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Âûâîä ôîðìóë ARTM èç îáùåãî ÅÌ-àëãîðèòìà

3 Ýêñïåðèìåíòû ñ ìîäåëÿìè PLSA, LDA
Ïðîáëåìà íåóñòîé÷èâîñòè (íà ñèíòåòè÷åñêèõ äàííûõ)
Ïðîáëåìà íåóñòîé÷èâîñòè (íà ðåàëüíûõ äàííûõ)
Ïðîáëåìà ïåðåîáó÷åíèÿ è ðîáàñòíûå ìîäåëè



Êëàññè÷åñêèå ìîäåëè PLSA, LDA
Òåîðèÿ EM-àëãîðèòìà

Ýêñïåðèìåíòû ñ ìîäåëÿìè PLSA, LDA

Ìîäåëü PLSA
Ìîäåëü LDA
Ìàêñèìèçàöèÿ àïîñòåðèîðíîé âåðîÿòíîñòè äëÿ LDA

Íàïîìèíàíèå. Çàäà÷à òåìàòè÷åñêîãî ìîäåëèðîâàíèÿ

Äàíî: êîëëåêöèÿ òåêñòîâûõ äîêóìåíòîâ

ndw � ÷àñòîòû òåðìîâ â äîêóìåíòàõ, p̂(w |d) = ndw
nd

Íàéòè: ïàðàìåòðû òåìàòè÷åñêîé ìîäåëè p(w |d) =
∑
t∈T

φwtθtd

φwt =p(w |t) � âåðîÿòíîñòè òåðìîâ w â êàæäîé òåìå t

θtd =p(t|d) � âåðîÿòíîñòè òåì t â êàæäîì äîêóìåíòå d

Ýòî çàäà÷à ñòîõàñòè÷åñêîãî ìàòðè÷íîãî ðàçëîæåíèÿ:
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA
Òåîðèÿ EM-àëãîðèòìà

Ýêñïåðèìåíòû ñ ìîäåëÿìè PLSA, LDA

Ìîäåëü PLSA
Ìîäåëü LDA
Ìàêñèìèçàöèÿ àïîñòåðèîðíîé âåðîÿòíîñòè äëÿ LDA

Íàïîìèíàíèå. PLSA (Probabilistic Latent Semantic Analysis)

Çàäà÷à ìàêñèìèçàöèè ëîãàðèôìà ïðàâäîïîäîáèÿ:∑
d ,w

ndw ln
∑
t

φwtθtd → max
Φ,Θ

EM-àëãîðèòì: ìåòîä ïðîñòîé èòåðàöèè äëÿ ñèñòåìû óðàâíåíèé

E-øàã:

M-øàã:



ptdw = norm
t∈T

(
φwtθtd

)
φwt = norm

w∈W

( ∑
d∈D

ndwptdw

)
θtd = norm

t∈T

( ∑
w∈d

ndwptdw

)
ãäå norm

t∈T
(xt) = max{xt ,0}∑

s∈T
max{xs ,0} � îïåðàöèÿ íîðìèðîâêè âåêòîðà.
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA
Òåîðèÿ EM-àëãîðèòìà

Ýêñïåðèìåíòû ñ ìîäåëÿìè PLSA, LDA

Ìîäåëü PLSA
Ìîäåëü LDA
Ìàêñèìèçàöèÿ àïîñòåðèîðíîé âåðîÿòíîñòè äëÿ LDA

Íåäîñòàòêè PLSA (è íåîáõîäèìîñòü åãî ðåãóëÿðèçàöèè)

1 Áîëüøàÿ ðàçìåðíîñòü ïðîñòðàíñòâà ïàðàìåòðîâ

2 ßêîáû èç-çà ýòîãî ñèëüíîå ïåðåîáó÷åíèå

3 ßêîáû íåâîçìîæíîñòü ìîäåëèðîâàíèÿ íîâûõ äîêóìåíòîâ

4 Íåò óïðàâëåíèÿ ðàçðåæåííîñòüþ Φ è Θ, ò.ê.
(â íà÷àëå φwt = 0) ⇔ (â ôèíàëå φwt = 0),
(â íà÷àëå θtd = 0) ⇔ (â ôèíàëå θtd = 0)

5 Íååäèíñòâåííîñòü è íåóñòîé÷èâîñòü ðåøåíèÿ:
åñëè ΦΘ � ðåøåíèå, òî (ΦS)(S−1Θ) � òîæå ðåøåíèå

6 Òåìû íå âñåãäà èíòåðïðåòèðóåìû

7 Íåò âûäåëåíèÿ íåòåìàòè÷åñêèõ (ôîíîâûõ) ñëîâ

8 Íå ÿñíî, êàê ó÷èòûâàòü äîïîëíèòåëüíóþ èíôîðìàöèþ

Blei D., Ng A., Jordan M. Latent Dirichlet Allocation. JMLR, 2003.
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA
Òåîðèÿ EM-àëãîðèòìà

Ýêñïåðèìåíòû ñ ìîäåëÿìè PLSA, LDA

Ìîäåëü PLSA
Ìîäåëü LDA
Ìàêñèìèçàöèÿ àïîñòåðèîðíîé âåðîÿòíîñòè äëÿ LDA

Ãèïîòåçà îá àïðèîðíûõ ðàñïðåäåëåíèÿõ Äèðèõëå

Ãèïîòåçà: âåêòîð-ñòîëáöû φt = (φwt)w∈W è θd = (θtd)t∈T
ïîðîæäàþòñÿ ðàñïðåäåëåíèÿìè Äèðèõëå, α ∈ R|T |, β ∈ R|W |:

Dir(φt |β) =
Γ(β0)∏

w
Γ(βw )

∏
w
φβw−1
wt , φwt > 0; β0 =

∑
w
βw , βw > 0;

Dir(θd |α) =
Γ(α0)∏
t

Γ(αt)

∏
t
θαt−1
td , θtd > 0; α0 =

∑
t
αt , αt > 0;

Ïðèìåð:

Dir(θ|α),
|T | = 3,
θ, α ∈ R3
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA
Òåîðèÿ EM-àëãîðèòìà

