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Íàïîìèíàíèå. Çàäà÷à òåìàòè÷åñêîãî ìîäåëèðîâàíèÿ

Äàíî: êîëëåêöèÿ òåêñòîâûõ äîêóìåíòîâ

ndw � ÷àñòîòû òåðìîâ â äîêóìåíòàõ, p̂(w |d) = ndw
nd

Íàéòè: ïàðàìåòðû òåìàòè÷åñêîé ìîäåëè p(w |d) =
∑
t∈T

φwtθtd

φwt =p(w |t) � âåðîÿòíîñòè òåðìîâ w â êàæäîé òåìå t

θtd =p(t|d) � âåðîÿòíîñòè òåì t â êàæäîì äîêóìåíòå d

Ýòî çàäà÷à ñòîõàñòè÷åñêîãî ìàòðè÷íîãî ðàçëîæåíèÿ:
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Íàïîìèíàíèå. Òåìàòè÷åñêàÿ ìîäåëü LDA

Ðàñïðåäåëåíèÿ Äèðèõëå ñ ãèïåðïàðàìåòðàìè α ∈ RT , β ∈ RW :

p(Φ,Θ|β, α) =
∏
t∈T

Dir(φt |β)
∏
d∈D

Dir(θd |α)

Dir(φt |β) =
Γ(β0)∏

w
Γ(βw )

∏
w
φβw−1
wt , φwt > 0; β0 =

∑
w
βw , βt > 0;

Dir(θd |α) =
Γ(α0)∏
t

Γ(αt)

∏
t
θαt−1
td , θtd > 0; α0 =

∑
t
αt , αt > 0;

Ïðèìåð. Ðàñïðåäåëåíèå Dir(φ|β) ïðè |W | = 10, φ, β ∈ R10:

βw = 0.1 βw = 1

(ðàâíîìåðíîå)

βw = 100
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Íåêîòîðûå ñâîéñòâà ðàñïðåäåëåíèÿ Äèðèõëå

1 Ìàòîæèäàíèå: Eθt =
∫
θtDir(θ|α) dθ = αt

α0
= norm

t
(αt)

2 Ìîäà: θ̂t = αt−1
α0−T = norm

t
(αt − 1)

3 Äèñïåðñèÿ: Dθt = αt(α0−αt)
α2

0(α0+1)

4 Ìàòîæèäàíèå ln: E ln θt =
∫

ln θtDir(θ|α) dθ = ψ(αt)− ψ(α0)

ãäå ψ(x) = Γ′(x)
Γ(x) � äèãàììà-ôóíêöèÿ.

Ïðîñòàÿ, íî î÷åíü òî÷íàÿ àïïðîêñèìàöèÿ
ýêñïîíåíòû îò äèãàììà-ôóíêöèè:

E (x) = exp(ψ(x)) ≈

{
x2

2 , 0 6 x 6 1

x − 1
2 , 1 6 x 0 0,5 1,0 1,5 2,0 2,5 3,0 3,5 4,0

0

0,5

1,0

1,5

2,0

2,5

3,0

3,5

4,0
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Ïîäõîäû ê îöåíèâàíèþ ïàðàìåòðîâ âåðîÿòíîñòíûõ ìîäåëåé

X = (di ,wi )
n
i=1 � íàáëþäàåìûå, Z = (ti )

n
i=1 � ñêðûòûå

Ω = (Φ,Θ) � ïàðàìåòðû, γ = (β, α) � ãèïåðïàðàìåòðû

Ìàêñèìèçàöèÿ ðåãóëÿðèçîâàííîãî ïðàâäîïîäîáèÿ:

ln p(X |Ω) + R(Ω) = ln
∑
Z

p(X ,Z |Ω) + R(Ω) → max
Ω

Ìàêñèìèçàöèÿ àïîñòåðèîðíîé âåðîÿòíîñòè:

ln p(Ω|X , γ) + const = ln
∑
Z

p(X ,Z |Ω) + ln p(Ω|γ) → max
Ω

Âàðèàöèîííûé áàéåñîâñêèé âûâîä:

âûâåñòè p(Z ,Ω|X , γ) ∝ p(X ,Z |Ω, γ) p(Ω|γ)

Ñýìïëèðîâàíèå Ãèááñà:

âûâåñòè p(Z |X , γ) è ñýìïëèðîâàòü èç íåãî Z

âûâåñòè p(Ω|X ,Z , γ) ∝ p(X ,Z |Ω, γ) p(Ω|γ)
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Îñíîâíàÿ èäåÿ Variational Bayesian inference

X = (di ,wi )
n
i=1 � èñõîäíûå äàííûå, íàáëþäàåìûå ïåðåìåííûå

Z = (ti )
n
i=1 � ñêðûòûå ïåðåìåííûå

p(Φ|β) =
∏
t∈T

Dir(φt |β) � àïðèîðíîå ðàñïðåäåëåíèå íà Φ

p(Θ|α) =
∏
d∈D

Dir(θd |α) � àïðèîðíîå ðàñïðåäåëåíèå íà Θ

Çàäà÷à: íàéòè àïîñòåðèîðíîå ðàñïðåäåëåíèå p(Z ,Φ,Θ|X , β, α).

Îñíîâíàÿ èäåÿ: íàéòè åãî ïðèáëèæåíèå â âèäå ïðîèçâåäåíèÿ
n + |T |+ |D| ðàñïðåäåëåíèé ïî áëîêàì ïåðåìåííûõ ti , φt , θd :

q(Z ,Φ,Θ) =
n∏

i=1

qi (ti )
∏
t∈T

qt(φt)
∏
d∈D

qd(θd)

Îáîçíà÷èâ (Z ,Φ,Θ) = Y , (β, α) = γ, ïåðåéä¼ì ê îáùåé çàäà÷å
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Îñíîâíàÿ òåîðåìà âàðèàöèîííîãî áàéåñîâñêîãî âûâîäà

Òåîðåìà. Ðåøåíèå çàäà÷è KL
(
q(Y )

∥∥ p(Y |X , γ)
)
→ minq

â ñåìåéñòâå ôàêòîðèçîâàííûõ ðàñïðåäåëåíèé q(Y ) =
∏

j qj(Yj)
ïî ïåðåìåííûì Yj , j ∈ J, óäîâëåòâîðÿåò ñèñòåìå óðàâíåíèé

ln qj(Yj) = Eq\j ln p(X ,Y |γ) + const,

ãäå Eq\j � ìàòîæèäàíèå ïî âñåì ïåðåìåííûì êðîìå Yj ,
const � ln íîðìèðîâî÷íîãî ìíîæèòåëÿ ðàñïðåäåëåíèÿ qj .

