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Óðàâíåíèÿ â àëãåáðå ëîãè÷åñêèõ ôóíêöèé

Áóëåâà àëãåáðà ëîãè÷åñêèõ ôóíêöèé

ÀÑ P2 = 〈P2, ∨, N, ¬, 6, 0, 1 〉,
ãäå P2 � ìíîæåñòâî âñåõ äâóçíà÷íûõ áóëåâûõ ôóíêöèé,

0 è 1 � ôóíêöèè ¾òîæäåñòâåííûé íóëü¿ è ¾òîæäåñòâåííàÿ

åäèíèöà¿ ñîîòâåòñòâåííî, íàçûâàþò áóëåâîé ñòðóêòóðîé

ëîãè÷åñêèõ ôóíêöèé.

Ðàññìîòðèì ìåòîäû ðåøåíèÿ ò.í. îáûêíîâåííûå

ôóíêöèîíàëüíûõ áóëåâûõ óðàâíåíèé è èõ ñèñòåì â P2.

Ïðèìåð îáûêíîâåííîãî ôóíêöèîíàëüíîãî ÁÓ: x · ¬y = 0.
Çäåñü y = y(x) ∈ P2 � íåèçâåñòíàÿ áóëåâà ôóíêöèÿ áóëåâà

ôóíêöèÿ îäíîãî ïåðåìåííîãî x, à x � ïàðàìåòð èç {0, 1}.
Ðåøåíèå äàííîãî óðàâíåíèÿ � y(x) = x ∨ u(x), ãäå u(x) �
ïðîèçâîëüíàÿ áóëåâà ôóíêöèÿ îäíîãî ïåðåìåííîãî x.
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Îáûêíîâåííûå ôóíêöèîíàëüíûå ÁÓ

Îïðåäåëåíèå

Îáûêíîâåííûì ôóíêöèîíàëüíûì áóëåâûì óðàâíåíèåì â P2

íàçîâ¼ì óðàâíåíèå âèäà

f(x̃, ỹ) = 0, (∗)

ãäå ỹ = (y1, . . . , yn) ∈ {0, 1}n � íàáîð íåèçâåñòíûõ,

x̃ = (x1, . . . , xm) ∈ {0, 1}m � íàáîð ïàðàìåòðîâ,

f � áóëåâà ôóíêöèÿ f : 2m+n → 2.

Ðåøèòü áóëåâî óðàâíåíèå (∗) � çíà÷èò íàéòè òàêîå ñåìåéñòâî

áóëåâûõ ôóíêöèé {ψi(x̃) }ni=1 è îáëàñòü D ⊂ 2m, ÷òî ïðè
ïîäñòàíîâêå ỹi 7→ ψi(x̃), i = 1, n ñïðàâåäëèâî

∀x ∈ D : f
(
x̃, ψ̃(x̃)

)
= 0,

ãäå ψ̃(x̃) = (ψ1(x̃), . . . , ψn(x̃)) � âåêòîð-ôóíêöèÿ.
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Óðàâíåíèÿ â àëãåáðå ëîãè÷åñêèõ ôóíêöèé

Óðàâíåíèÿ ñ îäíèì íåèçâåñòíûì

Îáûêíîâåííûå ôóíêöèîíàëüíûå ÁÓ ñ îäíèì íåèçâåñòíûì: âèä

Òðåáóåòñÿ ðåøèòü óðàâíåíèå

f(y, x1, . . . , xn) = 0,

ãäå x1, . . . , xn ∈ {0, 1}, y = y(x1, . . . , xn) ∈ P2,

f � ëîãè÷åñêàÿ ôîðìóëà â ïðîèçâîëüíîì áàçèñå.

Ðåøåíèå ÁÓ íå â àëãåáðå ëîãèêè, à â àëãåáðå ëîãè÷åñêèõ

ôóíêöèé ïîçâîëÿåò ïîëó÷àòü íå ¾òàáëè÷íîå¿ ðåøåíèå, à

ðåøåíèå â îáùåì ôóíêöèîíàëüíîì âèäå.
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Óðàâíåíèÿ â àëãåáðå ëîãè÷åñêèõ ôóíêöèé

Óðàâíåíèÿ ñ îäíèì íåèçâåñòíûì

Ðåøåíèå ÎÔÁÓ ñ îäíèì íåèçâåñòíûì

Ïðåîáðàçóåì óðàâíåíèå f(y, x1, . . . , xn) = 0 â ýêâèâàëåíòíîå

âèäà f(1, x̃) · y ∨ f(0, x̃) · ¬y = 0.

Èç äîêàçàííîãî ðàíåå ñëåäóåò, ÷òî ýòî óðàâíåíèå èìååò

ðåøåíèå i� âûïîëíÿåòñÿ ñîîòíîøåíèå

f(1, x̃) · f(0, x̃) = 0 èëè f(0, x̃) 6 ¬f(1, x̃),
à ñàìî ðåøåíèå y = y(x1, . . . , xn) äà¼òñÿ èíòåðâàëüíîé

y0(x̃) 6 y(x̃) 6 y1(x̃)

èëè ïàðìåòðè÷åñêîé ôîðìîé

y(x̃) = y0(x̃) ∨ α(x̃) y1(x̃),
ãäå y0(x̃) = f(0, x̃), y1(x̃) = ¬f(1, x̃) � áàçèñíûå ðåøåíèÿ

èñõîäíîãî óðàâíåíèÿ,

α(x̃) � ïðîèçâîëüíàÿ áóëåâà ôóíêöèÿ îò ïåðåìåííûõ

x̃ = (x1, . . . , xn).
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Óðàâíåíèÿ ñ îäíèì íåèçâåñòíûì

Ðåøåíèå ÎÔÁÓ ñ îäíèì íåèçâåñòíûì: ïðèìåðû

Ïðèìåð ¬ Ðàíåå áûëî ðåøåíî óðàâíåíèå y1
��y2 = 1 â

àëãåáðå ëîãèêè êàê óðàâíåíèÿ ñ äâóìÿ íåèçâåñòíûìè.

