Chapter 1

Rethinking Probabilistic Topic Modeling from
the Point of View of Classical Non-Bayesian
Regularization

Konstantin Vorontsov

Abstract Probabilistic Topic Modeling with hundreds of its models and applica-
tions has been an efficient text analysis technique for almost twenty years. This
research area has evolved mostly within the frame of the Bayesian learning theory.
For a long time, the possibility of learning topic models with a simpler conven-
tional (non-Bayesian) regularization remained underestimated and rarely used. The
framework of Additive Regularization for Topic Modeling (ARTM) fills this gap.
It dramatically simplifies the model inference and opens up new possibilities for
combining topic models by just adding their regularizers. This makes the ARTM
a tool for synthesizing models with desired properties and gives rise to developing
the fast online algorithms in the BigARTM open-source environment equipped with
a modular extensible library of regularizers. In this paper, a general iterative process
is proposed that maximizes a smooth function on unit simplices. This process can
be used as inference mechanism for a wide variety of topic models. This approach
is believed to be useful not only for rethinking probabilistic topic modeling, but also
for building the neural topic models increasingly popular in recent years.

1.1 Introduction

Topic modeling is a popular natural language processing technique, which has been
actively developed since the late 1990s and still finds many applications [6, 10,
30, 16]. A probabilistic topic model reveals the latent thematic structure of a text
document collection representing each topic by a probability distribution over words,
and describing each document with a probabilistic mixture of topics.

Topic modeling can be considered as a soft clustering of documents. Unlike
conventional hard clustering, a document is allocated among several topical clusters
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instead of belonging entirely to one cluster. Topic models are also called soft bi-
clustering, since the words are also distributed over topics.

The problem of topic modeling of a text document collection is posed as a low-
rank matrix factorization. This is an ill-posed problem, which may have infinitely
many solutions. Regularizers are introduced to impose additional restrictions on the
model and make the solution more stable [50]. In complex problems, there can be
several regularizers.

Starting with the LDA, Latent Dirichlet Allocation model [7], Bayesian learning
remains the dominant approach in topic modeling. Its main disadvantage is that the
inference process is unique for each model, and the more complex the model, the more
difficultits calculations. There are currently no easy ways to automate the inference as
well as to construct complex models from the simpler ones. Bayesian regularization
is introduced via prior distributions, however, the use of optimization criteria is
more convenient and commonly accepted. Many models assume Dirichlet prior
distributions, which simplifies Bayesian inference due to the conjugacy property.
It was mathematical convenience that predetermined the special role of the Dirichlet
distribution in topic modeling, despite the lack of convincing linguistic justifications.
Finally, the Bayesian inference is inconvenient to combine with neural network
learning procedures [63]. The above barriers prevent the topic modeling from the
widespread adoption. Topic models more complicated than LDA are rarely used in
the text analysis industry. Hundreds of models remain “the studies for one paper”.

The disadvantages mentioned above are overcome in the Additive Regularization
of Topic Models (ARTM), which is an approach based on classical non-Bayesian
regularization [54, 56]. As shown in [33], a wide class of Bayesian topic models
can be restated in terms of ARTM. After that, it is possible to transfer regularizers
from one model to another or to combine the regularizers from various models into
a composite model with the required properties. For learning any ARTM models,
a general algorithm is used, in which regularizers can be added as plug-ins. The
modular technology for ARTM is implemented in the open source library Bi gARTN,
http://bigartm.org [57, 21]. Let us emphasize that ARTM is a general frame-
work for inferring and combining topic models rather than another model or method.

In this paper, an even more general approach is proposed. A theorem on the
maximization of a smooth function on unit simplices is proven. From this theorem,
a family of iterative EM-like algorithms can be inferred for learning topic models
of various structures with arbitrary smooth regularizers. In fact, topic modeling
becomes a theory of a single theorem.