Ýêñïåðèìåíòû ñ ìîäåëÿìè PLSA, LDA

Ìîäåëü PLSA
Ìîäåëü LDA
Ìàêñèìèçàöèÿ àïîñòåðèîðíîé âåðîÿòíîñòè äëÿ LDA

Ðàñïðåäåëåíèå Dir(θd |α) ïðè αt ≡ 100, 10 òåì, 15 äîêóìåíòîâ
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA
Òåîðèÿ EM-àëãîðèòìà

Ýêñïåðèìåíòû ñ ìîäåëÿìè PLSA, LDA

Ìîäåëü PLSA
Ìîäåëü LDA
Ìàêñèìèçàöèÿ àïîñòåðèîðíîé âåðîÿòíîñòè äëÿ LDA

Ðàñïðåäåëåíèå Dir(θd |α) ïðè αt ≡ 10, 10 òåì, 15 äîêóìåíòîâ
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA
Òåîðèÿ EM-àëãîðèòìà

Ýêñïåðèìåíòû ñ ìîäåëÿìè PLSA, LDA

Ìîäåëü PLSA
Ìîäåëü LDA
Ìàêñèìèçàöèÿ àïîñòåðèîðíîé âåðîÿòíîñòè äëÿ LDA

Ðàñïðåäåëåíèå Dir(θd |α) ïðè αt ≡ 1, 10 òåì, 15 äîêóìåíòîâ
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA
Òåîðèÿ EM-àëãîðèòìà

Ýêñïåðèìåíòû ñ ìîäåëÿìè PLSA, LDA

Ìîäåëü PLSA
Ìîäåëü LDA
Ìàêñèìèçàöèÿ àïîñòåðèîðíîé âåðîÿòíîñòè äëÿ LDA

Ðàñïðåäåëåíèå Dir(θd |α) ïðè αt ≡ 0.1, 10 òåì, 15 äîêóìåíòîâ
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA
Òåîðèÿ EM-àëãîðèòìà

Ýêñïåðèìåíòû ñ ìîäåëÿìè PLSA, LDA

Ìîäåëü PLSA
Ìîäåëü LDA
Ìàêñèìèçàöèÿ àïîñòåðèîðíîé âåðîÿòíîñòè äëÿ LDA

Ðàñïðåäåëåíèå Dir(θd |α) ïðè αt ≡ 0.01, 10 òåì, 15 äîêóìåíòîâ
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA
Òåîðèÿ EM-àëãîðèòìà

Ýêñïåðèìåíòû ñ ìîäåëÿìè PLSA, LDA

Ìîäåëü PLSA
Ìîäåëü LDA
Ìàêñèìèçàöèÿ àïîñòåðèîðíîé âåðîÿòíîñòè äëÿ LDA

Âåðîÿòíîñòíàÿ ìîäåëü ïîðîæäåíèÿ òåêñòà

Òåìàòè÷åñêàÿ ìîäåëü LDA (Latent Dirichlet Allocation):

p(w |d) =
∑
t∈T

φwtθtd , φt ∼ Dir(φ|β), θd ∼ Dir(θ|α).

Ïðîöåññ ïîðîæäåíèÿ äîêóìåíòîâ d = {w1 . . .wnd} êîëëåêöèè D:

Âõîä: âåêòîðû ãèïåðïàðàìåòðîâ β, α;
Âûõîä: êîëëåêöèÿ äîêóìåíòîâ;

âûáðàòü âåêòîð φt èç Dir(φ|β) äëÿ êàæäîé òåìû t ∈ T ;
âûáðàòü âåêòîð θd èç Dir(θ|α) äëÿ êàæäîãî äîêóìåíòà d ∈ D;
äëÿ âñåõ äîêóìåíòîâ d ∈ D

äëÿ âñåõ ïîçèöèé òåðìîâ i = 1, . . . , nd â äîêóìåíòå d
âûáðàòü òåìó ti èç p(t|d) ≡ θtd ;
âûáðàòü òåðì wi èç p(w |ti ) ≡ φwti ;
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA
Òåîðèÿ EM-àëãîðèòìà

Ýêñïåðèìåíòû ñ ìîäåëÿìè PLSA, LDA

Ìîäåëü PLSA
Ìîäåëü LDA
Ìàêñèìèçàöèÿ àïîñòåðèîðíîé âåðîÿòíîñòè äëÿ LDA

Ïî÷åìó èìåííî ðàñïðåäåëåíèå Äèðèõëå?

îíî ñïîñîáíî ïîðîæäàòü ðàçðåæåííûå âåêòîðû;

èìååò ïàðàìåòðû, óïðàâëÿþùèå ñòåïåíüþ ðàçðåæåííîñòè;

îïèñûâàåò êëàñòåðíûå ñòðóêòóðû íà ñèìïëåêñå (ñì. ðèñ.);

ÿâëÿåòñÿ ñîïðÿæ¼ííûì ñ ìóëüòèíîìèàëüíûì ðàñïðåäåëåíèåì,
÷òî ñèëüíî óïðîùàåò áàéåñîâñêèé âûâîä (â ñëåä. ëåêöèè).

Ðàñïðåäåëåíèå Dir(φ|α) ïîðîæäàåò âåêòîðû òåì φt = p(w |t),
êîòîðûå ïîðîæäàþò ìóëüòèíîìèàëüíûå ðàñïðåäåëåíèÿ p̂(w |t, d).
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA
Òåîðèÿ EM-àëãîðèòìà

Ýêñïåðèìåíòû ñ ìîäåëÿìè PLSA, LDA

Ìîäåëü PLSA
Ìîäåëü LDA
Ìàêñèìèçàöèÿ àïîñòåðèîðíîé âåðîÿòíîñòè äëÿ LDA

Ôîðìóëà Áàéåñà äëÿ àïîñòåðèîðíîãî ðàñïðåäåëåíèÿ

Ââåä¼ì áîëåå îáùèå îáîçíà÷åíèÿ:

X = (di ,wi )
n
i=1 � èñõîäíûå äàííûå, íàáëþäàåìûå ïåðåìåííûå

Ω = (Φ,Θ) � ïàðàìåòðû ïîðîæäàþùåé ìîäåëè p(X |Ω)
γ = (β, α) � ãèïåðïàðàìåòðû àïðèîðíîãî ðàñïðåäåëåíèÿ p(Ω|γ)

Çàäà÷à: ïî X íàéòè Ω.