Ðàññìîòðèì òåïåðü åãî êàê óðàâíåíèå ñ îäíèì íåèçâåñòíûì â

àëãåáðå ëîãè÷åñêèõ ôóíêöèé.

Ïðåäñòàâèì çàäàííîå óðàâíåíèå â âèäå y · ¬x = 0.

1. Ðåøèì ýòî óðàâíåíèå îòíîñèòåëüíî y.
Èç óñòàíîâëåííîãî ðàíåå èìååì

y0(x) = 0, y1(x) = x.

Óñëîâèå ñóùåñòâîâàíèå ðåøåíèÿ y0(x)(¬y1(x)) = 0, î÷åâèäíî,
âûïîëíÿåòñÿ.

Îáùåå ðåøåíèå: y(x) = y0(x) ∨ α(x)y1(x)= α(x)x,
ãäå α(x) � ïðîèçâîëüíàÿ áóëåâà ôóíêöèÿ îäíîé ïåðåìåííîé x.
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Ðåøåíèå ÎÔÁÓ ñ îäíèì íåèçâåñòíûì: ïðèìåðû...

2. Ðåøèì óðàâíåíèå y · ¬x = 0 îòíîñèòåëüíî x.

Â ýòîì ñëó÷àå áàçèñíûå ðåøåíèÿ ñóòü

x0(y) = y, x1(y) = 1,

óñëîâèå ñóùåñòâîâàíèÿ ðåøåíèÿ x0(y)(¬x1(y)) = 0
âûïîëíåíî, à îáùåå ðåøåíèå åñòü

x(y) = x0(y) ∨ α(y)x1(y)= y ∨ α(y),
ãäå α(y) � ïðîèçâîëüíàÿ áóëåâà ôóíêöèÿ îäíîé ïåðåìåííîé y.
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Óðàâíåíèÿ ñ îäíèì íåèçâåñòíûì

Ðåøåíèå ÎÔÁÓ ñ îäíèì íåèçâåñòíûì: ïðèìåðû...

Ïðèìåð  Ïîñòðîåíèå îïåðàöèè, îáðàòíîé êîíúþíêöèè:

òðåáóåòñÿ ðàçðåøèòü óðàâíåíèå z = yx îòíîñèòåëüíî y.

Ðåøåíèå. Ñ÷èòàÿ x1 = x è x2 = z, ïåðåïèøåì óðàâíåíèå â

òðåáóåìîì âèäå

x1x2y ∨ (x1y)x2 = x1x2y ∨ (x1 ∨ y)x2 =

= x1x2y ∨ x2y ∨ (x1x2)(y ∨ y) =

= (x1x2 ∨ x1x2)y(x1, x2) ∨ x2 (¬y(x1, x2)) = 0,

îòêóäà f(1, x1, x2) = x1x2 ∨ x1x2 = ¬y1(x1, x2) è

f(0, x1, x2) = x2 = y0(x1, x2).

Óñëîâèå ñóùåñòâîâàíèÿ ðåøåíèÿ ïðèíèìàþò âèä

f(0, x1, x2)f(1, x1, x2) = x1x2 = 0 èëè x2 6 x1 (z 6 x).
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Óðàâíåíèÿ ñ îäíèì íåèçâåñòíûì

Ðåøåíèå ÎÔÁÓ ñ îäíèì íåèçâåñòíûì: ïðèìåðû...

Äëÿ îïðåäåëåíèÿ ðåøåíèÿ îïðåäåëèì y1(x1, x2):

y1(x1, x2) = x1x2 ∨ x1x2 = x1x2 ∨ x1x2.
Ïðè èõ âûïîëíåíèè îáùåå ðåøåíèå åñòü

y(x1, x2) = y0(x1, x2) ∨ α(x1, x2) y1(x1, x2) =

= x2 ∨ α(x1, x2)(x1x2 ∨ x1x2) =

= x2 ∨ α(x1, x2)x1x2; èëè y(x, z) = z ∨ α(x, z)x z.

Ïðèâëåêàÿ óñëîâèå ñóùåñòâîâàíèÿ ðåøåíèé z 6 x, ïîëó÷èì

z ∨ x = x ⇔ z x = x

è îêîí÷àòåëüíî � y(x, z) = z ∨ α(x, z)x,
ãäå α � ëþáàÿ áóëåâà ôóíêöèÿ îò äâóõ ïåðåìåííûõ x è z.

Íåîáÿçàòåëüíàÿ ïðîâåðêà: yx = xz
z6x
= z.
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Ðåøåíèå ÎÔÁÓ ñ îäíèì íåèçâåñòíûì: ïðèìåðû...

Ïðèìåð ® Ðåøèòü óðàâíåíèå f(y, x1, x2, x3) = x1x2 ∨ x3y = 1.

Ðåøåíèå. Ïðèâîäèì óðàâíåíèå ê òðåáóåìîìó âèäó:

(x3(x1 ∨ x2)) y ∨ (x1 ∨ x2) y = 0,

îòêóäà f(1, x̃) = x3(x1 ∨ x2) è f(0, x̃) = x1 ∨ x2.
Óñëîâèå ñóùåñòâîâàíèÿ ðåøåíèÿ ðàññìàòðèâàåìîãî

óðàâíåíèÿ �

f(1, x̃)f(0, x̃) = (x1 ∨ x2)x3 = 0,

ïðè âûïîëíåíèè êîòîðîãî ðåøåíèå â èíòåðâàëüíîé ôîðìå �

x1 ∨ x2 6 y 6 x1x2 ∨ x3,
à â ôóíêöèîíàëüíîé �

y(x̃) = x1 ∨ x2 ∨ α(x̃)(x1x2 ∨ x3),
ãäå x̃ = (x1, x2, x3), è α(x̃) � ïðîèçâîëüíàÿ ôóíêöèÿ.
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Óðàâíåíèÿ ñî ìíîãèìè íåèçâåñòíûìè

ÎÔÁÓ ñî ìíîãèìè íåèçâåñòíûìè: ðåøåíèå

Ðåøàåì óðàâíåíèå f(x̃, ỹ) = 0, (∗)
â êîòîðîì f : 2m+n → 2, x̃ = (x1, . . . , xm) ∈ 2m � íàáîð

ïàðàìåòðîâ, à ỹ = (y1, . . . , yn) ∈ 2n � íàáîð íåèçâåñòíûõ.