An iteration of the general algorithm is not much different from the gradient step
of a neural network learning process. This observation opens up new perspectives for
learning neural topic models, as well as learning neural networks with non-negativity
and normalization constraints imposed on some of the parameter vectors.
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1.2 Maximization on unit simplices

Define the norm operator, which transforms an arbitrary numeric vector (x;);¢; into
a non-negative normalized vector:
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where (x); = max{0,x} is a positive part operation. If x; < 0 for all i € I, then the
result of the norm operator is the null vector. Otherwise, the vector (p;);e; lies on
the unit simplex and defines a discrete probability distribution on a finite set /.

Theorem 1 Let the function f(Q) be continuously differentiable with respect to the
set of vectors Q = (wj)jes, wj = (wij)ier,- If wj is the vector of the local extremum
of the mathematical programming problem
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and if w;; % > 0 for some i, then w; satisfies the equations
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Proof. The Lagrangian of the optimization problem with non-negativity and nor-
malization constraints is

Z(Q) = f(Q) - Z/lj(z wij — 1) + Z Z,Uija)ij,
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with A; and y;; factors corresponding to normalization and nonnegativity constraints
respectively. Equate the partial derivatives of the Lagrangian to zero, as required by
the Karush—Kuhn—-Tucker conditions:
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Multiplying both sides of the equation (1.2) by w;;, one gets
af
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Denote the left side of the equality by A;;. Then A;; = w;;A;. According to the
condition of the theorem, there exists i such that A;; > 0. Consequently, 4; > 0.

If 667]; < 0 for some i, then y;; = A; — 667]; > 0, consequently, w;; = 0.
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Combining the equation w;;4; = A;; for A;; > 0 with a zero solution w;; = 0 for
A;j <0, we get w;;A; = (A;j)+. Summing these equations over i, express the dual
variable: A; = Zie]_,- (Ajj)+. Substituting A; into the formula w;; = /llj(A,-j)Jr, we get
the required equation (1.1).

The theorem is proven.

The simple iteration method can be used to solve the system numerically. The
update formula (1.1) is similar to the gradient maximization step w;; = w;j +7 6‘2)’:’_ .
In both cases, the gradient of f(Q) is calculated. Three differences are worth noting:
instead of an additive gradient step, a multiplicative update is used, the vector is
projected onto the unit simplex by the norm operator, and the step size 7 is irrelevant.

Assuming that (1.1) is always applicable consider the iterative process

41 (a,%. 97(<Y)

), t=0,1,2,...

Theorem 2 Let f(Q) be an upper bounded, continuously differentiable function,
and all Q', starting from some iteration t°, satisfy the following conditions:

e VjeJViel wj;=0— wl’.jffl =0 (keeping zeros)

e Je>0VjelJ Viel wfj ¢ (0,¢) (separation from zero)

e 16>0VjeJ Jdiel; a)[’.j%q) >0 (nondegeneracy)
i

Then f(Q'*1) > f(Q) and ‘wl’.jfl - w[’.j‘ — 0 under t — oo.
This theorem was proved by I. A. Irkhin as a generalization of his convergence
results for the EM-algorithm in topic modeling [27].

1.3 Probabilistic topic modeling

Consider the collection D of text documents composed of terms from a vocabulary W.
The terms can be words, lemmatized words, n-grams or phrases, depending on the
methods used for text preprocessing. Each document d € D is a sequence of terms
w1, Wy, . ..,Wn,, where ng means the document length. Under the “bag of words”
hypothesis, the order of terms does not matter, then the document d can be represented
compactly by a conditional distribution p(w | d) = "::’ , where ng4,, counts how many
times the term w occurs in the document d.

Conditional independence is the assumption that each topic generates terms re-
gardless of the document: p(w | ) = p(w | d, t). According to this assumption and the
law of total probability,

pwld)= )" pl D pt|d) = ) Gutbia: (1.3)

tel teT
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Probabilistic Topic Model, PTM (1.3) describes how documents are generated
from the known distributions p(w|t) and p(t|d). Learning PTM from data is
an inverse problem: given a collection estimate model parameters ¢, = p(w|t)
and 6;4 = p(t|d). In the matrix form, ® = (@y)wxr and © = (0;4)7xD.