Ôîðìóëà Áàéåñà äà¼ò àïîñòåðèîðíîå ðàñïðåäåëåíèå p(Ω|X , γ),
ãäå ñèìâîë ∝ îçíà÷àåò ¾ðàâíî ñ òî÷íîñòüþ äî íîðìèðîâêè¿:

p(Ω|X , γ) =
p(Ω,X |γ)

p(X |γ)
∝ p(Ω,X |γ) ∝ p(X |Ω) p(Ω|γ)

Äàëåå åñòü äâà ïóòè:

Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ: Ω = arg maxΩ ln p(Ω|X , γ)

Áàéåñîâñêèé âûâîä: âû÷èñëåíèå ðàñïðåäåëåíèÿ p(Ω|X , γ)

Ê.Â. Âîðîíöîâ (vokov@forecsys.ru) Âåðîÿòíîñòíûå òåìàòè÷åñêèå ìîäåëè 14 / 37



Êëàññè÷åñêèå ìîäåëè PLSA, LDA
Òåîðèÿ EM-àëãîðèòìà

Ýêñïåðèìåíòû ñ ìîäåëÿìè PLSA, LDA

Ìîäåëü PLSA
Ìîäåëü LDA
Ìàêñèìèçàöèÿ àïîñòåðèîðíîé âåðîÿòíîñòè äëÿ LDA

Ìàêñèìèçàöèÿ àïîñòåðèîðíîé âåðîÿòíîñòè äëÿ ìîäåëè LDA

Ìàêñèìèçàöèÿ ñîâìåñòíîãî ïðàâäîïîäîáèÿ äàííûõ è ìîäåëè,
íàçûâàåòñÿ òàêæå Maximum a Posteriori (MAP) estimation:

ln p(X |Ω) p(Ω|γ) = ln
n∏

i=1

p(di ,wi |Φ,Θ) p(Φ|β) p(Θ|α) =

= ln
∏
d∈D

∏
w∈d

p(d ,w |Φ,Θ)ndw
∏
t∈T

Dir(φt |β)
∏
d∈D

Dir(θd |α)→ max
Φ,Θ

Ýòî çàäà÷à ìàêñèìèçàöèè ðåãóëÿðèçîâàííîãî log-ïðàâäîïîäîáèÿ:∑
d ,w

ndw ln
∑
t

φwtθtd +
∑
t,w

lnφβw−1
wt +

∑
d ,t

ln θαt−1
td → max

Φ,Θ
,

ïðè îãðàíè÷åíèÿõ íåîòðèöàòåëüíîñòè è íîðìèðîâêè

φwt > 0;
∑

w∈W
φwt = 1; θtd > 0;

∑
t∈T

θtd = 1.
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA
Òåîðèÿ EM-àëãîðèòìà

Ýêñïåðèìåíòû ñ ìîäåëÿìè PLSA, LDA

Ìîäåëü PLSA
Ìîäåëü LDA
Ìàêñèìèçàöèÿ àïîñòåðèîðíîé âåðîÿòíîñòè äëÿ LDA

Ðåãóëÿðèçîâàííûé EM-àëãîðèòì äëÿ ìîäåëè LDA â ARTM

Ìàêñèìèçàöèÿ àïîñòåðèîðíîé âåðîÿòíîñòè ýêâèâàëåíòíà
ðåãóëÿðèçàòîðó ëîãàðèôìà àïðèîðíîãî ðàñïðåäåëåíèÿ:∑
d ,w

ndw ln
∑
t

φwtθtd︸ ︷︷ ︸
ln ïðàâäîïîäîáèÿ

+
∑
t,w

(βw−1) lnφwt +
∑
d ,t

(αt−1) ln θtd︸ ︷︷ ︸
ðåãóëÿðèçàòîð R(Φ,Θ) = ln p(Φ,Θ|α,β)

→ max
Φ,Θ

EM-àëãîðèòì: ìåòîä ïðîñòîé èòåðàöèè äëÿ ñèñòåìû óðàâíåíèé

E-øàã:

M-øàã:



ptdw = norm
t∈T

(
φwtθtd

)
φwt = norm

w∈W

( ∑
d∈D

ndwptdw + βw − 1
)

θtd = norm
t∈T

( ∑
w∈d

ndwptdw + αt − 1
)
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA
Òåîðèÿ EM-àëãîðèòìà

Ýêñïåðèìåíòû ñ ìîäåëÿìè PLSA, LDA

Ìàêñèìóì ìàðãèíàëèçèðîâàííîãî ïðàâäîïîäîáèÿ
Îáùèé EM-àëãîðèòì è åãî ñõîäèìîñòü
Âûâîä ôîðìóë ARTM èç îáùåãî ÅÌ-àëãîðèòìà

Îáùàÿ âåðîÿòíîñòíàÿ ìîäåëü ñî ñêðûòûìè ïåðåìåííûìè

Âåðí¼ìñÿ ê íàøèì îáùèì îáîçíà÷åíèÿì:

X = (di ,wi )
n
i=1 � èñõîäíûå äàííûå, íàáëþäàåìûå ïåðåìåííûå

Z = (ti )
n
i=1 � ñêðûòûå ïåðåìåííûå

Ω = (Φ,Θ) � ïàðàìåòðû ïîðîæäàþùåé ìîäåëè p(X |Ω)
γ = (β, α) � ãèïåðïàðàìåòðû àïðèîðíîãî ðàñïðåäåëåíèÿ p(Ω|γ)

Çàäà÷à: ïî X íàéòè Ω.

