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Ñîäåðæàíèå ïðåäûäóùèõ ëåêöèé

Ôîðìóëà Áàéåñà è �îðìóëà ïîëíîé âåðîÿòíîñòè;

Îïðåäåëåíèå àïðèîðíûõ âåðîÿòíîñòåé è sele
tion bias;

(Ìíîæåñòâåííîå) òåñòèðîâàíèå ãèïîòåç

Ýêñïîíåíöèàëüíîå ñåìåéñòâà. Äîñòàòî÷íûå ñòàòèñòèêè.

Íàèâíûé áàéåñîâñêèé êëàññè�èêàòîð. Ñâÿçü öåëåâîé �óíêöèè è

âåðîÿòíîñòíîé ìîäåëè.

Ëèíåéíàÿ ðåãðåññèÿ: ñâÿçü ÌÍÊ è wML, ðåãóëÿðèçàöèè è wMAP.

Ñâîéñòâî ñîïðÿæåííîñòè àïðèîðíîãî ðàñïðåäåëåíèÿ ïðàâäîïîäîáèþ.

Ïðîãíîç äëÿ îäèíî÷íîé ìîäåëè:

p(ytest|Xtest,Xtrain, ytrain) =

∫

p(ytest|w,Xtest)p(w|Xtrain, ytrain)dw.

Ñâÿçü àïîñòåðèîðíîé âåðîÿòíîñòè ìîäåëè è îáîñíîâàííîñòè

Îáîñíîâàííîñòü: ïîíèìàíèå è ñâÿçü ñî ñòàòèñòè÷åñêîé çíà÷èìîñòüþ.

Ëîãèñòè÷åñêàÿ ðåãðåññèÿ: ïðîáëåìû ML-îöåíêè w è ñâÿçü

àïðèîðíîãî ðàñïðåäåëåíèÿ ñ îòáîðîì ïðèçíàêîâ.

EM-àëãîðèòì. Èñïîëüçîâàíèå EM-àëãîðèòìà äëÿ îòáîðà ïðèçíàêîâ â

áàéåñîâñêîé ëèíåéíîé ðåãðåññèè.

Âàðèàöèîííûé EM-àëãîðèòì. Ñìåñü ìîäåëåé ëîãèñòè÷åñêîé

ðåãðåññèè.
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Ó÷åò ýâîëþöèè ìîäåëè âî âðåìåíè

Ïóñòü ó îáúåêòîâ åñòü åùå ìåòêà âðåìåíè, òî åñòü íàáëþäàåì (xi, yi, ti).
�àíåå èìåëè ìîäåëü p(y, w|X, A) = p(y|X, w)p(w|A), òî åñòü

çàâèñèìîñòüþ îò t ïðåíåáðåãàëè.
Âîïðîñ 1: Êàê ó÷åñòü íàëè÷èå äîïîëíèòåëüíîé èí�îðìàöèè?
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�àññìîòðèì ñëó÷àéíûé ïðîöåññ x(t), t ∈ T .
mx(t) = Ex(t), Kx(t, s) = Ex(t)x(s), Rx(t, s) = Ex̊(t)̊x(s) � �óíêöèÿ

ìàò. îæèäàíèÿ, êîâàðèàöèîííàÿ è êîððåëÿöèîííàÿ �óíêöèÿ.

Îïðåäåëåíèå. Ñ.ï. íàçûâàåòñÿ ñëàáî ñòàöèîíàðíûì, åñëè

mx(t) ≡ m, Rx(t, s) = Rx(τ = |t− s|).
Ïðèìåð. Ïóñòü x(t) � òåìïåðàòóðà â öåíòðå Êèòî.

Âîïðîñ 2: Êàê âîñòàíîâèòü ïðîïóùåííûå äàííûå?
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�àóññîâñêèå ïðîöåññû

x(t) � òåìïåðàòóðà â öåíòðå Êèòî.

Èäåÿ: GP (mx(t), Rx(τ)), ãäå mx(t) ≡ m, Rx(τ) = σ2 exp(−λ|τ |).
�àññìîòðèì t1, . . . , tq, òîãäà äëÿ GP èìååì

p(x) = p(x(t1), . . . , x(tq)) = N (m, Σ), ãäå

m = [mx(t1), . . . , mx(tq)]
T

, Σ = ‖Σij‖ = ‖Rx(ti − tj)‖.