Ïóñòü y1(x̃), . . . , yn(x̃) � îäíî èç åãî ðåøåíèé óðàâíåíèÿ (∗).
Ïðîèçâåä¼ì â (∗) çàìåíó y1 7→ yi(x̃), i = 2, n è ðàññìîòðèì

óðàâíåíèå îòíîñèòåëüíî îäíîé íåèçâåñòíîé y1 �

f(x̃, y1, y2(x̃), . . . , yn(x̃)) = 0,

êîòîðîå ðàçðåøèìî i� ñïðàâåäëèâî óñëîâèå (SC1):

f1(x̃, y2, . . . , yn) = f(x̃, 1, y2, . . . , yn)f(x̃, 0, y2, . . . , yn) = 0

Ïðè âûïîëíåíèè (SC1) áàçèñíûå ðåøåíèÿ y1 ñóòü

y11(x̃) = ¬f(x̃, 1, y2, . . . , yn), y01(x̃) = f(x̃, 0, y2, . . . , yn), (BS1)

à îáùåå ðåøåíèå � y1(x̃) = y01(x̃) ∨ α1(x̃)y
1
1 (GS1),

ãäå α1(x̃) � ïðîèçâîëüíàÿ áóëåâà ôóíêöèÿ îò m ïåðåìåííûõ.
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Óðàâíåíèÿ ñî ìíîãèìè íåèçâåñòíûìè

ÎÔÁÓ ñî ìíîãèìè íåèçâåñòíûìè: ðåøåíèå...

Ðàññìîòðèì òåïåðü óñëîâèå ðàçðåøèìîñòè (SC1) êàê
ñëåäóþùåå óðàâíåíèå îòíîñèòåëüíî y2:

f1(x̃, y2, . . . , yn) = 0.

Àíàëîãè÷íî ñëó÷àþ ïåðåìåííîé y1, ýòî óðàâíåíèå ðàçðåøèìî
îòíîñèòåëüíî y2 i� ñïðàâåäëèâî

f2(x̃, y3, . . . , yn)
def
= f1(x̃, 1, y3, . . . , yn)·f1(x̃, 0, y3, . . . , yn) = 0,

à áàçèñíûå ðåøåíèÿ y12 è y02 ïðè ýòîì ñóòü

y12(x̃) = ¬f1(x̃, 1, y3, . . . , yn), y02(x̃) = f1(x̃, 0, y3, . . . , yn).

Îáùåå ðåøåíèå äëÿ y2 ïðèíèìàåò âèä

y2(x̃) = y02(x̃) ∨ α2(x̃)y
1
2.
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Óðàâíåíèÿ â àëãåáðå ëîãè÷åñêèõ ôóíêöèé

Óðàâíåíèÿ ñî ìíîãèìè íåèçâåñòíûìè

ÎÔÁÓ ñî ìíîãèìè íåèçâåñòíûìè: ðåøåíèå...

Äàëåå íàõîäÿ ïîñëåäîâàòåëüíî áàçèñíûå è îáùèå ðåøåíèÿ äëÿ

y3(x̃), . . . , yn(x̃), ïîëó÷àåì, ÷òî ïåðåìåííàÿ yn óäîâëåòâîðÿåò

óðàâíåíèþ fn−1(x̃, yn) = 0 i�

fn(x̃) = fn−1(x̃, 1)fn−1(x̃, 0) = 0. (SCn)

Áàçèñíûå ðåøåíèÿ yn íå çàâèñÿò îò ïîâåäåíèÿ îñòàëüíûõ

ðåøåíèé è ïðèíèìàþò âèä

y1n(x̃) = ¬fn−1(x̃, 1) , y0n(x̃) = fn−1(x̃, 0). (BSn)

Îáùåå ðåøåíèå çàâèñèò îò ïðîèçâîëüíîé áóëåâîé ôóíêöèè

αn(x̃):
yn(x̃) = y0n(x̃) ∨ αn(x̃)y

1
n.

Ó÷èòûâàÿ ñâÿçü ìåæäó ôóíêöèÿì f, f1, . . . , fn−1 ëåãêî

îáíàðóæèòü, ÷òî ñîîòíîøåíèå (SCn) ïåðåïèñûâàåòñÿ â âèäå

&
ỹ ∈2n

f(x̃, ỹ) = 0. (GS)
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Óðàâíåíèÿ â àëãåáðå ëîãè÷åñêèõ ôóíêöèé

Óðàâíåíèÿ ñî ìíîãèìè íåèçâåñòíûìè

ÎÔÁÓ ñî ìíîãèìè íåèçâåñòíûìè: ðåøåíèå...

Ïîäñòàâëÿÿ òåïåðü îáùå ðåøåíèå äëÿ yn(x̃) â âûðàæåíèå äëÿ

îáùåãî ðåøåíèÿ yn−1(x̃), çàâèñÿùåãî (êðîìå x̃ ) òîëüêî ëèøü
îò yn(x̃), íàéä¼ì âûðàæåíèå äëÿ yn−1(x̃).

Äàëåå, èñïîëüçóÿ yn(x̃) è yn−1(x̃), íàéä¼ì yn−2(x̃) è ò.ä.

âïëîòü äî y1(x̃).

Ïðèâåä¼ííûå ðàññóæäåíèÿ ìîæíî îôîðìèòü îôîðìëÿþòñÿ â

âèäå òåîðåìû.