Äëÿ ðåøåíèÿ ýòîé ñèñòåìû èñïîëüçóþò ìåòîä ïðîñòîé èòåðàöèè.

Èäåÿ äîêàçàòåëüñòâà: ðàñïèñûâàåì KL(·‖·) è ñâîäèì çàäà÷ó ê∑
Yj

qj(Yj)
∑
Y \Yj

∏
i 6=j

qi (Yi ) ln p(X ,Y |γ)

︸ ︷︷ ︸
Eq\j ln p(X ,Y |γ)

−
∑
Yj

qj(Yj) ln qj(Yj) → min
q

Ê.Â. Âîðîíöîâ (vokov@forecsys.ru) Âåðîÿòíîñòíûå òåìàòè÷åñêèå ìîäåëè 8 / 38



Âàðèàöèîííûé áàéåñîâñêèé âûâîä
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VB ÅÌ-àëãîðèòì äëÿ ìîäåëè LDA

Äîêàçàòåëüñòâî

1. Â îïòèìèçàöèîííîé çàäà÷å ìîæíî ïåðåêèäûâàòü X ÷åðåç óñëîâíóþ ÷åðòó:∑
Y

q(Y ) ln p(Y |X ,γ)
q(Y )

→ max
q
⇔
∑
Y

q(Y ) ln p(X ,Y |γ)
q(Y )

−
∑
Y

q(Y ) ln p(X |γ)→ max
q

2. Áóäåì ìèíèìèçèðîâàòü KL-äèâåðãåíöèþ ïîî÷åð¼äíî ïî âñåì Yj .
Ïðèìåíèì ôàêòîðèçàöèþ è âûíåñåì ñëàãàåìîå ñ qj(Yj) âïåð¼ä:∑
Yj

qj(Yj)
∑
Y\Yj

∏
i 6=j

qi (Yi ) ln p(X ,Y |γ)︸ ︷︷ ︸
Eq\j ln p(X ,Y |γ)

−
∑
Yj

qj(Yj)
∑
Y\Yj

∏
i 6=j

qi (Yi )
∑
k∈J

ln qk(Yk)︸ ︷︷ ︸
ln qj (Yj ) + const

→ max
qj

3. Ïî÷åìó âòîðóþ ôèãóðíóþ ñêîáêó ìîæíî çàìåíèòü íà ln qj(Yj):∑
Y\Yj

∏
i 6=j

qi (Yi )
∑
k 6=j

ln qk(Yk)︸ ︷︷ ︸
íå çàâèñèò îò qj

+
∑
Y\Yj

∏
i 6=j

qi (Yi )︸ ︷︷ ︸
1

ln qj(Yj)

4. Ââåä¼ì r(Yj) ∝ exp
(
Eq\j ln p(X ,Y |γ)

)
, òîãäà KL

(
qj(Yj)

∥∥r(Yj)
)
→ min

qj
5. Òî÷íîå ðåøåíèå äàííîé çàäà÷è qj(Yj) = r(Yj), ñëåäîâàòåëüíî,

ln qj(Yj) = Eq\j ln p(X ,Y |γ) + const. �
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Îñíîâíàÿ òåîðåìà äëÿ ÷àñòíîãî ñëó÷àÿ ìîäåëè LDA

Îáîçíà÷èì Y = (Z ,Φ,Θ), γ = (β, α), J = {1, . . . , n} t T t D:

ln qj = Eq\j ln p(X ,Z ,Φ,Θ|β, α) + const

Íàì ïðåäñòîèò áðàòü ìàòîæèäàíèÿ Eq\j ïî âñåì (êðîìå îäíîãî)
ðàñïðåäåëåíèÿì qt(φt), qd(θd), qi (ti ) îò

ln p(X ,Z ,Φ,Θ|β, α) = ln p(X ,Z |Φ,Θ)p(Φ|β)p(Θ|α) =

= ln
n∏

i=1
p(di ,wi , ti |Φ,Θ) + ln

∏
t∈T

Dir(φt |β) + ln
∏
d∈D

Dir(θd |α) =

=
n∑

i=1
lnφwi ti θtidi +

∑
t,w

(βw−1) lnφwt +
∑
d ,t

(αt−1) ln θtd + const.

Çàìå÷àíèå, ñèëüíî óïðîùàþùåå âûêëàäêè:
åñëè ñëàãàåìîå S íå çàâèñèò îò j-é ïåðåìåííîé, òî EqjS = const.

Ê.Â. Âîðîíöîâ (vokov@forecsys.ru) Âåðîÿòíîñòíûå òåìàòè÷åñêèå ìîäåëè 10 / 38



Âàðèàöèîííûé áàéåñîâñêèé âûâîä
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Ðàñïðåäåëåíèÿ äëÿ áëîêà ïåðåìåííûõ qt(φt)

Óðàâíåíèå äëÿ ðàñïðåäåëåíèÿ ïåðåìåííîé φt ∈ RW :

ln qt(φt) =
n∑

i=1
Eqi (ti )[ti = t] lnφwi ti +

∑
w∈W

(βw−1) lnφwt + const =

=
n∑

i=1

∑
w∈W

[wi =w ]qi (t) lnφwt +
∑

w∈W
(βw−1) lnφwt + const =

=
∑

w∈W

( n∑
i=1

[wi =w ]qi (t)︸ ︷︷ ︸
nwt

+βw − 1
)

lnφwt + const =

= ln Dir(φt |β̃t).

