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Image Processing Applications

The Image Denoising Problem

y = Xorig + W

measurements original image noise
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Image Processing Applications

What is a Sparse Linear Model?

Let x in R™ be a signal.

Let D = [di.....dy] € R™P be a set of

normalized “basis vectors”. .
We call it dictionary. WM

D is “adapted” to y if it can represent it with a few basis vectors—that
is, there exists a sparse vector c in RP such that y ~ Da. We call o
the sparse code.

a[;]
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yeRrm DeRmxp
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Image Processing Applications

The Sparse Decomposition Problem

min —Hy Dal} + ()

o€R? \q,_/ tvomduc
N sparsity-inducing
data fitting term regularization

i induces sparsity in c. It can be
@ the ¢y “pseudo-norm”. [|x||o L #{i s.t. «afi] #0} (NP-hard)
o the {1 norm. [jaf; = > lex]i]| (convex),

o ...

http://di.ens.fr/w...2010 _Julien.pdf
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Image Processing Applications

Solving the denoising problem

[Elad and Aharon, 2006]
o Extract all overlapping 8 x 8 patches y;.
e Solve a matrix factorization problem:

n

- 12 4 bl o).
min CZ lyi = Daxil[3 + Ao(ai).
\—v—’ v

i=1 :
. sparsit
reconstruction parsity

with n > 100, 000
o Average the reconstruction of each patch.
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Image Processing Applications

Figure: Dictionary trained on a noisy version of the image
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Image Processing Applications

Image restoration
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Image Processing Applications

Inverse half-toning (Original)

ionary Learn
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Image Processing Applications

Inverse half-toning (Reconstructed)
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Image Processing Applications
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Inverse half-toning (Original)
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Image Processing Applications
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Image Processing Applications

Important notes

@ Dictionary Learning adapts to the data you want to restore.

@ Dictionary Learning is well adapted to data that admit sparse
representation. Sparsity is for sparse data only.

http://di.ens.fr/w...2010 Julien.pdf
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Sparse Linear Models and Dictionary Learning

Sparse Linear Model: Machine Learning Point of View

Let (y'.x")7_, be a training set, where the vectors x' are in RP and are
called features. The scalars y' are in

@ {—1.+1} for binary classification problems.
o {1,..., N} for multiclass classification problems.

@ R for regression problems.

In a linear model, one assumes a relation y =~ w'x (or y =~ sign(w'x)),

and solves
n

1 ) )
. oy Tf AQ
W”Q'EQMIZ: O ow'x)+ AQ(w)

regularization

data-fitting

http://di.ens.fr/w...2010 Julien.pdf
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Sparse Linear Models and Dictionary Learning

Sparse Linear Models: the Lasso

@ Signal processing: D is a dictionary in R™*P,

min, 2Hy = Da|3 + e/

@ Machine Learning:

— = T
i 5 Z(y P Mwll = min -y =X w4 \wl.
with X 2 x!..., x"], and y L ..., vyt

Useful tool in signal processing, machine learning, statistics,. .. as long as
one wishes to select features.

http://di.ens.fr/w...2010 Julien.pdf
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Sparse Linear Models and Dictionary Learning

Optimization for Dictionary Learning

n
, 1
min > 5lyi— D[ + Allevix
Dec i=1
CE{DeR™? st. ¥j=1,....p, |dj}, <1}

o Classical optimization alternates between D and «.
o Good results, but slow!

http://di.ens.fr/w...2010 Julien.pdf
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Sparse Linear Models and Dictionary Learning

Inpainting a photo (Original)

gt %
U naxg ie % mote
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Sparse Linear Models and Dictionary Learning

Inpainting a photo (Reconstructed)

http://di.ens.fr/w...2010 Julien.pdf
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Sparse Linear Models and Dictionary Learning

Matrix Factorization Problems and Dictionary Learning

n

. 1
min »" Slyi = Da[[3 + Allexi s

aERPXN 4

Dec =1
can be rewritten
in Y- Daf} + Aa]
min =||Y — D o1,
achPxn 2 F '
DecC
where Y = [y1,..., yo] and @ = [ag, ..., ).
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Sparse Linear Models and Dictionary Learning