Çàìå÷àíèå. Èç ïîñòðîåíèÿ îáùåãî ðåøåíèÿ âèäíî, ÷òî â í¼ì

ñîäåðæèòñÿ íå áîëåå n ïðîèçâîëüíûõ áóëåâûõ ôóíêöèé αi(x̃),
i = 1, n.
Èõ áóäåò ìåíüøå n, åñëè áàçèñíûå ðåøåíèÿ äëÿ êàêîé-òî

ïåðåìåííîé yi ñîâïàäàþò.

Ïîòåðÿ íåêîòîðûõ αi(x̃) ìîæåò ïðîèñõîäèòü òàêæå â ïðîöåññå

ïîäñòàíîâêè óæå íàéäåííûõ îáùèõ ðåøåíèé â ñîîòíîøåíèÿ äëÿ

áàçèñíûõ ðåøåíèé.
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Óðàâíåíèÿ â àëãåáðå ëîãè÷åñêèõ ôóíêöèé

Óðàâíåíèÿ ñî ìíîãèìè íåèçâåñòíûìè

ÎÔÁÓ ñî ìíîãèìè íåèçâåñòíûìè: ïðèìåðû
Ïðèìåð ¬ Ðåøèòü óðàâíåíèå

f(x1, x2, y1, y2) = x1y1 ∨ x1y1 ∨ x2y1y2 = 0

îòíîñèòåëüíî ïåðåìåííûõ y1 è y2 ïðè âñåõ (x1, x2) ∈ 22.

Ðåøåíèå. Óñëîâèÿ ðàçðåøèìîñòè äàííîãî óðàâíåíèÿ ïî (GS)

èìåþò âèä &
ỹ ∈2n

f(x̃, ỹ) = x1(x1 ∨ x2) · x1x1 = 0, ò.å.

âûïîëíÿþòñÿ òîæäåñòâåííî.

Íàéä¼ì òåïåðü ôóíêöèþ f1(x̃, y2): ñîãëàñíî (SC1) îíà
ïðåäñòàâèìà â âèäå

f1(x̃, y2) = f(x̃, 1, y2)f(x̃, 0, y2) = (x1 ∨ x2y2)x1 = x1x2y2.

Áàçèñíûå ðåøåíèÿ äëÿ y2(x̃) íàõîäÿòñÿ èç ñîîòíîøåíèÿ

f1(x̃, y2) = x1 x2 y2 = 0

è ðàâíû y12 = 1, y02 = x1x2.

Îáùåå ðåøåíèå åñòü

y2(x1, x2) = x1x2 ∨ α2(x1, x2). (1)
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Óðàâíåíèÿ â àëãåáðå ëîãè÷åñêèõ ôóíêöèé

Óðàâíåíèÿ ñî ìíîãèìè íåèçâåñòíûìè

ÎÔÁÓ ñî ìíîãèìè íåèçâåñòíûìè: ïðèìåð 1

Äëÿ íàõîæäåíèÿ y1(x̃) èñïîëüçóåì ñîîòíîøåíèÿ (GS1),
ïîäñòàâèâ â íèõ (1):

y11(x̃) =¬f(x̃, 1, y2(x̃)) = x1 (x2 ∨ α2(x1, x2) ∨ ¬α2(x1, x2)x1x2) ,

y01(x̃) =x1.

Îáùåå ðåøåíèå äëÿ y1 åñòü

y1(x̃) = α1(x̃)x1x2 ∨ α1(x̃)α2(x̃)x1 ∨ α1(x̃)x1x2 ∨ x1 =

= x1. (2)

Òàêèì îáðàçîì, îáùåå ðåøåíèå èñõîäíîãî óðàâíåíèÿ çàäà¼òñÿ

ïàðîé ôóíêöèé (y1, y2), êîìïîíåíòû êîòîðûõ îïðåäåëåíû â (2)

è (1).
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Óðàâíåíèÿ â àëãåáðå ëîãè÷åñêèõ ôóíêöèé

Óðàâíåíèÿ ñî ìíîãèìè íåèçâåñòíûìè

ÎÔÁÓ ñî ìíîãèìè íåèçâåñòíûìè: ïðèìåð 1...

Îòìåòèì, ÷òî îáùåå ðåøåíèå äëÿ y1(x̃) åäèíñòâåííî, à äëÿ

y2(x̃) � ñîäåðæèò ïðîèçâîëüíóþ áóëåâó ôóíêöèþ ïåðåìåííûõ

α2(x1, x2).

×òîáû ïåðå÷èñëèòü, êàêèå ôóíêöèè âîçíèêàþò â y2(x̃) ïðè

ðàçëè÷íîì âûáîðå α2, ïðåäñòàâèì ýòó ôóíêöèþ â âèäå

ðàçëîæåíèÿ ïî ïåðåìåííûì x1 è x2:

α2(x1, x2) = ω3 x1x2 ∨ ω2 x1x2 ∨ ω1 x1x2 ∨ ω0x1x2, (B3)

ãäå ω0, ω1, ω2, ω3 � ïðîèçâîëüíûå ÷èñëà èç {0, 1}.
Ïîäñòàâèâ (B3) â (1), ïîëó÷èì y2(x̃) â âèäå

y2(x̃) = x1x2 ∨ ω2x1x2 ∨ ω1x1x2 ∨ ω0x1x2 . (3)
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Óðàâíåíèÿ â àëãåáðå ëîãè÷åñêèõ ôóíêöèé

Óðàâíåíèÿ ñî ìíîãèìè íåèçâåñòíûìè

ÎÔÁÓ ñî ìíîãèìè íåèçâåñòíûìè: ïðèìåð 1...

Ñîîòíîøåíèå (2) ïîêàçûâàåò, ÷òî ïåðâàÿ êîìïîíåíòà y1(x̃)
ðåøåíèÿ èñõîäíîãî óðàâíåíèÿ ñâîäèòñÿ ê åäèíñòâåííîé

ôóíêöèè y1 = x1.

