DEKTUBHOCTD AJIr0-
PUTMa TaK¥Ke IOATBEPIKIAETCsI BEIYUCTUTEIbHBIMU SKCIIEPUMEHTAMU CO CJIOXKHBIMU
MHOXKECTBAMU MHOT'OYTOJIbHUKOB, TIOJIyIY€HHBIMU B PE3Y/IbTaTe MOJUTIOHAJBHON arl-
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[IPOKCUMAIME OMHAPHBIX M300parKeHUil, BKIIIOYAIONUX HECKOJBKO THICAY CBIA3HBIX
KOMITOHEHT.

Ciiejlyer OTMETHTD, 9TO, HECMOTPSI HA 3HAYUTEJIbHOE BPEMs, IIPOIIIEJIIIee OC/Ie
nybamkaiun anaropurma Popuyna [1] B 1986 rojy, 1 Ha GOJBINOE YHCIIO MOCIEO-
BaBIMIUX IIyOJUKAINN, MOJHOMACIITAOHAS DPeau3allis STOTO AJTOPUTMA I IIPO-
M3BOJILHOTO MHOXKECTBA CAfTOB-OTPE3KOB He ObLIa ciesaHa. PazpaboTaHHbI HAMEI
AJICOPUTM BOCITOJIHSIET 3TOT MPOOEJI Jjisi BaXKHOTO YACTHOTO CJIydasl — MHOXKECTBA
CaliTOB-OTPE3KOB, 00PA30BAHHBIX CTOPOHAMU CAfTOB MHOIOYTOJIbHUKOB.

Pabora nopyepxkana rpantom PODPU No. 20-01-00664.

[1] Fortune S. A sweepline algorithm for Voronoi diagrams // Algorithmica, 1987. Vol. 2.

Pp. 153-174
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Voronoi Diagram (VD) of finite set of disjoint simple polygons, called sites, is a
partition of plane into loci (for each site at the locus) — regions, consisting of points
that are closer to a given site than to all other. Set of polygons is a universal model
for many applications in engineering, geoinformatics, design, computer vision and
graphics.

VD of polygons construction usually done with a reduction to task of constructing
VD of segments, for which there are effective O(nlogn) algorithms for n segments.
Preprocessing — constructing segments from polygons’ sides, and postprocessing —
polygon’s loci construction by merg<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>