Ýòî ðàñïðåäåëåíèå Äèðèõëå ñ ïàðàìåòðàìè β̃wt = nwt + βw ,
nwt � îöåíêà ÷èñëà ãåíåðàöèé òåðìà w èç òåìû t.
Ïðè áîëüøèõ nwt îíî ñêîíöåíòðèðîâàíî â òî÷êå φwt = norm

w
(β̃wt).
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Ðàñïðåäåëåíèÿ äëÿ áëîêà ïåðåìåííûõ qd(θd)

Óðàâíåíèå äëÿ ðàñïðåäåëåíèÿ ïåðåìåííîé θd ∈ RT :

ln qd(θd) =
n∑

i=1
Eqi (ti )[di =d ] ln θtidi +

∑
t∈T

(αt−1) ln θtd + const =

=
n∑

i=1
[di =d ]

∑
t∈T

qi (t) ln θtd +
∑
t∈T

(αt−1) ln θtd + const =

=
∑
t∈T

( n∑
i=1

[di =d ]qi (t)︸ ︷︷ ︸
ntd

+αt − 1
)

ln θtd + const =

= ln Dir(θd |α̃d).

Ýòî ðàñïðåäåëåíèå Äèðèõëå ñ ïàðàìåòðàìè α̃td = ntd + αt ,
ntd � îöåíêà ÷èñëà òåðìîâ òåìû t â äîêóìåíòå d .
Ïðè áîëüøèõ ntd îíî ñêîíöåíòðèðîâàíî â òî÷êå θtd = norm

t
(α̃td).
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Âàðèàöèîííûé áàéåñîâñêèé âûâîä
Ñýìïëèðîâàíèå Ãèááñà

Çàìå÷àíèÿ î áàéåñîâñêîì ïîäõîäå

Áàéåñîâñêèé âûâîä â òåìàòè÷åñêîì ìîäåëèðîâàíèè
Âàðèàöèîííûé áàéåñîâñêèé âûâîä äëÿ ìîäåëè LDA
VB ÅÌ-àëãîðèòì äëÿ ìîäåëè LDA

Ðàñïðåäåëåíèÿ äëÿ áëîêà ïåðåìåííûõ qi (ti )

Óðàâíåíèå äëÿ ðàñïðåäåëåíèÿ ïåðåìåííîé ti ∈ T :

ln qi (t) = Eq\i
(
lnφwi ti + ln θtidi

)
+ const =

= Eqt(φt) lnφwi t + Eqd (θd ) ln θtid + const =

âîñïîëüçóåìñÿ òåì, ÷òî qt(φt) è qd(θd) óæå íàéäåíû:

= ψ
(
nwi t + βwi

)
− ψ

(∑
w (nwt + βw )

)
+

+ ψ
(
ntdi + αt

)
− ψ

(∑
t(ntdi + αt)

)
+ const

Âîñïîëüçóåìñÿ ïðèáëèæåíèåì exp(ψ(x)) ≈ x − 1
2 :

qi (t) = norm
t∈T

(
nwi t + βwi − 1

2∑
w (nwt + βw )− 1

2

·
ntdi + αt − 1

2∑
t(ntdi + αt)− 1

2

)
Ïîõîæå íà îáû÷íóþ ôîðìóëó E-øàãà p(t|di ,wi ) = norm

t∈T
(φwi tθtdi )
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Âàðèàöèîííûé áàéåñîâñêèé âûâîä
Ñýìïëèðîâàíèå Ãèááñà

Çàìå÷àíèÿ î áàéåñîâñêîì ïîäõîäå

Áàéåñîâñêèé âûâîä â òåìàòè÷åñêîì ìîäåëèðîâàíèè
Âàðèàöèîííûé áàéåñîâñêèé âûâîä äëÿ ìîäåëè LDA
VB ÅÌ-àëãîðèòì äëÿ ìîäåëè LDA

Ñîáèðàåì âñ¼ âîåäèíî

Â èòåðàöèîííîì ïðîöåññå ÷åðåäóþòñÿ äâà øàãà:
1) ðàñïðåäåëåíèå òåðìîâ (di ,wi ) ïî òåìàì, E (x) = exp(ψ(x)):

qi (t) = norm
t∈T

(
E
(
nwi t + βwi

)
E
(∑

w (nwt + βw )
) · E

(
ntdi + αt

)
E
(∑

t(ntdi + αt)
))

2) àêêóìóëèðîâàíèå ñ÷¼ò÷èêîâ nwt è ntd :

nwt =
n∑

i=1
[wi =w ] qi (t) ntd =

n∑
i=1

[di =d ] qi (t)

Òî÷å÷íûå îöåíêè ïàðàìåòðîâ ïî ìàòîæèäàíèþ èëè ìîäå:

Eφwt = norm
w∈W

(
nwt +βw

)
Eθtd = norm

t∈T

(
ntd +αt

)
φ̂wt = norm

w∈W

(
nwt +βw−1

)
θ̂td = norm

t∈T

(
ntd +αt−1

)
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Âàðèàöèîííûé áàéåñîâñêèé âûâîä
Ñýìïëèðîâàíèå Ãèááñà

Çàìå÷àíèÿ î áàéåñîâñêîì ïîäõîäå

Áàéåñîâñêèé âûâîä â òåìàòè÷åñêîì ìîäåëèðîâàíèè
Âàðèàöèîííûé áàéåñîâñêèé âûâîä äëÿ ìîäåëè LDA
VB ÅÌ-àëãîðèòì äëÿ ìîäåëè LDA

Ïðîìåæóòî÷íûé èòîã

Èç-çà ôàêòîðèçàöèè âàðèàöèîííûé áàéåñîâñêèé âûâîä
äà¼ò ëèøü ïðèáëèæ¼ííîå ðåøåíèå, òåì íå ìåíåå,

ôîðìóëû äëÿ MAP è VB î÷åíü ïîõîæè [Asuncion]:
� ïðè nwt , ntd � 1 ðàçëè÷èÿ íåîùóòèìû,
� ïðè nwt , ntd . 1 òåìà t íåçíà÷èìà äëÿ w èëè d .

Ìîæíî äîáàâèòü M-øàã äëÿ îïòèìèçàöèè β, α [Wallach].

Íåêóäà äîáàâëÿòü ðåãóëÿðèçàòîðû R(Φ,Θ).