Èç (3) âèäíî, ÷òî ñóùåñòâóþò 8 ðàçëè÷íûõ ôóíêöèé,

îáðàçóþùèõ âòîðóþ êîìïîíåíòó y2(x̃) ðåøåíèÿ èñõîäíîãî

óðàâíåíèÿ: ïðèäàâàÿ òðîéêàì ÷èñåë (ω1, ω2, ω3) âñå çíà÷åíèÿ

èç 23, ïîëó÷èì ôóíêöèè

1. x1x2 ,

2. x1x2 ∨ x1x2 = x1 + x2 ,

3. x1x2 ∨ x1x2 = x2 ,

4. x1x2 ∨ x1x2 ∨ x1x2 = x1x2 ,

5. x1x2 ∨ x1x2 = x1 ,

6. x1x2 ∨ x1x2 ∨ x1x2 = x1x2 ,

7. x1x2 ∨ x1x2 ∨ x1x2 = x1 ∨ x2 ,
8. x1x2 ∨ x1x2 ∨ x1x2 ∨ x1x2 = 1.
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Óðàâíåíèÿ â àëãåáðå ëîãè÷åñêèõ ôóíêöèé

Óðàâíåíèÿ ñî ìíîãèìè íåèçâåñòíûìè

ÎÔÁÓ ñî ìíîãèìè íåèçâåñòíûìè: ïðèìåð 1...

Çàìåòèì, ÷òî ðåøåíèå èñõîäíîãî óðàâíåíèÿ, çàïèñàííîå â

èíåðöèàëüíîé ôîðìå åñòü

y02 = x1x2 6 y2(x1, x2) 6 1 = y12 ,

Ýòî îçíà÷àåò, ÷òî êîíêðåòíûå ôóíêöèè, êîòîðûå óäîâëåòâîðÿþò

óñëîâèÿì, íàëàãàåìûì íà y2(x̃) ñóòü ýëåìåíòû èíòåðâàëà

[ y02, y
1
2 ] â áóëåâîé àëãåáðå L∗2, ýëåìåíòàìè êîòîðîé ÿâëÿþòñÿ

êëàññû ýêâèâàëåíòíûõ ôîðìóë, ðåàëèçóþùèå áóëåâû ôóíêöèè

îò 2 ïåðåìåííûõ.

ßñíî, ÷òî L∗2
∼=b 24. Äèàãðàììà Õàññå èíòåðâàëà [ y02, y

1
2 ]

èçîáðàæåíà íà ñëåäóþùåì ñëàéäå.

Êëàññ ôîðìóë, ðåàëèçóþùèõ ôóíêöèþ 1 îáîçíà÷åí T.
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Óðàâíåíèÿ â àëãåáðå ëîãè÷åñêèõ ôóíêöèé

Óðàâíåíèÿ ñî ìíîãèìè íåèçâåñòíûìè

ÎÔÁÓ ñî ìíîãèìè íåèçâåñòíûìè: ïðèìåð 1...

T

[x1 ∨ x2 ] [x1 ∨ x2 ] [x1 ∨ x2 ]

[x1x2 ∨ x1x2 ] [x2 ] [x1 ]

[x1x2 ]

A
A
A
A
A
AA















A
A
A
A
AA








A
A
A
A
A
A







A
A
A
A
A
A

Èíòåðâàë â L∗2, ñîäåðæàùèé êëàññû ôîðìóë, ðåàëèçóþùèõ

ôóíêöèè, óäîâëåòâîðÿþùèå îãðàíè÷åíèÿì íà y2(x1 x2)
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Óðàâíåíèÿ â àëãåáðå ëîãè÷åñêèõ ôóíêöèé

Óðàâíåíèÿ ñî ìíîãèìè íåèçâåñòíûìè

ÎÔÁÓ ñî ìíîãèìè íåèçâåñòíûìè: ïðèìåð 2
Ïðèìåð 

Ðåøèì óðàâíåíèå

f(x1, x2, y1, y2) =

= y1y2 ∨ x1y1y2 ∨ x1x2 y2 ∨ x2y1y2 ∨ x1 x2y1 y2 ∨ x1x2y1y2 =

= 0.

Ðåøåíèå Ëåãêî ïðîâåðèòü, ÷òî óñëîâèÿ (GS) ðàçðåøèìîñòè
ýòîãî óðàâíåíèÿ îòíîñèòåëüíî y1 è y2 âûïîëíåíû ïðè âñåõ

(x1, x2) ∈ 22.

Ôóíêöèÿ f1(x1, x2, y1) = x1x2y2 ∨ x1x2y2. Çíà÷èò, áàçèñíûå
ðåøåíèÿ äëÿ y2 ïðèíèìàþò âèä

y12 = x1 ∨ x2 , y02 = x1x2 ,

à îáùåå ðåøåíèå �

y2 = x1x2 ∨ α2(x1, x2)(x1 ∨ x2) . (4)
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Óðàâíåíèÿ â àëãåáðå ëîãè÷åñêèõ ôóíêöèé

Óðàâíåíèÿ ñî ìíîãèìè íåèçâåñòíûìè

ÎÔÁÓ ñî ìíîãèìè íåèçâåñòíûìè: ïðèìåð 2...

Áàçèñíûå ðåøåíèÿ äëÿ y1 ïîëó÷àþòñÿ èç ôóíêöèè f(x̃, ỹ)
ïîñëå ïîäñòàíîâêè â íå¼ âìåñòî y2 îáùåãî ðåøåíèÿ (4), ò.å.

y11 = y01 = ¬α2(x1, x2)x1 x2,

à îáùåå ðåøåíèå äëÿ y1 ïðèíèìàåò âèä

y1 = ¬α2(x1, x2)x1 x2,

ò.å. çàâèñèò òîëüêî îò îäíîé ïðîèçâîëüíîé ôóíêöèè α2(x1, x2),
èñïîëüçóåìîé ïðè ïîñòðîåíèè îáùåãî ðåøåíèÿ äëÿ y2.
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Óðàâíåíèÿ â àëãåáðå ëîãè÷åñêèõ ôóíêöèé

Óðàâíåíèÿ ñî ìíîãèìè íåèçâåñòíûìè

ÎÔÁÓ ñî ìíîãèìè íåèçâåñòíûìè: ïðèìåð 2...

