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Gaussians Mixture Model (GMM)

Convex combination of k different n-dimensional Gaussians with:

» weights w; € [0,1], 2K, w; = 1;

* means u; € R";
* covariance matrices X; € R™*"
Let F; = V' (u;, 2) =
R 1 1,5 1=
Fi(#) = ———exp(~ (- w5 "G - )
l (2m)2/det(Zy) : c l
F = Z{-‘zl w; F; - the density of the GMM




Defining the Problem - 1

* Mapa rayccuad N (U1, Z1) n V' (u,, Z,) asnawoTtca A - pa3geneHHoimu, ecau ||y — s || =A (o + 0,).

* Cmecb rayCCmaH ABNAeTCA A-pasp,eneHHoﬁ, ecnun nobas napa KOMMNOHEHT ABNAETCA A-pa3,c|,eneHH0171.

F = ); w;F; asnaetcAA- cTaTUCTMUECKU o6yyaemoi, ecnu:

» minD(F, F) = A, rae D(f (x), g(x)) == [ If (&) — g (x)|dx

i#]

0 = {(Wi,,ui,Zi), ey (Wkuuklzk)}

[ycTb pg - cEMEeCTBO pacnpeaeneHuii c napametpom 8 € 0. na kKaxaoro 6 onpeaenvm paguyc pacno3HaBaHUA:

» R(6) = sup{r > 0|VO; = 0,,([16; — 0l <r All6, — 8]l <) = (ps, # Po,)}

* Ecnu ycnosue He moskeT 6biTb BbinonHeHo, To R(0) = 0.



Defining the Problem - 2

Paguyc pacno3HasaHua ana 6 pna GMM:

. . 2 2

Ha6op napameTpos ans cmecu u3 k raycenan 8 = {(Wy 4y, %1), .., (Wi, fix, 2x) }
anaetca e-bnmskom oueHkon ana 0, ecam A € Si: Vi € k] =

*d (N(:ul; Zi);N(ﬁT[(i)i 27'[(1))) <€
pwmep paccross: Dy(N (i, £), N (', ) = lli — il + 11E — 2/l

Anroputm A apdeKTUBHO U3yyaeT CMecb U3 Kk rayccmaH paamepHoctm n, ecam gna 1 >
e >0unl>45 >0 ABo3BpawaeT oUeHKY 8, KOTopaa HaXoAMTCA B €-OKPECTHOCTH

11 1 1
peanbHOro 3HavyeHuaA 6 c BepoAaTHOCTbIO = 1 — &, u paboTaet 3a poly (n,g,g, — ’Z)'
Min



Learning GMMs

* ANrOpUTM COAEPHKUT TPU LIAra:
* [lpoeKumMA AaHHbIX Pa3MEPHOCTU N Ha OAHO UM HECKONbKO MOoANPOCTPaHCTB pasmepHoctu poly(k), k K n.

® Onpep,eneHme Ka)Kﬂ,OVI TOYKU K O,EI,HOﬁ M3 KOMMOHEHT CMECU TN NCNONb30BaHME APYroro metoaa oueHKu

NnapameTpos.

* BocctaHOBNEeHME KOMMNOHEHTbI B M3HAYaIbHOM NPOCTPaAHCTBE PAa3MEPHOCTU N.

' Author | Min. Separation | Mixture Class ' Method | Comments
Dasgupta [1999] Vn Gaussian with shared covariance | Random projection
matrix

Dasgupta and Schulman [2000] ni Spherical Gaussian EM

Arora and Kennan [2001] ni Gaussian Distance-based

Vempala and Wang [2002] ki Spherical Gaussian Spectral, distance-based

Kannan et al. [2005] k2 fw2, Log-concave Spectral, distance-based need to know
wi

Achlioptas and McSherry [2005] k+ vVklogn Gaussian Spectral

Feldman et al. [2006) >0 Axis aligned Gaussians Method of moments (MoM) no parameter
estimation

Belkin and Sinha [2010a] >0 Identical spherical Gaussian Spectral

Kalai et al. [2010] >0 Gaussian with two components Random projections, MoM

Moitra and Valiant [2010] >0 Gaussian Random projections, MoM

Belkin and Sinha [2010b] >0 | Gaussian Deterministic projections, MoM
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Spectral Learning - 1

Spectral Algorithm for Learning GMMSs

[Vempala and Wang, 2002]

M < |S]|
while S +# @ do
Compute the k
— dimensional SVD subspace W of S

Project S onto W

R  maxmipllx — 1

S’ « {x € S: ryei?ux -yl = 3@R2}
G<0Q

while S’ # @ do

Let x,y be the two closest points in S’

M
61113
l<|lx—y|*?\1+8 -
He{weS|lx—w|?*<]
S'"<S'/H
G« GU{H}

end while

Report each H € G with variance
3€R?

k
as the set of points generated by one

greater than

component of the mixture and
remove those points from S

end while




Spectral Learning — 2

* Theorem [Kannan et al., 2005]. Myctb W asnsetca k — mepHbIM
MPOCTPAHCTBOM [M1aBHbIX KOMMOHEHT BbIOOPKKU S, rae AaHHble
nopoxagatotca cmecbto U3 k KomnoHeHT. [ina kaxaoro i € [k] nyctb y; g -

MaTemaTuueckoe oxuaanue S; n oic(W) - makcumanbHasa aucnepcua S;
n3 Bcex HanpasneHun B W. Torpa:

K k
2

leild(ﬂi,& W)™ < k2|5i|ffi?s(w)

i=1 =1

* Lemma. Nyctb F — norapnédmunyecku sbinyknoe pacnpesenerme Ha R" ¢
MaTEMATUYECKMM OXNOAHMEM (L N BTOPbIM MOMEHTOM

R? =Ez[(X —p)?].Torpadc>0: VE>1=Pr(|X —u| >tR) < e ¢



Spectral Learning - 3

Spectral algorithm for learning log-concave mixtures

[Kannan et al., 2005]

m « |S|
while S +# @ do
Compute the k — dimensional SVD
subspace W using a subset T of S of size m,
S « S\T
Project S onto W
forallx € Sdo
* Calculate the set S(x) consisting of

the closest > Whmin™ point to x

* Find the mean u(x)of S(x)
 Form the matrix A(x) whose rows are
y — u(x) foreachy € S(x)

* Calculate g(x), the largest singular
value of A(p),
[.e.the maximum standard deviation
of S(x)inW

end for

Xo < arg max g(x)

XES
Ty
VklogN

o(x)¢,
Wnrin

where W (x)denotes the projection of x to W
Report Ty as the set of points generated by
one component of the mixture and
remove those points fromT
end while

A x ET:[W(xo) —WI <




Projection Approaches - 1
Random Projection

* Moitra and Valiant [2010] — e-6nu3Kasa oueHKa c D(+,+)
PACCTOAHNEM MEXKIY rayccMaHamum.

 Kalai et al. [2010] = n3y4yeHne cmecm 13 ABYyxX rayccmaH:

* The 1D Learnability Lemma
* The Random Projection Lemma

* The Parameter Recovery Lemma
U

Algorithm for learning mixtures of two Gaussians



Projection Approaches - 2
Random Projection

Learning mixtures of two Gaussians [Kalai et al., 2010]

Pick a random unit vector u

2

Choose n“vectors uy, ..., u 2 that are fairly close tou

forallie€ |n?] do
learn very accurate univariate parameters for the projection of the
mixture onto u;
end for
Recover the true n — dimensional parameters for the mixture

with high probability




Projection Approaches - 3
Random Projection

* MMyctb GMM F w3 k rayccnmaH napametpusoBaHa 6. Torpa GMM F us

k' < k rayccuaH napameTtpusoBaHa 6 asnsertca € — OJIM3KUM

pasgeneHmem F ecnu cylwectsyeT ClOPbeKTMBHOE OoTobparkeHue
m: k] = [Kk']:

* Vi € [k]: D, (N(.ui»Zi)»N(ﬁn(i):in(i))) S €



Projection Approaches - 4
Random Projection

Anisotropic algorithm for learning GMMs [Moitra and Valiant, 2010]

Place the samples in isotropic position
Run the Hierarchial Clustering Algorithm (HCA)
if HCAreturns F then
returnF, which is an € — close estimate of F w. h.p.
else {HCA returns partition a (4, B)}
* Draw an additional sample set S from sample oracle for F
* Run the anisotropic algorithm on the samples S, C
S that are in A to get F,
* Runthe anisotropic algorithm on the samples Sy C
S that are in B to get Fy
return F = @FA + @FB

N S|
endif




Projection Approaches
Deterministic Projection

* CeMeiCcTBO BEPOATHOCTHbIX NIOTHOCTEN Pg, NapaMeTpM30BaHHbIX O ABnAeTCA
MONIMHOMMA/ILHBIM CEMENCTBOM, EC/IN KaXK/bi/ [ — MepPHbIA MOMEHT
M;. (19) = [ x,* - x;'dpg cywecTByeT M MOXKET 6bITb NPEACTABAEH KaK
po?y(@ y o, ™), M €CN Py OAHO3HAYHO OMpPeaenaeTcs CBOMMU MOMEHTaMM.

* Theorem [Belkin and Sinha, 2010b]. MNycTb pg - NOAMHOMWANIBHOE CEMENCTBO
pacnpenenennin. Torna3d N € Nipg = pg, © M;(6,) = M;(6,) Vi € [N].

* Nyctb E(B) = {w € O:p,, = pg}. Toraa e-cocean O — 310 06bLEANHEHNE
OKPECTHOCTEN BOKPYr Kaxkaon Touku £(0):
N(6,¢€)
={weo:Iw,00€e0,0<e'<e=aweE@)A|lw—-Ww|<e A|06-0"|| <e—¢€'}.
* Theorem [Belkin and Sinha, 2010b]. Aina 6 € © ecnn E(0) = {04, ..., Ok} -
orpaHMYeHHOE MHOKeCTBO, TO I TaKOW aiIrOPUTM, KOTOPbLIN Ana € >
0 Bosspawaerf ce’ = min(e, min; R(0; ) ana 6; ana Hekotoporoi € |kl uc
BepoaTHocTbio 1 — & ucnonbsyet poly(1/é’,1/8) obpasuos.



Conclusion

Find the 2k? — dimensional coordinate subspace W with maximum emperical R(8)
Project S onto W
Estimate the means and covariance entries for these 2k? coordinates (by Theorem)
foralle; € W do
W; « span(W, e;)
project S onto W;
estimate the component variance and means along e;(by Theorem)
foralle; ¢ W do
Wi; « Span(W, e;, ej)
project S onto Wi;
estimate the component covariance between e;and e;(by Theorem)

end for
end for




Cnacubo 3a BHMMaHue!