Íóæíû ìàòðèöû Φ,Θ, à íå ðàñïðåäåëåíèÿ p(Φ,Θ|X ).

Íà÷èíàåò ñìóùàòü ðàçíîîáðàçèå îöåíîê... êàêàÿ ëó÷øå?

Asuncion A., Welling M., Smyth P., Teh Y. W. On smoothing and inference for topic
models. Int'l conf. on Uncertainty in Arti�cial Intelligence, 2009.

Hanna Wallach, David Mimno, Andrew McCallum. Rethinking LDA:
why priors matter. Neural Information Processing Systems, 2009.
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Âàðèàöèîííûé áàéåñîâñêèé âûâîä
Ñýìïëèðîâàíèå Ãèááñà

Çàìå÷àíèÿ î áàéåñîâñêîì ïîäõîäå

Îñíîâíàÿ òåîðåìà î ñýìïëèðîâàíèè Ãèááñà
Ñýìïëèðîâàíèå Ãèááñà äëÿ ìîäåëè LDA
GS ÅÌ-àëãîðèòì äëÿ ìîäåëè LDA

Ñýìïëèðîâàíèå Ãèááñà (Gibbs Sampling)

Îñíîâíàÿ èäåÿ:

Z ∼ p(Z |X , γ) � ñýìïëèðîâàòü ñêðûòûå ïåðåìåííûå

p(Φ,Θ|X ,Z , γ) � íàéòè àïîñòåðèîðíîå ðàñïðåäåëåíèå
ïàðàìåòðîâ ìîäåëè ïðè èçâåñòíûõ X ,Z è γ = (β, α)

Îñíîâíàÿ òåîðåìà î ñõîäèìîñòè ñýìïëèðîâàíèÿ Ãèááñà

Ïðîöåññ ñýìïëèðîâàíèÿ îäíîìåðíûõ ñëó÷àéíûõ âåëè÷èí

t
(k+1)
i ∼ p(ti |X ,Z\i , γ) =

p(X ,Z |γ)

p(X ,Z\i |γ)
,

ãäå k � íîìåð èòåðàöèè, Z\i = (t
(k+1)
1 , . . . , t

(k+1)
i−1 , t

(k)
i+1, . . . , t

(k)
n ),

ñõîäèòñÿ ê ìíîãîìåðíîìó ðàñïðåäåëåíèþ Z ∼ p(Z |X , γ)
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Âàðèàöèîííûé áàéåñîâñêèé âûâîä
Ñýìïëèðîâàíèå Ãèááñà

Çàìå÷àíèÿ î áàéåñîâñêîì ïîäõîäå

Îñíîâíàÿ òåîðåìà î ñýìïëèðîâàíèè Ãèááñà
Ñýìïëèðîâàíèå Ãèááñà äëÿ ìîäåëè LDA
GS ÅÌ-àëãîðèòì äëÿ ìîäåëè LDA

Ðàñïðåäåëåíèå Äèðèõëå � ñîïðÿæ¼ííîå ê ìóëüòèíîìèàëüíîìó

p(Φ,Θ|β, α) � àïðèîðíîå ðàñïðåäåëåíèå Äèðèõëå
p(Φ,Θ|X ,Z , β, α) � àïîñòåðèîðíîå ðàñïðåäåëåíèå òîæå Äèðèõëå

Âûâîä àïîñòåðèîðíîãî ðàñïðåäåëåíèÿ Φ,Θ ïðè èçâåñòíûõ X ,Z :

p(Φ,Θ|X ,Z , β, α) ∝ p(Φ,Θ,X ,Z |β, α) ∝ p(X ,Z |Φ,Θ)p(Φ,Θ|β, α)

∝
∏
d ,w ,t

(φwtθtd)ndwt
∏
t∈T

Dir(φt |β)
∏
d∈D

Dir(θd |α)

∝
∏
t∈T

∏
d ,w

φndwtwt φβw−1
wt

∏
d∈D

∏
w ,t

θndwttd θαt−1
td

∝
∏
t∈T

∏
w

φnwt+βw−1
wt

∏
d∈D

∏
t

θntd+αt−1
td

∝
∏
t∈T

Dir(φt |β̃t)
∏
d∈D

Dir(θd |α̃d), β̃wt = nwt +βw , α̃td = ntd +αt .

Ê.Â. Âîðîíöîâ (vokov@forecsys.ru) Âåðîÿòíîñòíûå òåìàòè÷åñêèå ìîäåëè 17 / 38



Âàðèàöèîííûé áàéåñîâñêèé âûâîä
Ñýìïëèðîâàíèå Ãèááñà

Çàìå÷àíèÿ î áàéåñîâñêîì ïîäõîäå

Îñíîâíàÿ òåîðåìà î ñýìïëèðîâàíèè Ãèááñà
Ñýìïëèðîâàíèå Ãèááñà äëÿ ìîäåëè LDA
GS ÅÌ-àëãîðèòì äëÿ ìîäåëè LDA

Ðàñïðåäåëåíèå p(X ,Z |β, α) äëÿ ñõåìû ñýìïëèðîâàíèÿ Ãèááñà

Ïîäûíòåãðàëüíîå ðàñïðåäåëåíèå ìû òîëüêî ÷òî âûâåëè,
íî òåïåðü áóäåì àêêóðàòíåå ñ íîðìèðîâî÷íûìè ìíîæèòåëÿìè:

p(X ,Z |β, α) =

∫
Φ

∫
Θ
p(X ,Z |Φ,Θ)p(Φ,Θ|β, α)dΦdΘ =

=

∫
Φ

∫
Θ

∏
w ,t

φnwtwt

∏
t,d

θntdtd

∏
d

pndd

∏
t∈T

Dir(φt |β)
∏
d∈D

Dir(θd |α)dΦdΘ =

=
∏
t∈T

Γ(
∑

w βw )∏
w Γ(βw )

∫
φt

∏
w
φβ̃wt−1
wt dφt︸ ︷︷ ︸

∝ Dir(φt |β̃t)

∏
d∈D

pndd
Γ(
∑

t αt)∏
t Γ(αt)