Óïðàæíåíèå. x = [x
T

1 , x
T

2 ]
T ∼ N



x
∣

∣[µ
T

1 , µ
T

2 ]
T

,

(

Σ11 Σ12

Σ
T

12 Σ22

)

−1




.

x2|x1 ∼ N (x2|µ2 −Σ−1
22 Σ12(x1 − µ1), Σ

−1
22 ).

Âîïðîñ 1: ×òî äåëàòü, åñëè íåèçâåñòíî m, ãäå µ1 = me1, µ2 = me2?

Âîïðîñ 2: ×òî äåëàòü, åñëè íåèçâåñòíû σ2
è λ?

Âîçìîæíûå ìîäè�èêàöèè:

Íåïîñòîÿííîå mx(t);

Ââåäåíèå ðàçðûâíîñòè Rx(τ) =
σ2(exp(−λ|τ |) + κ ∗ [τ = 0]);

Äðóãàÿ �îðìà Rx(τ);

Rx(τ) → Rx(t1, t2). 600 650 700 750 800
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Ïðèìåðû ÿäåð

Îáîçíà÷èì r = ‖x1 − x2‖.
K(x1, x2) = σ2 exp(−τr2) (RBF);

K(x1, x2) = σ2 exp(−τr) (Lapla
e);

K(x1, x2) = σ2
(

1 +
√
3r/l

)

exp
(

−
√
3r/l

)

(Mattern 3/2);

K(x1, x2) = σ2
(

1 +
√
5r/l + 5

3r
2/l2

)

exp
(

−
√
5r/l

)

(Mattern 5/2);

K(x1, x2) = σ2 exp

(

−2
sin2(πr)

l2

)

(Periodi
);

K(x1, x2) =
∑

i

σ2
i x

i
1x

i
2 (Linear).

Âîïðîñ 1: Êàê âûáðàòü ÿäðî? Êàêèå �óíêöèè çàäà¼ò êàæäîå èç

âûøåïåðå÷èñëåííûõ?

Âîïðîñ 2: Êàê ïîëó÷èòü ÿäðî, îòëè÷íîå îò âûøåïåðå÷èñëåííûõ?
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Ëèíåéíàÿ ðåãðåññèÿ ñ ýâîëþöèåé âî âðåìåíè

Áàéåñîâñêàÿ ëèíåéíàÿ ðåãðåññèÿ

(X, y) = ∪m
i=1(xi, yi) � âûáîðêà.

yi = w
T

xi + εi, εi ∼ N (εi|0, β−1), w ∼ N (w|0, A−1).
p(y, w|X, A, β) = p(w|A)p(y|X, w, β).

Áàéåñîâñêàÿ ëèíåéíàÿ ðåãðåññèÿ ñ ýâîëþöèåé

(X, y, t) = ∪m
i=1(xi, yi, ti) � âûáîðêà.

Äëÿ ïðîñòîòû ñ÷èòàåì t1 < t2 < . . . < tm.

yi = w
T

i xi + εi, εi ∼ N (εi|0, β−1).

Ââåäåì ìàòðèöó W = [w1, . . . , wm]
T

= [v1, . . . , vn] ∈ R
m×n

.

Âîïðîñ 1: êàê îáó÷èòü ìîäåëü, åñëè ó êàæäîãî îáúåêòà ñâîé

èíäèâèäóàëüíûé âåêòîð ïàðàìåòðîâ wi?

Èäåÿ: Àïðèîðè ïðåäïîëîæèì, ÷òî vj ïîëó÷åí êàê ðåàëèçàöèÿ GP vj(t).

vj = [vj(t1), . . . , vj(tm)]
T

, Kvj (tl, tk) = α−1
j exp(−λ|tl − tk|).

Òîãäà p(w1, . . . , wm) =

n
∏

j=1

N (vj |0, α−1
j K−1), ãäå

K = ‖ exp(−λ|tl − tk|)‖−1
.

Âîïðîñ 2: ÷òî ïðîèçîéäåò ïðè λ → 0?
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Ïîëó÷åíèå àïîñòåðèîðíîãî ðàñïðåäåëåíèÿ

Ïóñòü äîïîëíèòåëüíî äàíà òî÷êà äëÿ ïðîãíîçà (xm+1, tm+1).