Àïîñòåðèîðíîå ðàñïðåäåëåíèå:

p(Ω|X , γ) ∝ p(X |Ω) p(Ω|γ) =
∑
Z

p(X ,Z |Ω) p(Ω|γ)

Ïðèíöèï ìàêñèìóìà àïîñòåðèîðíîé âåðîÿòíîñòè:

ln p(X |Ω) + ln p(Ω|γ)︸ ︷︷ ︸
R(Ω)

→ max
Ω

R(Ω) ìîæåò è íå èìåòü âåðîÿòíîñòíîé èíòåðïðåòàöèè.

Ê.Â. Âîðîíöîâ (vokov@forecsys.ru) Âåðîÿòíîñòíûå òåìàòè÷åñêèå ìîäåëè 17 / 37



Êëàññè÷åñêèå ìîäåëè PLSA, LDA
Òåîðèÿ EM-àëãîðèòìà

Ýêñïåðèìåíòû ñ ìîäåëÿìè PLSA, LDA

Ìàêñèìóì ìàðãèíàëèçèðîâàííîãî ïðàâäîïîäîáèÿ
Îáùèé EM-àëãîðèòì è åãî ñõîäèìîñòü
Âûâîä ôîðìóë ARTM èç îáùåãî ÅÌ-àëãîðèòìà

Îáùèé EM-àëãîðèòì äëÿ çàäà÷è ñî ñêðûòûìè ïåðåìåííûìè

Òåîðåìà. Òî÷êà Ω ëîêàëüíîãî ìàêñèìóìà ðåãóëÿðèçîâàííîãî
ìàðãèíàëèçîâàííîãî ïðàâäîïîäîáèÿ (Marginal log-Likelihood)

ln
∑
Z

p(X ,Z |Ω) + R(Ω) → max
Ω

(RML)

óäîâëåòâîðÿåò ñèñòåìå óðàâíåíèé, ðåøåíèå êîòîðîé ìåòîäîì
ïðîñòûõ èòåðàöèé ñâîäèòñÿ ê ÷åðåäîâàíèþ äâóõ øàãîâ:

E-øàã: q(Z ) = p(Z |X ,Ω);

M-øàã:
∑
Z

q(Z ) ln p(X ,Z |Ω) + R(Ω) → max
Ω

.

Ýòî îáùèé âèä EM-àëãîðèòìà, èñïîëüçóåìûé íå òîëüêî
â òåìàòè÷åñêîì ìîäåëèðîâàíèè.

A.P.Dempster, N.M.Laird, D.B.Rubin. Maximum likelihood from incomplete data via
the EM algorithm. 1977.
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA
Òåîðèÿ EM-àëãîðèòìà

Ýêñïåðèìåíòû ñ ìîäåëÿìè PLSA, LDA

Ìàêñèìóì ìàðãèíàëèçèðîâàííîãî ïðàâäîïîäîáèÿ
Îáùèé EM-àëãîðèòì è åãî ñõîäèìîñòü
Âûâîä ôîðìóë ARTM èç îáùåãî ÅÌ-àëãîðèòìà

Äîêàçàòåëüñòâî òåîðåìû

Íåîáõîäèìûå óñëîâèÿ ëîêàëüíîãî ýêñòðåìóìà:

∂

∂Ω

(
ln
∑
Z

p(X ,Z |Ω) +R(Ω)

)
=

1

p(X |Ω)

∑
Z

∂p(X ,Z |Ω)

∂Ω
+
∂R(Ω)

∂Ω
= 0

Ïî ôîðìóëå óñëîâíîé âåðîÿòíîñòè p(X |Ω) = p(X ,Z |Ω)
p(Z |X ,Ω) , ïîäñòàâëÿåì:∑

Z

p(Z |X ,Ω)

p(X ,Z |Ω)

∂p(X ,Z |Ω)

∂Ω
+
∂R(Ω)

∂Ω
= 0

∑
Z

p(Z |X ,Ω)︸ ︷︷ ︸
q(Z)

∂

∂Ω
ln p(X ,Z |Ω) +

∂R(Ω)

∂Ω
= 0

Ýòî íåîáõîäèìûå óñëîâèÿ ëîêàëüíîãî ýêñòðåìóìà çàäà÷è Ì-øàãà,
åñëè q(Z ) ðàññìàòðèâàòü êàê êîíñòàíòó, à íå êàê ôóíêöèþ îò Ω.

�
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA
Òåîðèÿ EM-àëãîðèòìà

Ýêñïåðèìåíòû ñ ìîäåëÿìè PLSA, LDA

Ìàêñèìóì ìàðãèíàëèçèðîâàííîãî ïðàâäîïîäîáèÿ
Îáùèé EM-àëãîðèòì è åãî ñõîäèìîñòü
Âûâîä ôîðìóë ARTM èç îáùåãî ÅÌ-àëãîðèòìà

Åù¼ áîëåå îáùèé EM-àëãîðèòì è åãî ñõîäèìîñòü

Òåîðåìà. Çíà÷åíèå ìàðãèíàëèçîâàííîãî ïðàâäîïîäîáèÿ

ln
∑
Z

p(X ,Z |Ω) + R(Ω) → max
Ω

(RML)

íå óáûâàåò íà êàæäîì øàãå èòåðàöèîííîãî ïðîöåññà

E-øàã: KL
(
q(Z )

∥∥ p(Z |X ,Ω)
)
→ min

q
;

M-øàã:
∑
Z

q(Z ) ln p(X ,Z |Ω) + R(Ω) → max
Ω

.

q(Z ) = p(Z |X ,Ω) ÿâëÿåòñÿ òî÷íûì ðåøåíèåì çàäà÷è E-øàãà.

Ìèíèìèçàöèÿ KL íà Å-øàãå èñïîëüçóåòñÿ â òåõ ñëó÷àÿõ,
êîãäà p(Z |X ,Ω) íå óäà¼òñÿ âû÷èñëèòü â ÿâíîì âèäå.