∫
θd

∏
t
θα̃td−1
td dθd︸ ︷︷ ︸

∝ Dir(θd |α̃d )

=

=
∏
t∈T

Γ(
∑

w βw )∏
w Γ(βw )

∏
w Γ(β̃wt)

Γ(
∑

w β̃wt)

∏
d∈D

pndd
Γ(
∑

t αt)∏
t Γ(αt)

∏
t Γ(α̃td)

Γ(
∑

t α̃td)
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Âàðèàöèîííûé áàéåñîâñêèé âûâîä
Ñýìïëèðîâàíèå Ãèááñà

Çàìå÷àíèÿ î áàéåñîâñêîì ïîäõîäå

Îñíîâíàÿ òåîðåìà î ñýìïëèðîâàíèè Ãèááñà
Ñýìïëèðîâàíèå Ãèááñà äëÿ ìîäåëè LDA
GS ÅÌ-àëãîðèòì äëÿ ìîäåëè LDA

Ðàñïðåäåëåíèå p(X ,Z\i |β, α) äëÿ ñõåìû ñýìïëèðîâàíèÿ Ãèááñà

Èòàê, ìû òîëüêî ÷òî ïîëó÷èëè ðàñïðåäåëåíèå

p(X ,Z |β, α) =

=
∏
t∈T

Γ(
∑

w βw )∏
w Γ(βw )

∏
w Γ(β̃wt)

Γ(
∑

w β̃wt)

∏
d∈D

pndd
Γ(
∑

t αt)∏
t Γ(αt)

∏
t Γ(α̃td)

Γ(
∑

t α̃td)

Ðàñïðåäåëåíèå p(X ,Z\i |β, α) îòëè÷àåòñÿ îò íåãî ëèøü òåì, ÷òî
îíî ïîñòðîåíî ïî âûáîðêå áåç îäíîé i-é òî÷êè (di ,wi , ti ):

p(X ,Z\i |β, α) =∏
t∈T

Γ(
∑

w βw )∏
w Γ(βw )

∏
w Γ(β̃wt−δiwt)

Γ(
∑

w (β̃wt−δiwt))

∏
d∈D

pndd
Γ(
∑

t αt)∏
t Γ(αt)

∏
t Γ(α̃td−δitd)

Γ(
∑

t(α̃td−δitd))

ãäå δiwt = [w =wi ][t= ti ], δitd = [t= ti ][d =di ]
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Âàðèàöèîííûé áàéåñîâñêèé âûâîä
Ñýìïëèðîâàíèå Ãèááñà

Çàìå÷àíèÿ î áàéåñîâñêîì ïîäõîäå

Îñíîâíàÿ òåîðåìà î ñýìïëèðîâàíèè Ãèááñà
Ñýìïëèðîâàíèå Ãèááñà äëÿ ìîäåëè LDA
GS ÅÌ-àëãîðèòì äëÿ ìîäåëè LDA

Åù¼ ÷óòü-÷óòü... îñòàëîñü ïîäåëèòü îäíî íà äðóãîå

Äëÿ ñýìïëèðîâàíèÿ Ãèááñà íóæíî îäíîìåðíîå ðàñïðåäåëåíèå

p(ti |X ,Z\i , β, α) =
p(X ,Z |β, α)

p(X ,Z\i |β, α)
=

Â ÷èñëèòåëå è çíàìåíàòåëå ñîêðàòÿòñÿ âñå ìíîæèòåëè êðîìå i-õ:

=
Γ(nwi ti +βwi ) Γ(

∑
w (nwti +βw )−1)

Γ(nwi ti +βwi−1) Γ(
∑

w (nwti +βw ))

Γ(ntidi +αti ) Γ(
∑

t(ntdi +αt)−1)

Γ(ntidi +αti−1) Γ(
∑

t(ntdi +αt))

Âîñïîëüçóåìñÿ ñâîéñòâîì ãàììà-ôóíêöèè Γ(x)
Γ(x−1) = x − 1:

p(t|X ,Z\i , β, α) = norm
t∈T

(
nwi t + βwi − 1∑
w (nwt + βw )− 1

· ntdi + αt − 1∑
t(ntdi + αt)− 1

)
Ïîõîæå íà îáû÷íóþ ôîðìóëó E-øàãà p(t|di ,wi ) = norm

t∈T
(φwi tθtdi )
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Âàðèàöèîííûé áàéåñîâñêèé âûâîä
Ñýìïëèðîâàíèå Ãèááñà

Çàìå÷àíèÿ î áàéåñîâñêîì ïîäõîäå

Îñíîâíàÿ òåîðåìà î ñýìïëèðîâàíèè Ãèááñà
Ñýìïëèðîâàíèå Ãèááñà äëÿ ìîäåëè LDA
GS ÅÌ-àëãîðèòì äëÿ ìîäåëè LDA

Ñîáèðàåì âñ¼ âîåäèíî

Âûäåëåíû îòëè÷èÿ îò âàðèàöèîííîãî àëãîðèòìà

1) äëÿ êàæäîãî (di ,wi ), i = 1, . . . , n, ñýìïëèðîâàíèå òåìû ti :

ti ∼ pi (t) = norm
t∈T

(
nwi t + βwi − 1∑
w (nwt + βw )− 1

· ntdi + αt − 1∑
t(ntdi + αt)− 1

)
2) àêêóìóëèðîâàíèå ñ÷¼ò÷èêîâ nwt è ntd :

nwt =
n∑

i=1
[wi =w ][ti = t] ntd =

n∑
i=1

[di =d ][ti = t]

Òî÷å÷íûå îöåíêè ïàðàìåòðîâ ïî ìàòîæèäàíèþ èëè ìîäå:

Eφwt = norm
w∈W

(
nwt +βw

)
Eθtd = norm

t∈T

(
ntd +αt

)
φ̂wt = norm

w∈W

(
nwt +βw−1

)
θ̂td = norm

t∈T

(
ntd +αt−1

)
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Âàðèàöèîííûé áàéåñîâñêèé âûâîä
Ñýìïëèðîâàíèå Ãèááñà