Log-likelihood maximization is usual learning criterion for PTMs:

In l_[ ]_[p(wld)"d“’ = Z Z Ndw ansothtd — max (1.4)
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with linear constraints that make columns nonnegative and normalized:

Z Ywr =1, @Qur 2 0; Zetd =1, 6 =0. (1.5)
weWw teT

For a better understanding of topic modeling consider the learning problem (1.4)—
(1.5) from four points of view.

Firstly, it is a problem of approximate low-rank matrix factorization. The rank |T'|
is usually much smaller than both |D| and |W| dimensions. The problem is ill-posed
because its solution is not unique: @O = (®S)(S~'®) for infinitely many nonsingular
S matrices. Regularization can be added to the main criterion in order to make the
solution better defined and more stable using an extra knowledge or data.

Secondly, it is a document auto-encoder. The encoder fy : "r;’—dw — 04 trans-
forms |W|-dimensional sparse vector representation of the document p(w | d) into
|T'|-dimensional topical embedding 64 = p(t|d). Linear decoder g¢ : 64 — @0, at-
tempts to reconstruct the original representation as accurately as possible. Matrix @
is a parameter of both encoder and decoder. The matrix ® = (64, .. .,60p) is the result
of all documents encoding. This important difference between the matrices ® and @
becomes obscure if considered only from the matrix factorization point of view.

Thirdly, it is a soft bi-clustering of both documents and terms by topical clusters 7.
Each document d and each term w are softly allocated to all clusters according to
the distributions p(t|d) and p(z|w) respectively, instead of being hardly assigned
to only one cluster. The model is also capable of estimating topic distribution for
aterm in a document p(¢ | d, w), for a sentence p(t | s), and for arbitrary text fragment.
In general, we call a distribution p(¢| x) for an object x the topical embedding of x.

Fourth, it is a language model that predicts the occurrence of words in documents.
Admittedly, conventional topic models are bad competitors in this role. Good word
predictions are possible only from local contexts, however, they are violated by the
bag-of-words hypothesis. In topic modeling, many ways have been proposed to go
beyond this hypothesis and process text as a sequence of terms. Another flaw is more
fatal: one can hardly expect that the appearance of a word is determined only by
its topics, even if they were estimated from the local context. Deep neural networks
based on attention models [51] and transformer architecture, such as BERT [17] and
GPT-3 [11] capture the entire set of linguistic phenomena and predict words in a text
much better than PTMs and even better than humans do. However, these models are
non-interpretable: it is impossible to understand which phenomena are captured, and
what each coordinate of the text embedding means.
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In contrast to neural models, topical embeddings are interpretable. The topic can
tell about itself addressing frequent words from the p(w | ¢) distribution, or extract-
ing topical phrases with automatic topic labeling [37] or summarization methods.
Moreover, topical embedding p(z| x) can tell about non-textual object x in words or
phrases of natural language.

Thus, topic modeling is aimed not so much at predicting words in documents as
revealing the thematic structure of a text collection, determining the semantics of
documents and related objects, explaining topics in natural language.

1.4 Additive regularization

To solve the ill-posed problem of stochastic matrix factorization, we add regu-
larization criterion R(®,®) to the log-likelihood (1.4), under non-negativity and
normalization constraints (1.5):

L(D,0) = Z Z N lnz Gurtha + R(®,0) — max. (1.6)

deD wed teT

Generally, several requirements may be imposed, each formalized by a regularizer
Ri{(®,0), i=1,...,k. The scalarization approach for multicriteria optimization
leads to the Additive Regularization for Topic Modeling (ARTM), proposed in [54]:

k

R(®,0) = 3" 7R(®,0),
i=1

where non-negative regularization coefficients 7;, i = 1,.. ., k, are hyperparameters
of the learning algorithm.