Ñõîäèìîñòü â ñëàáîì ñìûñëå: ãëîáàëüíûé max íå ãàðàíòèðóåòñÿ.
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA
Òåîðèÿ EM-àëãîðèòìà

Ýêñïåðèìåíòû ñ ìîäåëÿìè PLSA, LDA

Ìàêñèìóì ìàðãèíàëèçèðîâàííîãî ïðàâäîïîäîáèÿ
Îáùèé EM-àëãîðèòì è åãî ñõîäèìîñòü
Âûâîä ôîðìóë ARTM èç îáùåãî ÅÌ-àëãîðèòìà

Äîêàçàòåëüñòâî òåîðåìû

Ïî ôîðìóëå óñëîâíîé âåðîÿòíîñòè p(X |Ω) = p(X ,Z |Ω)
p(Z |X ,Ω) .

Äëÿ ïðîèçâîëüíîãî ðàñïðåäåëåíèÿ q(Z )

ln p(X |Ω) =
∑
Z

q(Z ) ln p(X |Ω) =
∑
Z

q(Z ) ln
p(X ,Z |Ω)

p(Z |X ,Ω)
=

=
∑
Z

q(Z ) ln
p(X ,Z |Ω)

q(Z )︸ ︷︷ ︸
L(q,Ω)

+
∑
Z

q(Z ) ln
q(Z )

p(Z |X ,Ω)︸ ︷︷ ︸
KL
(
q(Z)
∥∥p(Z |X ,Ω)

)
>0

Ìàêñèìèçèðóåì äîñòèæèìóþ íèæíþþ îöåíêó RML òî ïî q, òî ïî Ω:

E-øàã: L(q,Ω) +��
�HHHR(Ω)→ max

q
⇔ KL

(
q(Z )

∥∥ p(Z |X ,Ω)
)
→ min

q

M-øàã: L(q,Ω) + R(Ω)→ max
Ω
⇔

∑
Z

q(Z ) ln p(X ,Z |Ω) + R(Ω)→ max
Ω

Íà êàæäîì øàãå çíà÷åíèå ôóíêöèîíàëà ìîæåò òîëüêî âîçðàñòàòü.
�
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA
Òåîðèÿ EM-àëãîðèòìà

Ýêñïåðèìåíòû ñ ìîäåëÿìè PLSA, LDA

Ìàêñèìóì ìàðãèíàëèçèðîâàííîãî ïðàâäîïîäîáèÿ
Îáùèé EM-àëãîðèòì è åãî ñõîäèìîñòü
Âûâîä ôîðìóë ARTM èç îáùåãî ÅÌ-àëãîðèòìà

Ðåãóëÿðèçîâàííûé ÅÌ-àëãîðèòì äëÿ òåìàòè÷åñêîé ìîäåëè

Íàïîìèíàíèå: X = (di ,wi )
n
i=1, Z = (ti )

n
i=1, Ω = (Φ,Θ).

Ëåììà. Òî÷êà (Φ,Θ) ëîêàëüíîãî ìàêñèìóìà RML
(ðåãóëÿðèçîâàííîãî ìàðãèíàëèçîâàííîãî log-ïðàâäîïîäîáèÿ)

ln
∑
Z

p(X ,Z |Ω) + R(Ω) =
∑
d ,w

ndw ln
∑
t

φwtθtd + R(Φ,Θ)

óäîâëåòâîðÿåò ñèñòåìå óðàâíåíèé, ðåøåíèå êîòîðîé ìåòîäîì
ïðîñòûõ èòåðàöèé ñâîäèòñÿ ê ÷åðåäîâàíèþ äâóõ øàãîâ:

E-øàã: p(t|d ,w) = norm
t∈T

(
φwtθtd

)
, ∀(d ∈D,w ∈d , t∈T )

M-øàã:
∑
d ,w ,t

ndwp(t|d ,w) ln
(
φwtθtd

)
+ R(Φ,Θ) → max

Φ,Θ
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA
Òåîðèÿ EM-àëãîðèòìà

Ýêñïåðèìåíòû ñ ìîäåëÿìè PLSA, LDA

Ìàêñèìóì ìàðãèíàëèçèðîâàííîãî ïðàâäîïîäîáèÿ
Îáùèé EM-àëãîðèòì è åãî ñõîäèìîñòü
Âûâîä ôîðìóë ARTM èç îáùåãî ÅÌ-àëãîðèòìà

Äîêàçàòåëüñòâî ëåììû

E-øàã: â ñèëó íåçàâèñèìîñòè ýëåìåíòîâ âûáîðêè

q(Z ) = p(Z |X ,Ω) =
n∏

i=1

p(ti |di ,wi ) =
n∏

i=1

norm
ti∈T

(
φwi ti θtidi

)
M-øàã: ïîäñòàâèì q(Z ) è p(X ,Z |Ω) â îáùóþ ôîðìóëó Ì-øàãà:∑

Z∈T n

q(Z ) ln p(X ,Z |Ω) + R(Ω) → max
Ω∑

t1∈T

· · ·
∑
tn∈T

n∏
k=1

p(tk |dk ,wk)
n∑

i=1

ln p(di ,wi ,ti |Ω) + R(Ω) → max
Ω

n∑
i=1

∑
t1∈T

· · ·
∑
tn∈T

n∏
k=1

p(tk |dk ,wk) ln p(di ,wi ,ti |Ω) + R(Ω) → max
Ω

n∑
i=1

∑
t∈T

p(t|di ,wi ) ln p(di ,wi ,t|Ω) + R(Ω) → max
Ω∑

d∈D

∑
w∈W

∑
t∈T

ndwp(t|d ,w) ln
(
φwtθtd

)
+ R(Φ,Θ) → max

Φ,Θ
�
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA
Òåîðèÿ EM-àëãîðèòìà

Ýêñïåðèìåíòû ñ ìîäåëÿìè PLSA, LDA

Ìàêñèìóì ìàðãèíàëèçèðîâàííîãî ïðàâäîïîäîáèÿ
Îáùèé EM-àëãîðèòì è åãî ñõîäèìîñòü
Âûâîä ôîðìóë ARTM èç îáùåãî ÅÌ-àëãîðèòìà

Âûâîä ôîðìóë Ì-øàãà ARTM, òåïåðü èç îáùåãî EM-àëãîðèòìà

Îïòèìèçàöèîííàÿ çàäà÷à M-øàãà:

f (Φ,Θ) =
∑
d ,w ,t

ndwp(t|d ,w) ln
(
φwtθtd

)
+ R(Φ,Θ) → max

Φ,Θ

Ïðèìåíèì ëåììó î ìàêñèìèçàöèè íà åäèíè÷íûõ ñèìïëåêñàõ:

φwt = norm
w∈W

(
φwt

∂f

∂φwt

)
= norm

w∈W

( ∑
d∈D

ndwp(t|d ,w)︸ ︷︷ ︸
nwt

+φwt
∂R

∂φwt

)

θtd = norm
t∈T

(
θtd

∂f

∂θtd

)
= norm

t∈T

( ∑
w∈d

ndwp(t|d ,w)︸ ︷︷ ︸
ntd

+θtd
∂R

∂θtd

)

Òàêèì îáðàçîì, ñíîâà ïîëó÷èëè ôîðìóëû ARTM
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA
Òåîðèÿ EM-àëãîðèòìà

Ýêñïåðèìåíòû ñ ìîäåëÿìè PLSA, LDA

Ìàêñèìóì ìàðãèíàëèçèðîâàííîãî ïðàâäîïîäîáèÿ
Îáùèé EM-àëãîðèòì è åãî ñõîäèìîñòü
Âûâîä ôîðìóë ARTM èç îáùåãî ÅÌ-àëãîðèòìà

Ðåçþìå ïî òåîðèè

Ìîäåëü ëàòåíòíîãî ðàçìåùåíèÿ Äèðèõëå LDA

LDA ïðîùå ââîäèòü ÷åðåç KL-äèâåðãåíöèþ,
êàê ðåãóëÿðèçàòîð ñãëàæèâàíèÿ/ðàçðåæèâàíèÿ

Çàîäíî ñíèìàþòñÿ îãðàíè÷åíèÿ βw > 0, αt > 0

Ðàñïðåäåëåíèå Äèðèõëå èãðàåò îñîáóþ ðîëü
â áàéåñîâñêèõ ìåòîäàõ òåìàòè÷åñêîãî ìîäåëèðîâàíèÿ

ARTM � ýòî áîëåå ïðîñòàÿ àëüòåðíàòèâà áàéåñîâñêèì
ìåòîäàì, íî â ñòàòüÿõ ïî òåìàòè÷åñêîìó ìîäåëèðîâàíèþ
îíè ïðåîáëàäàþò, ïîýòîìó â íèõ íàäî óìåòü ðàçáèðàòüñÿ

Ìû ðàññìîòðèì áàéåñîâñêèå ìåòîäû â ñëåäóþùåé ëåêöèè

Îáùèé âàðèàíò EM-àëãîðèòìà

òàêæå ñíàáæ¼í âîçìîæíîñòüþ ðåãóëÿðèçàöèè

èìååò îáîñíîâàíèå ñëàáîé ñõîäèìîñòè
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA
Òåîðèÿ EM-àëãîðèòìà

Ýêñïåðèìåíòû ñ ìîäåëÿìè PLSA, LDA

Ïðîáëåìà íåóñòîé÷èâîñòè (íà ñèíòåòè÷åñêèõ äàííûõ)
Ïðîáëåìà íåóñòîé÷èâîñòè (íà ðåàëüíûõ äàííûõ)
Ïðîáëåìà ïåðåîáó÷åíèÿ è ðîáàñòíûå ìîäåëè

Ñïîñîáíû ëè PLSA è LDA âîññòàíîâèòü èñòèííûå òåìû?

Ìàòðèöû Φ0 è Θ0 ïîðîæäàþòñÿ ðàñïðåäåëåíèåì Äèðèõëå.
Ñèíòåòè÷åñêàÿ êîëëåêöèÿ ïîðîæäàåòñÿ ìàòðèöàìè Φ0 è Θ0.
Ðàçìåðû: |D| = 500, |W | = 1000, |T | = 30, nd ∈ [100, 600].

Öåëü � ñðàâíèòü âîññòàíîâëåííûå ðàñïðåäåëåíèÿ p(i |j)
ñ èñõîäíûìè ñèíòåòè÷åñêèìè ðàñïðåäåëåíèÿìè p0(i |j)
ïî ñðåäíåìó ðàññòîÿíèþ Õåëëèíãåðà:

H(p, p0) =
1

m

m∑
j=1

√√√√1

2

n∑
i=1

(√
p(i |j)−

√
p0(i |j)

)2
,

êàê äëÿ ñàìèõ ìàòðèö Φ è Θ, òàê è äëÿ èõ ïðîèçâåäåíèÿ:

DΦ = H(Φ,Φ0);

DΘ = H(Θ,Θ0);

DΦΘ = H(ΦΘ,Φ0Θ0).
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA
Òåîðèÿ EM-àëãîðèòìà

Ýêñïåðèìåíòû ñ ìîäåëÿìè PLSA, LDA

Ïðîáëåìà íåóñòîé÷èâîñòè (íà ñèíòåòè÷åñêèõ äàííûõ)
Ïðîáëåìà íåóñòîé÷èâîñòè (íà ðåàëüíûõ äàííûõ)
Ïðîáëåìà ïåðåîáó÷åíèÿ è ðîáàñòíûå ìîäåëè

Ðàçðåæåííîñòü âåêòîðîâ, ïîðîæäàåìûõ ðàñïðåäåëåíèåì Dir

Çàâèñèìîñòü ðàçðåæåííîñòè (äîëè ïî÷òè íóëåâûõ ýëåìåíòîâ)
ðàñïðåäåëåíèé θ0

d ∼ Dir(α) è φ0
t ∼ Dir(β) îò ïàðàìåòðîâ α è β

ñèììåòðè÷íîãî ðàñïðåäåëåíèÿ Äèðèõëå:

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

0.2

0.4

0.6

0.8

1

α,β
 

 

β
α

Θ
Φ
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Êëàññè÷åñêèå ìîäåëè PLSA, LDA
Òåîðèÿ EM-àëãîðèòìà