Çàìå÷àíèÿ î áàéåñîâñêîì ïîäõîäå

Îñíîâíàÿ òåîðåìà î ñýìïëèðîâàíèè Ãèááñà
Ñýìïëèðîâàíèå Ãèááñà äëÿ ìîäåëè LDA
GS ÅÌ-àëãîðèòì äëÿ ìîäåëè LDA

Àëãîðèòì ñýìïëèðîâàíèÿ Ãèááñà

Âõîä: êîëëåêöèÿ D, ÷èñëî òåì |T |, ïàðàìåòðû α, β;
Âûõîä: ðàñïðåäåëåíèÿ Φ è Θ;

nwt , ntd , nt , nd := 0 äëÿ âñåõ d ∈ D, w ∈W , t ∈ T ;
äëÿ âñåõ èòåðàöèé k := 1, . . . , kmax

äëÿ âñåõ i = 1, . . . , n âçÿòü äîêóìåíò d := di , òåðì w := wi

åñëè k > 2 òî t := ti ; --nwt ; --ntd ; --nt ; --nd ;

p(t|d ,w) = norm
t∈T

(nwt+βw
nt+β0

· ntd+αt
nd+α0

)
äëÿ âñåõ t ∈ T ;

ñýìïëèðîâàòü òåìó t èç ðàñïðåäåëåíèÿ p(t|d ,w);
ti := t; ++nwt ; ++ntd ; ++nt ; ++nd ;

φwt := nwt/nt äëÿ âñåõ w ∈W , t ∈ T ;
θtd := ntd/nd äëÿ âñåõ d ∈ D, t ∈ T ;

Gri�ths T., Steyvers M. Finding scienti�c topics. 2004.
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Âàðèàöèîííûé áàéåñîâñêèé âûâîä
Ñýìïëèðîâàíèå Ãèááñà

Çàìå÷àíèÿ î áàéåñîâñêîì ïîäõîäå

Îñíîâíàÿ òåîðåìà î ñýìïëèðîâàíèè Ãèááñà
Ñýìïëèðîâàíèå Ãèááñà äëÿ ìîäåëè LDA
GS ÅÌ-àëãîðèòì äëÿ ìîäåëè LDA

Ïðîìåæóòî÷íûé èòîã

Ïîõîæèé àëãîðèòì ïîëó÷èòñÿ â ARTM, åñëè íà E-øàãå
âìåñòî p(t|d ,w) áðàòü p̂(t|d ,w) = [t= ti ], ti ∼ p(t|d ,w).

Ôîðìóëû äëÿ MAP, VB è GS î÷åíü ïîõîæè [Asuncion]:
� ïðè nwt , ntd � 1 ðàçëè÷èÿ íåîùóòèìû,
� ïðè nwt , ntd . 1 òåìà t íåçíà÷èìà äëÿ w èëè d .

Íåîáõîäèìîñòü çàäàíèÿ àïðèîðíûõ ðàñïðåäåëåíèé:
� ñîïðÿæ¼ííûå � òîëüêî ðàñïðåäåëåíèÿ Äèðèõëå,
� íå ñîïðÿæ¼ííûå � ñèëüíî óñëîæíÿþò çàäà÷ó.

VB è GS íå èìåþò óäîáíûõ ìåõàíèçìîâ ðåãóëÿðèçàöèè, ò.ê.
íåò, ñîáñòâåííî, è çàäà÷è îïòèìèçàöèè ïî (Φ,Θ)

Ïðîáëåìà íåóñòîé÷èâîñòè äàæå íå ñòàâèòñÿ.

Asuncion A., Welling M., Smyth P., Teh Y. W. On smoothing and inference for topic
models. Int'l conf. on Uncertainty in Arti�cial Intelligence, 2009.
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Ïðîáëåìà âûáîðà ãèïåðïàðàìåòðîâ α è β

Ñòàíäàðòíàÿ ðåêîìåíäàöèÿ [2004]: αt = 50/|T |, βw = 0.01.

Âûâîäû ïî ðåçóëüòàòàì áîëåå òîíêîãî èññëåäîâàíèÿ [2009]:

p(t|d) ∼ Dir(θ;α), îïòèìèçèðîâàòü α = (α1, . . . , αT ).

p(w |t) ∼ Dir(φ;β), âçÿòü ñèììåòðè÷íîå β1 = · · · = βT � 1.

÷èñëî ñýìïëîâ M

ïðàâäîïîäîáèå
ïðè íåñèììåòðè÷íîì α

ïðè ñèììåòðè÷íîì α

H.Wallach, D.Mimno, A.McCallum. Rethinking LDA: why priors matter. NIPS, 2009.
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Îïòèìèçàöèÿ ãèïåðïàðàìåòðà α

Îáîñíîâàííîñòü (evidence) ìîäåëè íà êîëëåêöèè D:

P(D|α) =
∏
d∈D

Γ(α0)

Γ(nd + α0)

∏
t∈T

Γ(ntd + αt)

Γ(αt)
→ max

α

Ìåòîä íåïîäâèæíîé òî÷êè [Minka, 2003] � èòåðàöèîííûé
ïðîöåññ, âñòðàèâàåìûé ìåæäó ïðîõîäàìè ïî âñåé êîëëåêöèè:

αt := αt

∑
d ψ(ntd + αt)− ψ(αt)∑
d ψ(nd + α0)− ψ(α0)

,

ãäå ψ(z) =
(
ln Γ(z)

)′
= Γ′(z)/Γ(z) � äèãàììà-ôóíêöèÿ.

Thomas Minka. Estimating a Dirichlet distribution. 2003.

Hanna Wallach. Structured Topic Models for Language. PhD thesis,
University of Cambridge, 2008.
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Ïðåèìóùåñòâî îïòèìèçàöèè ãèïåðïàðàìåòðà α

Ïðàâäîïîäîáèå ñóùåñòâåííî âûøå.

Ñõîäèìîñòü áûñòðåå.

Ìåíüøàÿ ÷óâñòâèòåëüíîñòü ê èçáûòî÷íîìó |T |.
Áîëåå åñòåñòâåííàÿ íåñáàëàíñèðîâàííîñòü òåì.