Ïîäñòàâëÿÿ α2(x1, x2) â âèäå (B3), ëåãêî ïîëó÷èòü ñëåäóþùåå
ñåìåéñòâî ðåøåíèé èñõîäíîãî óðàâíåíèÿ:

y1 = ¬ω1 x1x2 ,

y2 = x1x2 ∨ ω1x1x2 ∨ ω0 x1x2 .

ãäå ω0 ω1 ∈ {0, 1}.
Îíî çàâèñèò òîëüêî îò äâóõ ïàðàìåòðîâ.

Ïðèäàâàÿ èì âñå çíà÷åíèÿ (00), (01), (10), (11), ïîëó÷èì
ñëåäóþùèå ðåøåíèÿ

1. y1 = x1x2 , y2 = x1x2 ;

2. y1 = x1x2 , y2 = x2 ;

3. y1 = 0 , y2 = x1 + x2 ;

4. y1 = 0 , y2 = x1 ∨ x2 .
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Óðàâíåíèÿ â àëãåáðå ëîãè÷åñêèõ ôóíêöèé

Óðàâíåíèÿ ñî ìíîãèìè íåèçâåñòíûìè

ÎÔÁÓ ñî ìíîãèìè íåèçâåñòíûìè: ïðèìåð 3
Ïðèìåð ®

Ðàññìîòðèì óðàâíåíèå

0 = f(x1, x2, y1, y2) =

= y1y2 ∨ x1y2 ∨ x1x2 ∨ y1y2 ∨ x2y1 ∨ x1x2y1.

Ðåøåíèå. Óñëîâèå ðàçðåøèìîñòè äàííîãî óðàâíåíèÿ çàäà¼òñÿ

óðàâíåíèåì f2(x̃) = f2(x1, x2) = x1 x2 = 0.
Òàêèì îáðàçîì, èñõîäíîå óðàâíåíèå ìîæåò áûòü ðåøåíî

îòíîñèòåëüíî (y1, y2) òîëüêî â îáëàñòè

D =
{
x̃ ∈ 22 | x1 x2 = 0

}
.

Ýêâèâàëåíòíûì îáðàçîì îáëàñòü D ìîæåò áûòü îïèñàíî

ëþáûì èç íåðàâåíñòâ x1 6 x2 èëè x2 6 x1.

Áóäåì äàëåå ñ÷èòàòü, ÷òî âñå ôóíêöèè çàäàíû íà D.

Èìååì f1(x1, x2, y2) = x1y2 ∨ x1y2 ∨ x2 y2,
f1(x1, x2, 1) = x1, f1(x1, x2, 0) = x1.
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Óðàâíåíèÿ â àëãåáðå ëîãè÷åñêèõ ôóíêöèé

Óðàâíåíèÿ ñî ìíîãèìè íåèçâåñòíûìè

ÎÔÁÓ ñî ìíîãèìè íåèçâåñòíûìè: ïðèìåð 3...

Òàêèì îáðàçîì, áàçèñíûå ðåøåíèÿ äëÿ y2 ñîâïàäàþò è

y2 = x1.

Ïîäñòàâëÿÿ ýòî ðåøåíèå â ôóíêöèþ f , íàéä¼ì

y11 =¬f(x1, x2, 1, x1) = x1 ∨ x2,
y01 = f(x1, x2, 0, x1) = x1 ∨ x2,

ò.å. ðåøåíèå äëÿ y1 òàêæå åäèíñòâåííî: y1 = x1 ∨ x2.
Ïîäñòàíîâêà y1 è y2 â èñõîäíîå óðàâíåíèå äà¼ò

f(x1, x2) = x1x2 ,

è, òàêèì îáðàçîì, f(x1, x2) = 0 â îáëàñòè D.
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Îïåðàòîðíûå óðàâíåíèÿ

Ðàçäåëû

Óðàâíåíèÿ â àëãåáðå ëîãè÷åñêèõ ôóíêöèé

Óðàâíåíèÿ ñ îäíèì íåèçâåñòíûì

Óðàâíåíèÿ ñî ìíîãèìè íåèçâåñòíûìè

Îïåðàòîðíûå óðàâíåíèÿ

Äèôôåðåíöèðîâàíèå è èíòåãðèðîâàíèå áóëåâûõ ôóíêöèé
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Îïåðàòîðíûå óðàâíåíèÿ

Äèôôåðåíöèðîâàíèå è èíòåãðèðîâàíèå áóëåâûõ ôóíêöèé

Ðàçäåëû

Óðàâíåíèÿ â àëãåáðå ëîãè÷åñêèõ ôóíêöèé

Óðàâíåíèÿ ñ îäíèì íåèçâåñòíûì

Óðàâíåíèÿ ñî ìíîãèìè íåèçâåñòíûìè

Îïåðàòîðíûå óðàâíåíèÿ

Äèôôåðåíöèðîâàíèå è èíòåãðèðîâàíèå áóëåâûõ ôóíêöèé
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Îïåðàòîðíûå óðàâíåíèÿ

Äèôôåðåíöèðîâàíèå è èíòåãðèðîâàíèå áóëåâûõ ôóíêöèé

Ïðîèçâîäíàÿ áóëåâîé ôóíêöèè

Îïðåäåëåíèå

Ïðîèçâîäíîé ïåðâîãî ïîðÿäêà ∂f
∂xi

áóëåâîé ôóíêöèè

f(x1, . . . , xn) ïî ïåðåìåííîé xi íàçûâàåòñÿ ôóíêöèÿ,

îïðåäåëÿåìàÿ ðàâåíñòâîì (+ � ñóììà ïî mod 2)

∂f

∂xi
(x1, . . . , xn) = f(x1, . . . , xi−1, 1, xi+1, . . . , xn)+

+ f(x1, . . . , xi−1, 0, xi+1, . . . , xn).