Ýêñïåðèìåíòû ñ ìîäåëÿìè PLSA, LDA

Ïðîáëåìà íåóñòîé÷èâîñòè (íà ñèíòåòè÷åñêèõ äàííûõ)
Ïðîáëåìà íåóñòîé÷èâîñòè (íà ðåàëüíûõ äàííûõ)
Ïðîáëåìà ïåðåîáó÷åíèÿ è ðîáàñòíûå ìîäåëè

Íåóñòîé÷èâîñòü âîññòàíîâëåíèÿ ìàòðèö Φ è Θ

Çàâèñèìîñòü òî÷íîñòè âîññòàíîâëåíèÿ ìàòðèö Φ, Θ è ΦΘ
îò ðàçðåæåííîñòè ìàòðèöû Φ0 ïðè ôèêñèðîâàííîì α = 0.01

PLSA LDA

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

0.55

β, α = 0.01

 

 

D
ΦΘ

D
Φ

D
Θ

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

β, α = 0,01

 

 

DΦΘ
DΦ
DΘ

Âèòàëèé Ãëóøà÷åíêîâ. Óñòîé÷èâîñòü ìàòðè÷íûõ ðàçëîæåíèé â çàäà÷àõ
òåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Ìàãèñòåðñêàÿ äèññåðòàöèÿ, ÌÔÒÈ, 2013.
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Ïðîáëåìà íåóñòîé÷èâîñòè (íà ñèíòåòè÷åñêèõ äàííûõ)
Ïðîáëåìà íåóñòîé÷èâîñòè (íà ðåàëüíûõ äàííûõ)
Ïðîáëåìà ïåðåîáó÷åíèÿ è ðîáàñòíûå ìîäåëè

Íåóñòîé÷èâîñòü âîññòàíîâëåíèÿ ìàòðèö Φ è Θ

Çàâèñèìîñòü òî÷íîñòè âîññòàíîâëåíèÿ ìàòðèö Φ, Θ è ΦΘ
îò ðàçðåæåííîñòè ìàòðèöû Θ0 ïðè ôèêñèðîâàííîì β = 0.1
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Âèòàëèé Ãëóøà÷åíêîâ. Óñòîé÷èâîñòü ìàòðè÷íûõ ðàçëîæåíèé â çàäà÷àõ
òåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Ìàãèñòåðñêàÿ äèññåðòàöèÿ, ÌÔÒÈ, 2013.
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Ýêñïåðèìåíòû ñ ìîäåëÿìè PLSA, LDA

Ïðîáëåìà íåóñòîé÷èâîñòè (íà ñèíòåòè÷åñêèõ äàííûõ)
Ïðîáëåìà íåóñòîé÷èâîñòè (íà ðåàëüíûõ äàííûõ)
Ïðîáëåìà ïåðåîáó÷åíèÿ è ðîáàñòíûå ìîäåëè

Âòîðîé ýêñïåðèìåíò � íà ðåàëüíûõ äàííûõ

Ïîñòû ÆÆ: |D|=300K, |W |=154K, n=35M, |T |=120.
LDA: ñèììåòðè÷íîå ðàñïðåäåëåíèå Äèðèõëå, β = 0.1, α = 0.5.

Öåëü ýêñïåðèìåíòà � îöåíèòü ðàçëè÷íîñòü òåì, ïîëó÷àåìûõ
â íåñêîëüêèõ çàïóñêàõ àëãîðèòìà LDA Gibbs Sampling.

Ïðîáëåìà ¾ïðîêëÿòèÿ ðàçìåðíîñòè¿:
äëèííûå õâîñòû ìåøàþò ñðàâíèâàòü ðàñïðåäåëåíèÿ.

Äîëÿ ñóùåñòâåííûõ ñëîâ â òåìàõ (word ratio):

WR = 1
|W |

1
|T |

∑
w∈W

∑
t∈T

[
φwt >

1
|W |
]

(â ýêñïåðèìåíòå ∼ 3.5%)

Äîëÿ ñóùåñòâåííûõ òåì â äîêóìåíòàõ (document ratio):

DR = 1
|D|

1
|T |

∑
d∈D

∑
t∈T

[
θtd >

1
|T |
]

(â ýêñïåðèìåíòå ∼ 11.5%)

Koltcov S., Koltsova O., Nikolenko S. Latent Dirichlet Allocation: Stability and
applications to studies of user-generated content. ACM WebSci, 2014.
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Ìåòîäèêà ýêñïåðèìåíòà

Îñòàâëåíû ñëîâà w , èìåþùèå φwt >
1
|W | õîòÿ áû â îäíîé òåìå

Ñîêðàùåíèå ñëîâàðÿ (vocabulary reduction): 154K → 8K.

Äèâåðãåíöèÿ Êóëüáàêà�Ëåéáëåðà ìåæäó òåìàìè t è s:

KL(t, s) =
∑
w∈W

p(w |t) ln
p(w |t)

p(w |s)

Íîðìèðîâàííàÿ KL-áëèçîñòü ïàð òåì t è s:

NKLS(t, s) =

(
1− KL(t, s)

max
t′,s′

KL(t ′, s ′)

)
Ïðè NKLS(t, s) > 0.9 â òåìàõ ñîâïàäàþò 30�50 òîïîâûõ ñëîâ,
è ýêñïåðòû-ñîöèîëîãè ïðèçíàþò òàêèå òåìû îäèíàêîâûìè.

Koltcov S., Koltsova O., Nikolenko S. Latent Dirichlet Allocation: Stability and
applications to studies of user-generated content. ACM WebSci, 2014.
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Íåóñòîé÷èâîñòü LDA â ðàçíûõ çàïóñêàõ

Ðåçóëüòàò ýêñïåðèìåíòà: íîðìèðîâàííàÿ KL-áëèçîñòü NKLS
ìåæäó òåìîé t è áëèæàéøåé ê íåé s â äðóãîì çàïóñêå.

t

NKLS(t, s)

1. Ìåíåå 50% òåì âîñïðîèçâîäÿòñÿ îò çàïóñêà ê çàïóñêó.
2. Ïëîõî âîñïðîèçâîäÿòñÿ êàê ìóñîðíûå òåìû, òàê è õîðîøèå.