Matrix Factorization: Principal Components Analysis

.1 -
min =Y —Da|? st. DD =1and aa' is diagonal.
aeRP*n 2
DeRmx*P
D=1[dy,.... d,] are the principal components.

http://di.ens.fr/w...2010 Julien.pdf
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Sparse Linear Models and Dictionary Learning

Matrix Factorization: Hard Clustering

p
a6{01}f’x~2HY Dalf st Vie{l....p} ZO‘[[J]:L
DeR™

D=[d,..., d,] are the centroids of the p clusters.
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Sparse Linear Models and Dictionary Learning

Matrix Factorization: Soft Clustering

1 P
min =||Y — Da||%. st. Vie{l..... p}. o] = 1.
i 5l el (Lovrh Yo
DeRmxP
D=[dy,..., d,] are the centroids of the p clusters.
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Sparse Linear Models and Dictionary Learning

Non-negative Matrix Factorization + sparsity

. 1
min S IY = Daf? + Ala.
(8%

cRPXN

DeRT*P
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Sparse Linear Models and Dictionary Learning

Natural patches

http://di.ens.fr/w...2010 Julien.pdf

B / _- - d y
A ’ . 1“’ el \ \
DX 7 =1l
(L] i “ —-.‘ ’3 f -_ I
g i = Il a '! =
S \' l e ‘ -
L ! Sl S
(a) PCA (b) NNMF (c) DL

Kulaga Roman Dictionary Learning



http://www.di.ens.fr/willow/events/cvml2010/materials/INRIA_summer_school_2010_Julien.pdf

Sparse Linear Models and Dictionary Learning

http://di.ens.fr/w...2010 Julien.pdf
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Computer Vision Applications

Learning Codebooks for Image Classification

Let an image be represented by a set of low-level descriptors y; at N
locations identified with their indices i =1, ..., N.

@ hard-quantization:
P
yi~ Daj, «;j€{0.1}" and Za,—b'] =1
j=1
@ soft-quantization:

e Bllyi—djli3

a,b]:m

@ sparse coding:

o1
y; ~ De;, «; =argmin §HYI - DaH% + A1
o«

Kulaga Roman Dictionary Learning


http://www.di.ens.fr/willow/events/cvml2010/materials/INRIA_summer_school_2010_Julien.pdf

Computer Vision Applications

Learning dictionaries with a discriminative cost function

Idea:

Let us consider 2 sets S_, S of signals representing 2 different classes.
Each set should admit a dictionary best adapted to its reconstruction.

Classification procedure for a signal y € R”:
min(R*(y.D-).R*(y. D))
where

* _ H o 2
R*(y.D) = min [ly — Dall; st. [allo < L.

“Reconstructive” training
{ minp_ Y ;cs R*(yi.D_)
minp,, ZIES+ R*(yi,D+)

[Grosse et al., 2007], [Huang and Aviyente, 2006],
[Sprechmann et al., 2010b] for unsupervised clustering (CVPR '10)
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Computer Vision Applications

Learning dictionaries with a discriminative cost function

“Discriminative” training

[Mairal, Bach, Ponce, Sapiro, and Zisserman, 2008a]
Jmip. ZC(AZ,-(R*(y,-. D_) — R*(y,. D+))>.
1

where z; € {—1,+1} is the label of y;.

Logistic regression function

Dictionary Learning
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Computer Vision Applications

Examples of dictionaries

Figure: Top: reconstructive, Bottom: discriminative, Left: Bicycle, Right:
Background
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Computer Vision Applications

Pixelwise classification

http://di.ens.fr/w...2010 Julien.pdf
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Computer Vision Applications

Application to edge detection and classification

Intput Bike Bottle People
Contours Edge Detector Edge Detector Edge Detector
KA DL _ [
i | 0 oL 0

A | i

|
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Computer Vision Applications

Background Subtraction

Given a video sequence, how can we remove foreground objects?

http://di.ens.fr/w...2010 Julien.pdf
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Computer Vision Applications

Background Subtraction

~ Da + e
y —— ~—
frame linear combination of background frames  error term

Solved by

. 1 2 ‘
et EHy — Da —e|5 + Ala]| + A2ti(e).