Ïðîèçâîäíàÿ ∂f
∂xi

îïðåäåëÿåò óñëîâèÿ, ïðè êîòîðûõ ôóíêöèÿ

f(x̃) èçìåíÿåò çíà÷åíèå ïðè èíâåðòèèðîâàíèè xi.

Ïðèìåð: äëÿ f(x1, x2, x3) = x2x3 ∨ x1x2x3 �
∂f

∂x1
= (x2x3 ∨ x2x3) + x2x3 = x2x3

è f(x̃) èçìåíÿåò çíà÷åíèå ïðè x2 = x3 = 1 (f(x1, 1, 1) = x1).
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Îïåðàòîðíûå óðàâíåíèÿ

Äèôôåðåíöèðîâàíèå è èíòåãðèðîâàíèå áóëåâûõ ôóíêöèé

Ñìåøàííàÿ ïðîèçâîäíàÿ áóëåâîé ôóíêöèè

Îïðåäåëåíèå

Ñìåøàííîé ïðîèçâîäíîé ∂kf
∂xi1

∂xi2
...∂xik

áóëåâîé ôóíêöèè

f(x1, . . . , xn) ïî ïåðåìåííûì xi1 , . . . , xik íàçûâàåòñÿ

âûðàæåíèå âèäà

∂kf

∂xi1∂xi2 . . . ∂xik
=

∂

∂xik

(
∂k−1f

∂xi1∂xi2 . . . ∂xik−1

)
.

Ïîðÿäîê ôèêñàöèè ïåðåìåííûõ íå èìååò çíà÷åíèÿ.

Ïðîèçâîäíàÿ k-ãî ïîðÿäêà ôóíêöèè f(x̃) ïî ïåðåìåííûì

xi1 , . . . , xik îïðåäåëÿåò óñëîâèÿ, ïðè êîòîðûõ ýòà ôóíêöèÿ

èçìåíÿåò çíà÷åíèå ïðè îäíîâðåìåííîì èçìåíåíèè çíà÷åíèé

óêàçàííûõ ïåðåìåííûõ.
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Îïåðàòîðíûå óðàâíåíèÿ

Äèôôåðåíöèðîâàíèå è èíòåãðèðîâàíèå áóëåâûõ ôóíêöèé

Ñìåøàííàÿ ïðîèçâîäíàÿ áóëåâîé ôóíêöèè: ïðèìåð
Ïðèìåð

: äëÿ f(x1, x2, x3) = x1x2 ∨ x1x3 �
∂f

∂x1
=x2 ∨ x3 ,

∂f

∂x2
=x1 + x1x3 = x1x3 ,

∂f

∂x3
=x1x2 + x1 = x1x2 ,

∂2f

∂x1∂x2
=x3 ,

∂2f

∂x2∂x3
=x1 ,

∂2f

∂x1∂x3
=x2 ,

∂3f

∂x1∂x2∂x3
=1.
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Îïåðàòîðíûå óðàâíåíèÿ

Äèôôåðåíöèðîâàíèå è èíòåãðèðîâàíèå áóëåâûõ ôóíêöèé

Ïðîèçâîäíàÿ áóëåâîé ôóíêöèè ïî íàáîðó àðãóìåíòîâ

Îïðåäåëåíèå

Ïðîèçâîäíîé áóëåâîé ∂f
∂A ôóíêöèè f(x1, . . . , xn) ïî íàáîðó

àðãóìåíòîâ A = {xi1 , . . . , xik } íàçûâàåòñÿ ôóíêöèÿ

∂f

∂A
(x1, . . . , xn) = f(x1, . . . , xn)+

+ f(x1, . . . , xi1 , . . . , xik , . . . , xn).

::::::::::::::
Óòâåðæäåíèå.

∂f

∂A
=
⊕
i

∂f

∂xi
+
⊕
i,j
i 6=i

∂2f

∂xi∂xj
+

⊕
i,j,s

i6=j, i 6=s, j 6=s

∂3f

∂xi∂xj∂xs
+ . . .

. . .+
∂kf

∂xi1∂xi2 . . . ∂xik
.
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Îïåðàòîðíûå óðàâíåíèÿ

Äèôôåðåíöèðîâàíèå è èíòåãðèðîâàíèå áóëåâûõ ôóíêöèé

Ïðîèçâîäíàÿ áóëåâîé ôóíêöèè ïî íàáîðó àðãóìåíòîâ: ñâîéñòâà

Îòìåòèì ñëåäóþùèå ñâîéñòâà îïåðàòîðà
∂

∂A
:

1.
∂(f + g)

∂A
=

∂f

∂A
+
∂g

∂A
.

2. Åñëè á.ô. g íå çàâèñèò ñóùåñòâåííî íè îò îäíîãî

àðãóìåíòà èç íàáîðà A, òî
∂(gf)

∂A
= g

∂f

∂A
.

Ðàññìîòðèì óðàâíåíèå âèäà

∂F

∂A
= f ,

â êîòîðîì áóëåâà ôóíêöèÿ f è íàáîð àðãóìåíòîâ A çàäàíû, à

á.ô. F � èñêîìàÿ.
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Îïåðàòîðíûå óðàâíåíèÿ

Äèôôåðåíöèðîâàíèå è èíòåãðèðîâàíèå áóëåâûõ ôóíêöèé

Èíòåãðèðîâàíèå áóëåâûõ ôóíêöèé

Îïðåäåëåíèå

Áóëåâà ôóíêöèÿ f(x1, . . . , xn) íàçûâàåòñÿ èíòåãðèðóåìîé ïî

íàáîðó àðãóìåíòîâ A = {xi1 , . . . , xik}, 1 6 i1, i2, . . . , ik 6 n,

åñëè ñóùåñòâóåò á.ô. F (x1, . . . , xn) òàêàÿ, ÷òî
∂F

∂A
= f .