Theorem 3 Let the function R(®,®) be continuously differentiable. Then the point
(®,0) of the local extremum of the problem (1.6), (1.5) satisfies the system of
equations with auxiliary variables p;q, = p(t|d,w), if zero columns of the matrices
@, O are excluded from the solution:

Prdw = ngErTm(gowthd); 1.7)
OR
Pwr = norm(nw, + ‘Pwt_); Nyt = Z NqwpPrdws (18)
wew 690'” deD
OR
Ora = +O0ra——| = . L.
td ntoerTrn(n,d t '(99“1)’ Ntd u%ndwptdw (1.9)

Proof can be found in [56], but it can be easier derived from the theorem 1. Let’s
rewrite (1.7) as follows:
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Let’s apply the formula (1.1) to the function (1.6) and substitute the auxiliary
variables p; 4, in the resulting expressions:

= norm oL ) _ norm Z ndu + IR
Puwr = o "Dwtﬁtpwt = noru Pwt ya pwld) ‘Pwta‘pwz

OR
norm Z NdwPtdw t Pwt 73— |5
wew JD (9tpwt

oL NdwPwt OR
0 — 9 = 0 9
td “?errm( td aa,d) “f’er?l( rd u;] swld) 0.,

OR
norm(Z NawPtdw + 0ra

teT wed 69[d )

Zero columns in the ® and ® matrices appear in those cases when the positive
coordinate condition in the theorem 1 is not satisfied. Zero columns can be removed
from the matrices, which is allowed by the condition of the theorem.

The theorem is proven.

A topic t is degenerate if ny,, + t,ow,% <Oforallw e W.

The degeneracy of the topic is a consequence of the excessively strong sparsing
effect of the regularizer R. Zeroing the column of the matrix @ means that the model
prefers to abandon this topic. Reducing the number of topics can be a desirable side
effect of regularization.

A document d is degenerate if n;q + tha%% <Oforallr eT.

The degeneracy of the document means that the model is not capable to describe
it. May be, the document is too short or doesn’t match the topical structure of the
collection.

Learning a topic model is a numerical solution of the (1.7)—(1.9) system. The
simple iteration method leads to the Expectation—-Maximization (EM) algorithm, in
which two steps are performed at each iteration: E-step (1.7) and M-step (1.8)—(1.9).
With a rational implementation of this algorithm each iteration is performed in one
linear pass through the collection. For each term w in each document d the topical
embedding p(t|d, w) is calculated by the E-step formula and is immediately used to
update the counters ny,, and n; 4.

Fast online algorithm, implemented in the BigARTM library [57], uses paralleliza-
tion, splitting the collection into batches, controlling the update rate of ® matrix,
and a few more tricks to increase the computational speed [21, 3]. As a result,
BigARTM outperforms other freely available topic modeling tools such as Gensim
and Vowpal Wabbit by up to 20 times on some tasks [33].

Probabilistic Latent Semantic Analysis (PLSA) is historically the first probabilistic
topic model [23]. In ARTM it corresponds to zero regularizer

R(®,0) = 0.
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Latent Dirichlet Allocation (LDA) [7] is the first and most cited Bayesian model.
Itimposes restrictions on the columns of the ® and ® matrices in the form of Dirichlet
prior distributions. In ARTM it corresponds to the cross-entropy regularizer [33]

R®,0)=>" > Bulngu + > > aalnbq. (1.10)

telT weW deD teT

If the hyperparameters By, a:q are positive, then the regularization smoothes
the conditional distributions ¢, 6;4 bringing them closer to the given vectors
normy,(By; ), normy (e, q). If By, @4 are negative, then the effect of the regularizer
is sparsing instead of smoothing, as can be seen from the M-step formulas:

wt = rlluoervlvn(nwz + But)s Ora = n;)ErTm(nm + Qq).