http://di.ens.fr/w...2010 Julien.pdf
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Computer Vision Applications

Background Subtraction

(a) input (b) estimated background (c) foreground, (1

http://di.ens.fr/w...2010 Julien.pdf
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Optimization for sparse methods

Recall: The Sparse Decomposition Problem

min —Hy Dol + ()

o€R? \—,_/ vomduc
Y sparsity-inducing
data fitting term regularization

i induces sparsity in . It can be
@ the ¢y “pseudo-norm”. |||lo L #{i s.t. afi] #0} (NP-hard)
o the (1 norm. [laf; = P lali]| (convex)
° ...

This is a selection problem.

http://di.ens.fr/w...2010 _Julien.pdf
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Optimization for sparse methods

The Sparse Decomposition Problem

The main class of methods are
@ greedy procedures [Mallat and Zhang, 1993], [Weisberg, 1980]

@ homotopy [Osborne et al., 2000], [Efron et al., 2004],
[Markowitz, 1956]

@ soft-thresholding based methods [Fu, 1998], [Daubechies et al.,
2004], [Friedman et al., 2007], [Nesterov, 2007], [Beck and
Teboulle, 2009], ...

@ reweighted-{, methods [Daubechies et al., 2009],. ..
@ active-set methods [Roth and Fischer, 2008].

http://di.ens.fr/w...2010 Julien.pdf
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Optimization for sparse methods

Matching Pursuit

Figure: a = (0,0,0)

http://di.ens.fr/w...2010 Julien.pdf
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Optimization for sparse methods

Matching Pursuit

Figure: a = (0,0,0)

http://di.ens.fr/w...2010 Julien.pdf
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Optimization for sparse methods

Matching Pursuit

Figure: & = (0,0,0)
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Optimization for sparse methods

Matching Pursuit

Figure: a = (0,0,0.75)

http://di.ens.fr/w...2010 Julien.pdf
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Optimization for sparse methods

Matching Pursuit

Figure: a = (0,0,0.75)

http://di.ens.fr/w...2010 Julien.pdf
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Optimization for sparse methods

Matching Pursuit

Figure: a = (0,0.24,0.75)

http://di.ens.fr/w...2010 Julien.pdf
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Optimization for sparse methods

Matching Pursuit

Figure: a = (0,0.24,0.75)

http://di.ens.fr/w...2010 Julien.pdf
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Optimization for sparse methods

Matching Pursuit

Figure: a = (0,0.24,0.65)
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Optimization for sparse methods

Matching Pursuit

1:
2:
3:
4:

i —Da3 st <L
min |y~ Da3 st fall <
r
a+—0
r <y (residual).

while | c|o < L do
Select the atom with maximum correlation with the residual

7« argmax|d] |
i=1l,...p

5. Update the residual and the coefficients

ali] « aff]+d/r
r o« r—(d/nd

6: end while
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Optimization for sparse methods

Orthogonal Matching Pursuit

Figure: a = (0,0,0); T =0

http://di.ens.fr/w...2010 Julien.pdf
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Optimization for sparse methods

Orthogonal Matching Pursuit

Figure: & = (0,0,0.75); T = {3}

http://di.ens.fr/w...2010 Julien.pdf
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Optimization for sparse methods

Orthogonal Matching Pursuit

Figure: & = (0,0.29,0.63); I = {3,2}

http://di.ens.fr/w...2010 Julien.pdf
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Optimization for sparse methods

Orthogonal Matching Pursuit

i —DalJ3 st. <L
min, ly =Dallz st. [allo <

=0
2: for iter=1,..., L do
3:  Select the atom which most reduces the objective

7« argmin {min ly — DrU{,-}a'H%}
ierc o
: Update the active set: T < U {%}.
5. Update the residual (orthogonal projection)

r+— (1-Dr(D/ D)~ ID])y.
6:  Update the coefficients
ar + (D[ D)™ 'D]y.