Ê.Â. Âîðîíöîâ (vokov@forecsys.ru) Âåðîÿòíîñòíûå òåìàòè÷åñêèå ìîäåëè 26 / 38



Âàðèàöèîííûé áàéåñîâñêèé âûâîä
Ñýìïëèðîâàíèå Ãèááñà

Çàìå÷àíèÿ î áàéåñîâñêîì ïîäõîäå

Îïòèìèçàöèÿ ãèïåðïàðàìåòðîâ â LDA
ßçûêè îïèñàíèÿ âåðîÿòíîñòíûõ ìîäåëåé
Ñðàâíåíèå áàéåñîâñêîãî ïîäõîäà è ARTM

ßçûê ãðàôè÷åñêèõ íîòàöèé ¾plate notation¿

Ãðàôè÷åñêîå ïðåäñòàâëåíèå óñëîâíûõ çàâèñèìîñòåé

p(x) p(x |y) p(x1, x2|y) p(x |y1, y2)

Ãðàôè÷åñêîå ïðåäñòàâëåíèå âûáîðêè w1, . . . ,wk ,
ïîðîæäàåìîé ðàñïðåäåëåíèåì βw = p(w)
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Ãðàôè÷åñêàÿ íîòàöèÿ äëÿ ìîäåëåé PLSA è LDA

Ìîäåëü PLSA:

êàæäûé d ∈ D ïîðîæäàåò ñêðûòûå òåìû:
ti ∼ p(t|d), i = 1, . . . , nd ;

êàæäàÿ òåìà ti ïîðîæäàåò ñëîâî:
wi ∼ p(w |ti ), i = 1, . . . , nd .

Ìîäåëü LDA:

α ïîðîæäàåò âåêòîðû äîêóìåíòîâ:
θd ∼ Dir(θ|α), d ∈ D;

β ïîðîæäàåò âåêòîðû òåì:
φt ∼ Dir(φ|β), t ∈ T ;

äàëåå êàê â PLSA.
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Ãðàôè÷åñêèå íîòàöèè òåìàòè÷åñêèõ ìîäåëåé

Áîëüøîå ñòðóêòóðíîå ðàçíîîáðàçèå òåìàòè÷åñêèõ ìîäåëåé:

Àâòîðàì ïðèõîäèòñÿ èçîáðåòàòü íîâûå óñëîâíûå îáîçíà÷åíèÿ
äëÿ îòîáðàæåíèÿ ñïåöèôè÷åñêèõ îñîáåííîñòåé ñâîèõ ìîäåëåé

David Blei. Probabilistic topic models // Communications of the ACM, 2012.
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Îáñóæäåíèå ¾Stop using Plate Notation¿

Åäèíñòâåííîå äîñòîèíñòâî è êó÷à íåäîñòàòêîâ:

+ õîðîøî çàïîìèíàþùèéñÿ íàãëÿäíûé îáðàç ìîäåëè

− ìíîæåñòâåííîñòü âàðèàíòîâ îòîáðàæåíèÿ îäíîé ìîäåëè

− íåïîëíîòà è íåîäíîçíà÷íîñòü èíòåðïðåòàöèè

− íå î÷åâèäåí ïåðåõîä îò êàðòèíêè ê ìîäåëè è àëãîðèòìó

− âî ìíîãèõ ñòàòüÿõ ýòîò ïåðåõîä ñêðûò èëè ñêîìêàí

Îäèí èç ýìîöèîíàëüíûõ êîììåíòàðèåâ:

Every now and then the topic comes up as to why algorithms and procedures
are explained in obtuse forms across the entirety of the paper it is described in,
usually we just conclude that it would look too simple if it were explained any

other way.

Rob Zinkov. Stop using Plate Notation. 2013-07-28.
http://zinkov.com/posts/2013-07-28-stop-using-plates
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ßçûê ïñåâäîêîäà ïîðîæäàþùåãî ïðîöåññà (generative story)

Ïðèìåð: âåðîÿòíîñòíàÿ ïîðîæäàþùàÿ ìîäåëü LDA

Âõîä: ãèïåðïàðàìåòðû α, β;
Âûõîä: êîëëåêöèÿ äîêóìåíòîâ (di ,wi )

n
i=1;

θd ∼ Dir(θ|α) � ïîðîæäåíèå âåêòîðîâ äîêóìåíòîâ d ∈ D;
φt ∼ Dir(φ|β) � ïîðîæäåíèå âåêòîðîâ òåì t ∈ T ;
äëÿ âñåõ äîêóìåíòîâ d ∈ D

äëÿ âñåõ ïîçèöèé ñëîâ i = 1, . . . , nd â äîêóìåíòå d
âûáðàòü òåìó ti èç p(t|d) = θd ;
âûáðàòü ñëîâî wi èç p(w |ti ) = φti ;

+ ëåãêî ïîíèìàòü ìîäåëü, îïèñàíèå íåäâóñìûñëåííî

− íå î÷åâèäåí ïåðåõîä îò ìîäåëè ê àëãîðèòìó

− âî ìíîãèõ ñòàòüÿõ ýòîò ïåðåõîä ñêðûò èëè ñêîìêàí
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ßçûê àääèòèâíîé ðåãóëÿðèçàöèè (ïî÷òè øóòêà)

Ìåøîê ðåãóëÿðèçàòîðîâ ïîä êàæäóþ ïðèêëàäíóþ çàäà÷ó

Âûÿâëåíèÿ ýòíîðåëåâàíòíîãî äèñêóðñà â ñîöèàëüíûõ ñåòÿõ:

L

(
PLSA

)
+R

(
interpretable

)
+R

(
n-gram

)
+R

(
seed words

)
→ max

Òåìàòè÷åñêèé ïîèñê íàó÷íûõ è íàó÷íî-ïîïóëÿðíûõ ñòàòåé:

L

(
multimodal

)
+ R

(
interpretable

)
+ R

(
n-gram

)
+ R

(
hierarchy

)
→ max

Âûÿâëåíèå è ïðîñëåæèâàíèå ñîáûòèé â íîâîñòíîì ïîòîêå:

L

(
multimodal

)
+R

(
interpretable

)
+R

(
temporal

)
+R

(
sentiment

)
→ max
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ßçûê àääèòèâíîé ðåãóëÿðèçàöèè: ïàëèòðà ðåãóëÿðèçàòîðîâ

Ñòðóêòóðû ìàòðè÷íûõ ðàçëîæåíèé â âåðîÿòíîñòíûõ ìîäåëÿõ:
PLSA

Ðåãóëÿðèçàòîðû � äîïîëíèòåëüíûå êðèòåðèè è îãðàíè÷åíèÿ:
sparse background decorrelated interpretable multimodal multilanguage pseudo docs seed words

sentence sentiment dialog n-gram syntax

hierarchy hierarchy hierarchy graph hypergraph word network relational

temporal segmentation n of topics regression supervised geospatial
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Îáùèé âçãëÿä íà áàéåñîâñêîå îáó÷åíèå, MAP è ARTM

Áàéåñîâñêèé âûâîä àïîñòåðèîðíîãî ðàñïðåäåëåíèÿ p(Ω|X )
(îáû÷íî ïðèáëèæ¼ííûé) ðàäè ïîëó÷åíèÿ òî÷å÷íîé îöåíêè Ω:

Posterior(Ω|X , γ) ∝ p(X |Ω)Prior(Ω|γ)

Ω := arg max
Ω

Posterior(Ω|X , γ)

Ìàêñèìèçàöèÿ àïîñòåðèîðíîé âåðîÿòíîñòè (MAP)
äà¼ò òî÷å÷íóþ îöåíêó Ω íàïðÿìóþ, áåç âûâîäà Posterior:

Ω := arg max
Ω

(
ln p(X |Ω) + lnPrior(Ω|γ)

)
Ìíîãîêðèòåðèàëüíàÿ àääèòèâíàÿ ðåãóëÿðèçàöèÿ (ARTM)
îáîáùàåò MAP íà ëþáûå ðåãóëÿðèçàòîðû è èõ êîìáèíàöèè:

Ω := arg max
Ω

(
ln p(X |Ω) +

∑
i=1

τiRi (Ω)
)

Ê.Â. Âîðîíöîâ (vokov@forecsys.ru) Âåðîÿòíîñòíûå òåìàòè÷åñêèå ìîäåëè 34 / 38



Âàðèàöèîííûé áàéåñîâñêèé âûâîä
Ñýìïëèðîâàíèå Ãèááñà

Çàìå÷àíèÿ î áàéåñîâñêîì ïîäõîäå

Îïòèìèçàöèÿ ãèïåðïàðàìåòðîâ â LDA
ßçûêè îïèñàíèÿ âåðîÿòíîñòíûõ ìîäåëåé
Ñðàâíåíèå áàéåñîâñêîãî ïîäõîäà è ARTM

Àëõèìèÿ áàéåñîâñêîãî âûâîäà â òåìàòè÷åñêîì ìîäåëèðîâàíèè

Âåðîÿòíîñòíàÿ ìîäåëü ïîðîæäåíèÿ äàííûõ îáúåäèíÿåò
â åäèíîì îïèñàíèè ñòðóêòóðó ïðîñòðàíñòâà ïàðàìåòðîâ,
àïðèîðíûå ðàñïðåäåëåíèÿ, äîïîëíèòåëüíûå çíàíèÿ î çàäà÷å.
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ARTM � àëõèìèÿ íà îñíîâå êëàññè÷åñêîé ðåãóëÿðèçàöèè

Ñòðóêòóðà ïðîñòðàíñòâà � íàáîð åäèíè÷íûõ ñèìïëåêñîâ.
Ðåãóëÿðèçàòîðû ñóììèðóþòñÿ ñ âåñàìè, â ëþáûõ ñî÷åòàíèÿõ,
è êàæäûé îïèñûâàåò òîëüêî îäíî äîïîëíèòåëüíîå òðåáîâàíèå.

Äåêîìïîçèöèÿ � êëàññè÷åñêèé ñïîñîá óïðîùåíèÿ çàäà÷è
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ARTM: ìîäóëüíûé ïîäõîä ê ñèíòåçó òðåáóåìûõ ìîäåëåé

Äëÿ ïîñòðîåíèÿ êîìïîçèòíûõ ìîäåëåé â BigARTM íå íóæíû
íè ìàòåìàòè÷åñêèå âûêëàäêè, íè ïðîãðàììèðîâàíèå ¾ñ íóëÿ¿.

Ê.Â. Âîðîíöîâ (vokov@forecsys.ru) Âåðîÿòíîñòíûå òåìàòè÷åñêèå ìîäåëè 37 / 38



Ðåçþìå

Ìàêñèìèçàöèÿ àïîñòåðèîðíîé âåðîÿòíîñòè (MAP) äà¼ò
òî÷å÷íûå îöåíêè (Φ,Θ) è ïîëíîñòüþ ñîâìåñòèìà ñ ARTM

Áàéåñîâñêèé âûâîä îöåíèâàåò p(Φ,Θ|X ) âìåñòî (Φ,Θ)

Èòåðàöèîííûé ïðîöåññ â áàéåñîâñêèõ ìåòîäàõ VB è GS
äëÿ LDA íå ñèëüíî îòëè÷àåòñÿ îò EM-àëãîðèòìà â MAP

Ïðîáëåìû áàéåñîâñêîãî îáó÷åíèÿ òåìàòè÷åñêèõ ìîäåëåé:

Íàì íóæíû ëèøü çíà÷åíèÿ Φ,Θ, à íå èõ ðàñïðåäåëåíèÿ

Prior Äèðèõëå èìååò ñëàáûå ëèíãâèñòè÷åñêèå îáîñíîâàíèÿ

Çàäà÷à ñèëüíî óñëîæíÿåòñÿ äëÿ íåñîïðÿæ¼ííûõ Prior

Áàéåñîâñêèé âûâîä óíèêàëåí äëÿ êàæäîé ìîäåëè

Íåò íè îáùåãî àëãîðèòìà, íè ìîäóëüíîé ðåàëèçàöèè

Òåõíè÷åñêè òðóäíî îáîáùàòü è êîìáèíèðîâàòü ìîäåëè
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