In the Bayesian interpretation, hyperparameters are bounded from below: S, > —1,
a;q > —1, due to the properties of the Dirichlet distribution. Therefore, sparsing ef-
fectis restricted and weak. There are no such restrictions in the ARTM interpretation,
since a priori Dirichlet distributions are not introduced into the model.

1.5 Comparison with Bayesian learning

Let for generality X be the observed data set (e.g. the text documents collection),
p(X | Q) be a probabilistic data model with Q parameters (e.g. the ® and ® matrices),
p(Q|vy) be a priori distribution of model parameters with hyperparameters y (in the
LDA model, the Dirichlet distributions with hyperparameters Sy, a:4). Then the
posterior distribution of Q) parameters is given by the Bayes’ formula:

p(Q,X|y)
p(X|y)

where the symbol oc means “equals up to normalization”. Bayesian inference is useful
in many data analysis problems where we do something with model parameters:
testing statistical hypotheses, interval estimating, sampling, etc. However, in the
practice of topic modeling Bayesian inference is performed only to get a point
estimate of the Q parameters:

p(QX,y) = o« p(X|Q) p(Qly),

Q= argmgxp(Q | X, 7).

Maximizing a posteriori (MAP) gives a point estimate for €, bypassing the
intermediate step of the approximate and tedious posterior inference:

Q= argmélx(lnp(X|Q) +Inp(Qly)).
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The logarithm of the prior distribution can be considered as a classical non-
Bayesian regularization criterion R(Q) = In p(Q| 7). In this form, it can be separated
from a particular model and brought to another model.

Additive regularization generalizes log-priors to any regularizers, including those
that do not have a probabilistic nature, as well as their linear combinations, without
violating the convergence properties:

Q:=arg mélx(lnp(X | Q) + Z T,-R,-(Q)).

12

The main disadvantage of Bayesian inference is that it requires sophisticated cal-
culations unique to each model, which makes it difficult to regularly combine multiple
requirements and constraints. In Bayesian learning, there are no conventional reg-
ularization mechanisms based on criteria, since there is actually no optimization
problem for Q. Additional information can be introduced either through the prior
distribution or through the very structure of the model. If the prior distributions are
not Dirichlet distributions, then the inference becomes noticeably more complicated.
Non-unified inference incur implementing and testing costs for each model.

The Dirichlet distribution plays a special role in Bayesian topic modeling. Al-
though it has no convincing linguistic justification, most models are built on it in the
literature. The reason is solely in the mathematical convenience of the Dirichlet prior
conjugated with a multinomial distribution. In ARTM there is no reason to prefer
the Dirichlet distribution to other regularizers.

The additivity of regularizers leads to a modular topic modeling technology, which
is implemented in the BigARTM open source project [57]. In applications, composite
models with desired properties can be built by adding ready-to-use regularizers from
the library, without new mathematical calculations and coding. The development of
such a technology within the Bayesian framework is hardly possible.

1.6 Overview of models and regularizers

Many topic models, originally formulated in the Bayesian paradigm can be reformu-
lated in terms of classical non-Bayesian regularization [33].

Combination of smoothing, sparsing and decorrelation regularizers has proven
itself well in practice in many studies [55, 56, 61]. Topic decorrelation regularizer

R(D) = —% Z Z Z PwtPws

tel seT\t weW

not only makes the topics more diverse, but also groups common words into separate
background topics and purges all other topics from them [49].

Semi-supervised topic models use the smoothing regularizer of ® matrix to set
the seed words for some of the topics so that subject topics of interest can crystallize
in their place during the iterative process. This technique has been used for searching
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rare topics in social media, such as symptoms, diseases, and their treatments [41,
42]; crime and extremism [36, 47]; ethnicities and interethnic relations [8, 34,
40]. For example, to search for a given number of ethno-relevant topics within
the ARTM framework, smoothing regularization was applied using the vocabulary
of ethnonyms. After that, the topic model was able to determine how topics are
specialized by ethnicity [1, 2]. In particular, multi-ethnic topics were found, helping
sociologists to identify the aspects of interethnic relations.