7: end for

http://di.ens.fr/w...2010 _Julien.pdf
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Optimization for sparse methods

Orthogonal Matching Pursuit

Contrary to MP, an atom can only be selected one time with OMP. It is,
however, more difficult to implement efficiently. The keys for a good
implementation in the case of a large number of signals are

o Precompute the Gram matrix G = D’ D once in for all,
@ Maintain the computation of D'r for each signal,
@ Maintain a Cholesky decomposition of (D|Z—D|—)’1 for each signal.

The total complexity for decomposing n L-sparse signals of size m with a
dictionary of size p is

O(p?m) + O(nL®)+ O(n(pm + pL?)) = O(np(m + L?))
R N N .2
Gram matrix ~ Cholesky DTr

It is also possible to use the matrix inversion lemma instead of a
Cholesky decomposition (same complexity, but less numerical stability)

http://di.ens.fr/w...2010 Julien.pdf

Kulaga Roman Dictionary Learning


http://www.di.ens.fr/willow/events/cvml2010/materials/INRIA_summer_school_2010_Julien.pdf

Optimization for sparse methods

Optimality conditions of the Lasso

@ Directional derivative in the direction u at a:

VH(au) = lim fla+ tu) — ()

t—0+ t

@ Main idea: in non smooth situations, one may need to look at all
directions u and not simply p independent ones!

@ Proposition 1: if f is differentiable in e, Vf(e,u) = V() u.
@ Proposition 2: « is optimal iff for all u in RP, Vf(a, u) > 0.

http://di.ens.fr/w...2010 Julien.pdf
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Optimization for sparse methods

Optimality conditions of the Lasso

1 )
min o lly = Dallz + Allee]s
o* is optimal iff for all u in RP, Vf(a,u) > 0—that is,

—u'D7(y-Da)+ A > sign(@[Dulil+A D |uf =0,
i,a*[i]#0 i,a*[i]=0

which is equivalent to the following conditions:

. ld/ (y — Da*)] < A if a*[i] =0
Vi=L....p. {d;"(nya*) = sign(a[i])  if @[] £0

http://di.ens.fr/w...2010 Julien.pdf
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Optimization for sparse methods

Optimization for Dictionary Learning

n

. 1
Jmin > 5llyi- Doy |5 + M eilx
Dec i=1

CE{DeR™P st Vj=1,....p |d><1}.

o Classical optimization alternates between D and a.
o Good results, but very slow!

http://di.ens.fr/w...2010 Julien.pdf
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Optimization for sparse methods

Optimization for Dictionary Learning

Classical formulation of dictionary learning
1 n
inf,(D) = min ~ I(y;, D
min »(D) ?e'?n; (vi.D)

where 1
L Ty 2
/(x.D) = min Z[ly — Dex/[3 + Allex]]1.

Which formulation are we interested in?

mm{f(o) E,li(y.D)] = lim_ Zly, }

[Bottou and Bousquet, 2008]: Online learning can
@ handle potentially infinite or dynamic datasets,

@ be dramatically faster than batch algorithms.

http://di.ens.fr/w...2010 Julien.pdf
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Optimization for sparse methods

Optimization for Dictionary Learning

Require: Do € R™*P (initial dictionary); A € R
1: Ag =0, Bg =0.
2: for t=1,...,T do
3: Draw y;
4:  Sparse Coding: «  argmin EH}/t — D g3+ Aall,
acRP 2
5. Aggregate sufficient statistics
At < At—l + Oét(XtT, Bt — Bt—l + ytOétT
6: Dictionary Update (block-coordinate descent)

D: <« argminpee 331, (3lys — D3 + Mlaw )
= arg minDeC%<%Tr(DTDAt) — Tr(DTBt)).

7: end for

http://di.ens.fr/w...2010 Julien.pdf
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Optimization for sparse methods

Optimization for Dictionary Learning

Which guarantees do we have?
Under a few reasonable assumptions,
@ we build a surrogate function )%t of the expected cost f verifying

lim #(D¢) — f(D;) =0,

t——+o00o

@ Dy is asymptotically close to a stationary point.

Extensions (all implemented in SPAMS)
@ non-negative matrix decompositions.
@ sparse PCA (sparse dictionaries).

@ fused-lasso regularizations (piecewise constant dictionaries)

http://di.ens.fr/w...2010 Julien.pdf
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Thanks for the attention!
The end.
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