Â ýòîì ñëó÷àå F íàçûâàþò ïåðâîîáðàçíîé á.ô. f

îòíîñèòåëüíî íàáîðà A, ñèìâîëè÷åñêè F =

∫
f dA.

Îïðåäåëåíèå

Ñîâîêóïíîñòü

JA(f) =

{
F :

∂F

∂A
= f

}
íàçîâ¼ì ìíîæåñòâîì ïåðâîîáðàçíûõ á.ô. f ïî íàáîðó

ïåðåìåííûõ A.
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Îïåðàòîðíûå óðàâíåíèÿ

Äèôôåðåíöèðîâàíèå è èíòåãðèðîâàíèå áóëåâûõ ôóíêöèé

Èíòåãðèðîâàíèå áóëåâûõ ôóíêöèé: ïðèìåð

Ïðèìåð
¬ Ïóñòü f(x1, x2, x3) = x1x3 + x2x3 + x3 è A = {x1, x2 }.

1. Ïîëîæèì F1 = x1x2x3; òîãäà:

∂F1

∂A
= x1x2x3 + (x1 + 1)(x2 + 1)x3 =

= x1x2x3+x1x2x3+x1x3+x2x3+x3 = x1x3+x2x3+x3 = f,

ò.å. F1 ∈ JA(f).

2. Ïîëîæèì F2 = x1x2x3 + x3; òîãäà:

∂F1

∂A
= x1x2x3 + x3 + (x1 + 1)(x2 + 1)x3 + x3 =

= x1x2x3 + x3 + x1x2x3 + x1x3 + x2x3 + x3 + x3 =

= x1x3 + x2x3 + x3 = f,

ò.å. F2 ∈ JA(f).
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Îïåðàòîðíûå óðàâíåíèÿ

Äèôôåðåíöèðîâàíèå è èíòåãðèðîâàíèå áóëåâûõ ôóíêöèé

Èíòåãðèðîâàíèå áóëåâûõ ôóíêöèé: ïðèìåð

Ïðèìåð (ïðîäîëæåíèå)

 Ïóñòü g = x1x2 + x1x3 + x2x3 è A = {x1, x2 }.
Èùåì ïåðâîîáðàçíóþ F á.ô. g â ÀÍÔ

F = a123x1x2x3 + a12x1x2 + a13x1x3 + a23x2x3+

+ a1x1 + a2x2 + a3x3 + a0

è óáåæäàåìñÿ, ÷òî JA(g) = ∅.

Òàêèì îáðàçîì, èíòåãðèðîâàíèå áóëåâûõ ôóíêöèé íå âñåãäà

âîçìîæíî � ìíîæåñòâî JA(f) ìîæåò áûòü ïóñòûì.

Ñ äðóãîé ñòîðîíû, ïîñêîëüêó ïðîèçâîäíàÿ ïîñòîÿííîé áóëåâîé

ôóíêöèè ïî ëþáîìó íàáîðó ïåðåìåííûõ ðàâíà 0, òî

|JA(f)| =
[
0
> 1

.
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Îïåðàòîðíûå óðàâíåíèÿ

Äèôôåðåíöèðîâàíèå è èíòåãðèðîâàíèå áóëåâûõ ôóíêöèé

Êëàññû ôóíêöèé JA(0) è JA(1)

Îïðåäëèì êëàññû áóëåâûõ ôóíêöèé JA(0) è JA(1):

JA(0) =

{
f :

∂f

∂A
= 0

}
è JA(1) =

{
f :

∂f

∂A
= 1

}
.

Î÷åâèäíî, êëàññû JA(0) è JA(1) ñîñòàâëÿþò ôóíêöèè, äëÿ

êîòîðûõ ïðè A = {xi1 , . . . , xik} ñïðàâåäëèâî

f(x1, . . . , xn) = f(x1, . . . , xi1 , . . . , xik , . . . , xn) è

f(x1, . . . , xn) = f(x1, . . . , xi1 , . . . , xik , . . . , xn)

ñîîòâåòñòâåííî.
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Îïåðàòîðíûå óðàâíåíèÿ

Äèôôåðåíöèðîâàíèå è èíòåãðèðîâàíèå áóëåâûõ ôóíêöèé

Òåîðåìà îá èíòåãðèðóåìîñòè áóëåâûõ ôóíêöèé

::::::::
Òåîðåìà (îá èíòåãðèðóåìîñòè áóëåâûõ ôóíêöèé)

Á.ô. f èíòåãðèðóåìà ïî íàáîðó ïåðåìåííûõ A åñëè è òîëüêî

åñëè ÀÍÔ ôóíêöèè f ïðåäñòàâèìà â âèäå

f =
∂g1
∂A

+ . . .+
∂gm
∂A

,

ãäå gi � ýëåìåíòàðíàÿ ìîíîòîííàÿ êîíúþíêöèÿ, i = 1,m.

Â ýòîì ñëó÷àå

JA(f) = {F = g1 + . . .+ gq + F0 | F0 ∈ JA(0) } .

Çàìå÷àíèå. Â ÷àñòíîì ñëó÷àå, åñëè g =&i∈I xi � ý.ì.ê., òî
∂g
∂A åñòü ñóììà 2s − 1 ý.ì.ê., êîòîðûå ïîëó÷àþòñÿ

âû÷¼ðêèâàíèåì èç ý.ì.ê. g âñåâîçìîæíûõ êîìáèíàöèé ïî

1, 2, . . . , s ýëåìåíòîâ ìíîæåñòâà B = A ∩ I, s = |B|.
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