Íàéòè: p(w1, . . . , wm, wm+1|y, X, t, β, A, λ).

log p(y, w1, . . . , wm, wm+1|X, t, β, A, λ) ∝
m
2 log β − β

2

m
∑

i=1

(yi −w
T

i xi)
2 +

n
∑

j=1

[

1
2 log αj +

1
2 log detK− αj

2 v
T

j Kvj

]

.

log p(w1, . . . , wm, wm+1|y, X, t, β, A, λ) ∝

−1
2





n
∑

j=1

αjv
T

j Kvj + β
m
∑

i=1

w
T

i xix
T

i wi − 2β
m
∑

i=1

yiw
T

i xi





.

Ââåäåì u = [w1, . . . , wm+1]
T ∈ R

(m+1)n
.

K1 =

















βx1x
T

1 0 . . . 0 0

0 βx2x
T

2 . . . 0 0
.

.

.

0 0 . . . βxmx
T

m 0

0 0 0 0 0

















, m = β















y1x1

y2x2
.

.

.

ymxm

0















.
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Ïîëó÷åíèå àïîñòåðèîðíîãî ðàñïðåäåëåíèÿ

Ââåäåì u = [w1, . . . , wm+1]
T ∈ R

(m+1)n
.

log p(w1, . . . , wm, wm+1|y, X, t, β, A, λ) ∝ −1
2

[

u
T

Σ−1u− 2u
T

m
]

=

−1
2





n
∑

j=1

αjv
T

j Kvj + β

m
∑

i=1

w
T

i xix
T

i wi − 2β

m
∑

i=1

yiw
T

i xi



 .

K1 =

















βx1x
T

1 0 . . . 0 0

0 βx2x
T

2 . . . 0 0
.

.

.

0 0 . . . βxmx
T

m
0

0 0 0 0 0

















, m = β















y1x1

y2x2

.

.

.

ymxm

0















,

K2 =











AK11 AK12 . . . AK1, m+1

AK21 AK22 . . . AK2, m+1

.

.

.

AKm+1, 1 AKm+1, 2 . . . AKm+1, m+1











.

Îò
þäà u ∼ N (u|(K1 +K2)
−1m, (K1 +K2)

−1).
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Îòáîð ïðèçíàêîâ è ïîäáîð êîâàðèàöèîííîé �óíêöèè

Âîïðîñ: êàê îïðåäåëèòü A, β, λ?

�àññìîòðèì çàäà÷ó p(y|X, t, β, A, λ) → max
β,A, λ

.

�àññìîòðèì Z = (w1, . . . , wm+1) è âîñïîëüçóåìñÿ EM-àëãîðèòìîì.

E-øàã. q(Z) = p(w1, . . . , wm, wm+1|y, X, t, β, A, λ).
M-øàã. Eq log p(y, w1, . . . , wm, wm+1|X, t, β, A, λ) → max

β,A, λ
.

m
2 log β − β

2

m
∑

i=1

E(yi −w
T

i xi)
2 + 1

2

n
∑

j=1

logαj +
n
2 log detK−

1
2

n
∑

j=1

αjEv
T

j Kvj → max
β,A, λ

.

β−1 = 1
m

m
∑

i=1

E(yi −w
T

i xi)
2; αj =

1

Ev
T

j
Kvj

= 1

tr(KEvjv
T

j
)
.

Hint: αnew

j =
1−αold

j tr(KEv̊j v̊
T

j )

tr(K(Evj)(Evj)
T

)
.
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Îòáîð ïðèçíàêîâ è ïîäáîð êîâàðèàöèîííîé �óíêöèè

M-øàã. Eq log p(y, w1, . . . , wm, wm+1|X, t, β, A, λ) → max
β,A, λ

.

m
2 log β − β

2

m
∑

i=1

E(yi −w
T

i xi)
2 + 1

2

n
∑

j=1

logαj +
n
2 log detK−

1
2

n
∑

j=1

αjEv
T

j Kvj → max
β,A, λ

.

β−1 = 1
m

m
∑

i=1

E(yi −w
T

i xi)
2; αj =

1

Ev
T

j
Kvj

= 1

tr(KEvjv
T

j
)
.

Hint: αnew

j =
1−αold

j
tr(KEv̊j v̊

T

j
)

tr(K(Evj)(Evj)
T )

.

B =

n
∑

j=1

αjEvjv
T

j , òîãäà f(λ) = n
2 log detK− 1

2tr (KB) → max
λ

.

2
df

dλ
= ntr

(

dK

dλ
K−1

)

− tr

(

dK

dλ
B

)

= 0.

Âîïðîñ: êàê ïîëó÷èòü îïòèìàëüíîå λ?
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