Multimodal topic model describes documents containing not only words, but
also terms of other modalities: categories, authors, time, tags, entities, users, etc.
Each modality m € M has its own dictionary of terms W™, own matrix @ with
normalized columns, and own log-likelihood criterion. The problem is to maximize
the weighted sum of these criteria over modalities:

Z Tmz Z ndwln2¢$t9,d+R({(Dm},®) — max. (1.11)

meM deD wew™ tel

Multimodal data helps to determine the document topics more accurately. Con-
versely, the topic model can be used to reveal the semantics of modalities or predict
missing modality metadata.

Classification topic model is a special case of the multimodal PTM with the
modality C of categories or classes. The model predicts class probabilities for a doc-
ument p(c | d) with a linear classifier using topic probabilities p(z | d) as features:

pleld) =Y plclnpld) = " ¢cibia,

tel tel

Experiments showed that this topic model outperforms conventional multiclass clas-
sification methods on large text collections with a large number of unbalanced,
overlapping, interdependent classes [46]. Similar results on the same collections
were reproduced for the multimodal ARTM in [53]. Unbalanced classes can contain
both a small and a very large number of documents. Overlapping classes means that
a document may belong to many classes. Interdependent classes share terms and
topics, therefore, they can compete and interfere when classifying a document.

Multilingual topic model is another case of multimodal PTM, when languages
act as modalities. Linking parallel texts into a common document is enough for
synchronizing topics across languages in cross-language document search tasks [58].
Regularizers based on bilingual dictionaries have been proposed in [18], however,
the parallel texts linking remains the main contribution to the search quality.

Triple matrix topic model arises from the assumption that topics are generated
not by a document, but by one of the modalities, for example, categories, authors, or
tags. The author-topic model ATM [45], the tag weighted topic model TWTM [35],
and the model for detecting behaviour dynamics in video [24] can be viewed as triple
matrix factorization:

pwld)= > pwlt) Y ptlaplald)= D" ¢u D Yralaa:

teT acA tel acA
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where A is a dictionary of authors, tags, or behaviours respectively. The EM-like
algorithm given in [33] for this model can be easily obtained as a corollary of the
maximization theorem on unit simplices.

Hierarchical topic models divide topics into smaller subtopics recursively. There
is a wide variety of approaches and methods for learning and evaluating topical
hierarchies [62]. The top-down level-wise strategy based on ARTM has been pro-
posed in [15] and improved in [5]. The hierarchy is built from top to bottom, each
child level having greater number of topics than the parent level has. Each level is
a conventional flat topic model, which is linked with the parent level by conditional
probabilities ¥5; = p(s|t) of subtopics s € S in parent topics ¢ € T. The regularizer
tries to approximate parent topics ¢, by a probabilistic mixture of child topics ¢y

with coefficients g, :
RO =7 > nuyIn Y. Qutsr. (1.12)

telT weW seS

The maximization of R(®, V) coincides up to notation with the main topic modeling
task (1.4), with parent topics ¢ considered as pseudo-documents with term frequencies
Nwr = Ny@y. This regularizer can be implemented by simply adding |T'| pseudo-
documents to the collection before building each child level. The linking matrix ¥
is produced by the model in the columns of the ® matrix corresponding to pseudo-
documents.

Multimodal hierarchical topic models perform well in document-by-document
topic-based search [25, 26]. Combining decorrelation, sparsing, and smoothing reg-
ularizers along with modalities of n-grams, authors and categories significantly im-
proves search quality. In experiments with exploratory search in technology blogs,
both precision and recall reach 90%. Optimal (in terms of search quality) dimension
of topical embeddings at the third level of the hierarchy turned out to be several times
higher than that of the flat model. This means that the gradual fragmentation of topics
into smaller subtopics allows topical embeddings to keep more useful information
about documents.