Koltcov S., Koltsova O., Nikolenko S. Latent Dirichlet Allocation: Stability and
applications to studies of user-generated content. ACM WebSci, 2014.
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Âûâîäû èç ýêñïåðèìåíòîâ

Ìàòðèöû Φ, Θ óñòîé÷èâî âîññòàíàâëèâàþòñÿ òîëüêî
ïðè ñèëüíîé ðàçðåæåííîñòè Φ0, Θ0 (áîëåå 90% íóëåé)

Ïðîèçâåäåíèå ΦΘ âîññòàíàâëèâàåòñÿ óñòîé÷èâî,
íåçàâèñèìî îò ðàçðåæåííîñòè èñõîäíûõ Φ0, Θ0

Â ðàçíûõ çàïóñêàõ ñî ñëó÷àéíîé èíèöèàëèçàöèåé èëè
ñýìïëèðîâàíèåì ñòðîÿòñÿ ñóùåñòâåííî ðàçëè÷íûå òåìû

PLSA íå ïåðåîáó÷àåòñÿ, à ëèøü õóæå ìîäåëèðóåò ìàëûå
âåðîÿòíîñòè ðåäêèõ ñëîâ, êîòîðûå íå èíòåðåñíû.

Ðàñïðåäåëåíèå Äèðèõëå � ñëèøêîì ñëàáûé ðåãóëÿðèçàòîð

Vorontsov K. V., Potapenko A. A. Additive Regularization of Topic Models. Machine
Learning. Springer, 2015.

Koltcov S., Koltsova O., Nikolenko S. Latent Dirichlet Allocation: Stability and
applications to studies of user-generated content. ACM WebSci, 2014.
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Ðîáàñòíàÿ òåìàòè÷åñêàÿ ìîäåëü

Ãèïîòåçà: êàæäîå ñëîâî â äîêóìåíòå (d ,w) ÿâëÿåòñÿ
� ëèáî òåìàòè÷åñêèì, ñâÿçàííûì ñ êàêîé-òî òåìîé t,
� ëèáî ñïåöèôè÷íûì äëÿ äàííîãî äîêóìåíòà (øóì),
� ëèáî îáùåóïîòðåáèòåëüíûì (ôîí).

Ìîäåëü ñìåñè òåìàòè÷åñêîé, øóìîâîé è ôîíîâîé êîìïîíåíò
SWB (Special Words with Background):

p(w |d) = γπdw + επw + (1− γ − ε)
∑
t∈T

φwtθtd

πdw ≡ pø(w |d) � øóìîâàÿ êîìïîíåíòà, γ � ïàðàìåòð;
πw ≡ pô(w) � ôîíîâàÿ êîìïîíåíòà, ε � ïàðàìåòð.

Chemudugunta C., Smyth P., Steyvers M. Modeling general and speci�c aspects of
documents with a probabilistic topic model. NIPS, 2006.
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Ýêñïåðèìåíòû ñ ðîáàñòíûìè PLSA è LDA
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Êîëëåêöèÿ RuDis
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Êîëëåêöèÿ NIPS

Îáîçíà÷åíèÿ: P � PLSA, D � LDA (αt = 0.5, βw = 0.01)
S � ñýìïëèðîâàíèå òåìû èç p(t|d ,w) äëÿ êàæäîãî d ,w
R � ðîáàñòíîñòü (øóì γ = 0.3, ôîí ε = 0.01)

A.Potapenko, K.Vorontsov. Robust PLSA performs better than LDA. ECIR-2013.
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Âûâîäû

1 Ïåðåîáó÷åíèå ïðîÿâëÿåòñÿ òîëüêî íà ðåäêèõ ñëîâàõ

2 LDA òî÷íåå ìîäåëèðóåò âåðîÿòíîñòè ðåäêèõ ñëîâ

3 Íî îíè êàê ðàç íå èíòåðåñíû äëÿ òåìàòè÷åñêîé ìîäåëè!

4 Ðîáàñòíûå PLSA è LDA ïî÷òè îäèíàêîâû ïî ïåðïëåêñèè

5 Ðîáàñòíûå PLSA è LDA ïî÷òè íå ïåðåîáó÷àþòñÿ

6 Ðîáàñòíûé PLSA ëó÷øå, ÷åì îáû÷íûé LDA

7 Ïåðïëåêñèÿ � íå âïîëíå àäåêâàòíàÿ ìåðà êà÷åñòâà

Potapenko A. A., Vorontsov K. V. Robust PLSA performs better than LDA //
European Conference on Information Retrieval ECIR-2013.

Âîðîíöîâ Ê.Â., Ïîòàïåíêî À.À. Ìîäèôèêàöèè EM-àëãîðèòìà äëÿ âåðîÿòíîñòíîãî
òåìàòè÷åñêîãî ìîäåëèðîâàíèÿ // JMLDA, 2013.
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Îáùåå ðåçþìå. Ìèôû ïðî LDA

LDA ñóùåñòâåííî ìåíüøå ïåðåîáó÷àåòñÿ, ÷åì PLSA

LDA ñòðîèò ðàçðåæåííûå òåìàòè÷åñêèå ìîäåëè

LDA èìååò ìåíüøå ïàðàìåòðîâ ïî ñðàâíåíèþ ñ PLSA

LDA == òåìàòè÷åñêîå ìîäåëèðîâàíèå

Íà ñàìîì äåëå,

LDA è PLSA ïî÷òè íå îòëè÷àþòñÿ íà áîëüøèõ äàííûõ

LDA íå ìàêñèìèçèðóåò ðàçðåæåííîñòü ìîäåëåé

LDA èìååò áîëüøå ïàðàìåòðîâ ïî ñðàâíåíèþ ñ PLSA

LDA � ëèøü ñàìàÿ ïðîñòàÿ áàçîâàÿ ìîäåëü

LDA íå èìååò óáåäèòåëüíûõ ëèíãâèñòè÷åñêèõ îáîñíîâàíèé

Asuncion A., Welling M., Smyth P., Teh Y. W. On smoothing and inference for topic
models. Int'l Conf. on Uncertainty in Arti�cial Intelligence, 2009.
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