Topic model for mining polarized opinions is actually a two-level hierarchy, in
which the upper level determines topics in news [20]. The second level is based on
unusual modalities, dividing the topic into subtopics with polarized opinions about
the topic. The modalities are: named entities with positive and negative sentiments,
named entities with their semantic roles, triplets “subject, predicate, object”. Ex-
periments have shown that each of the three modalities is important for improving
the polarized opinions detection. A similar two-level hierarchy has been proposed
in [43], where syntactic modalities were used at the child level to divide parent level
topics into more detailed client intents in the collection of contact center dialogs.

Hyperparameter optimization strategies. Additive regularization loses to Bayesian
modeling in only one aspect. The more regularizers are used, and the more regu-
larization coefficients have to be selected, the more careful balancing they require.
Early studies have shown that regularizers can interfere with each other, and that
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understanding their interactions leads to sequential strategies of adding regularizers
to the model [55].

Adding regularizers during the iteration process in the order {® decorrelation,
O sparsing, @ smoothing } has been proven to be a successful strategy for topic-based
exploratory search [61, 25]. In further experiments, the hyperparameter space was
extended with modality weights, pseudo-document weights and the number of topics
at each level in the hierarchical model [26]. When regularizer starts from a given
iteration, learning algorithm must be restarted from this point many times with
hyperparameter values iterated over a coarse grid. The model quality is controlled
visually by multiple criteria during the iterative process.

Later, this technique was extended and implemented in TopicNet open source
library, which operates on top of BigARTM hiding technical details from the user [12].
The user specifies only the high-level regularization strategy. TopicNet automates
computational experiments on hyperparameter optimization, providing logging and
visualization.

A more general framework for hyperparameter optimization in ARTM is based
on evolutionary algorithms and representation of a learning process as a multi-
stage strategy for changing hyperparameters [31]. Later this approach was extended
by a surrogate model for PTM evaluation, which reduced the time for automatic
selection of hyperparameters [32].

1.7 Hypergraph topic models of transactional data

Topic models of text collections describe occurrences of words in documents. Multi-
modal topic models describe documents that may contain the terms of several modal-
ities: words, tags, categories, authors, etc. In all these cases, the model describes
pairwise interactions between documents and terms. In more complex applications,
the initial data may describe transactions between three or more objects. For exam-
ple, “user u clicked ad b on page s” in an advertising network; “user u wrote word w
on blog page d” in a social network; “buyer b bought item g from seller s” in a sales
network; “client u departed from airport x to airport y by airline a” in passenger air
transportation; “user u rated the film f in a contextual situation s in a recommender
system. Another modality could be transaction time. In all of the examples above, a
multi-object transaction can not be reduced to the pair interactions.

Transactional data can be represented by a hypergraph I" = (V, E) defined by the
set of term vertices V and the set of transaction edges E. Each edge e of E is a subset
of two or more vertices, e C V. The task is to restore unknown topic distributions of
vertices p(t|v) from the observed dataset of transactions.

Each vertex has modality m from the set M. Denote by V,, the set of vertices
having modality m. In conventional topic models, there are two modalities: terms
Vi = W and documents V; = D; each edge transaction e = (d,w) means that the
term w occurs in the document d; thus, the hypergraph is a bipartite graph.



1 Rethinking Probabilistic Topic Modeling from Classical Regularization 13

the set of modalities M :
oo A

the set of edge types K:
0o Ba %0 %a A

the set of topics 7'
O 0 0 0O

Fig. 1.1 An example of a hypergraph with vertices of three modalities, edges of five types, and five
topics.

In more complicated applications, transactions can be of various types. For ex-
ample, in the advertising network, along with triplet data “user u clicked ad b
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on page s”, there may be pair data “user u visited page s”, “page s contains term w”,
“ad b contains term w”, “user’s u query contains term w”’.

Let K be the set of transaction types. Transactional data of type k is a dataset
of edges Ex C E. Each edge e € Ej occurs in the dataset ng, times, having a latent
topic ¢ € T. Figure 1.1 shows an example of a hypergraph.

Assume that each transaction e € E has one dedicated vertex d called container,
and denote the edge by ¢ = (d, x), where x is the set of all other vertices of the edge.
Similar to a document, a container has a distribution of topics p(z | d). Denote the set
of all containers by D.

We accept several hypotheses of conditional independence. Assume that nei-
ther the distribution of topics p(z|d) in a container d, nor distributions of vertices
in topics p(v|t) depend on the type of the edge k. Next, suppose that the process
of generating the edge (d, x) € Ej consists of two steps. First, a topic ¢ is generated
from the distribution p(¢ | d). Then the set of vertices x C V is generated so that each
vertex v € x of the modality m is generated from the distribution p(v|#) over the
set V,,, independently of the other edge vertices.

The topic model expresses the probabilities of hypergraph edge through condi-
tional distributions associated with their vertices:

plxld) =Y pitld) | [p@l) =D 0] | eu-

teT VEX teT vex

In matrix notation, the model parameters are matrices ® and ®,,, m € M, as in
the multimodal topic model (1.11).

Learning the hypergraph model is log-likelihoods maximization for all edge
types k with weights 7i, under the usual non-negativity and normalization con-
straints, improved by the regularizer R(®, ®):

DT D, M ln(Z etd]_[%,) +R@,0) > max; (113)

keK  dxecEy teT vex
Z Yor = 1, @y 2 0; Zetdzl, Ora 2 0.

veV,, tel
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Theorem 4 Let the function R(®, ®) be continuously differentiable. Local maximum
point (®,0) of the problem (1.13) satisfies the system of equations with respect to
model parameters ¢y, 0,4 and auxiliary variables p;q = p(t|d, x), if zero columns
of the matrices ®,,, © are excluded from the solution:

Drdx = nger}n(ﬁtd ]:[ ‘Pvt)§ (1.14)
OR
Por = norm( Z [0 € X] Tknraxprax + ‘Put—); (1.15)
veV,, a(pvt
keK dxecEy
0 —normZ Z‘rn +o,, 2R (1.16)
td = pyet kPkdxPtdx tdaetd 5 .
keK dxecEy

Proof. Let us apply the theorem 1 on maximization on unit simplices, extracting the
expression for the auxiliary variables p;q4, defined in (1.14):

Ora 0 OR
Z Tk Z nkdxp(x|d) " ’DV‘PM + Yot 690”,)

keK dx€eEy g ¢

Dot = l‘lOI'IIl(t,Dut

veV,

OR
22{}"{1(2 Z TkNkdx[v € xX]prax + cpm@);

keK dxeEy
1 OR
Ora = norm(9zd Tk ) Akdx——< Por + 9zd—)
teT 1; ;l p(x | d) g 69td
OR
= n?ErTm(Z Z TiNkdxPrdx + 0ra 90,4 )

keK xed

The theorem is proven.

The hypergraph model is a broad generalization of conventional PTMs. Despite
this, the derivation of the EM-algorithm out of the theorem 1 is no more difficult
than in the conventional case. This algorithm is implemented in BigARTNM project.

1.8 Hypergraph recommender topic models

Let U be a finite set of users, / be a finite set of items that users can take or prefer.
The probabilistic topic model predicts user preferences:

pliluy =" plil ) ple|u).

tel

This model is equivalent to the topic model of a text collection, up to terminology:
documents — users, terms — items, topics — interests. Following the analogy,
the bag-of-words transforms into the bag-of-transactions hypothesis. In this case,
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o
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Fig. 1.2 Types of transactions between six modalities in a recommender system: users U, items 7,
user attributes A, item properties B, contextual situations C, time intervals J.

dataset can be considered as n,; counters of the user u transactions with the item i.
Depending on the application, transactions may be purchases, visits, likes, etc.

There is a well-known “cold start” issue in recommender systems. Nothing to
recommend to a new user, since there is no history of his preferences. Nobody
to recommend a new item, since no one has chosen it yet. To solve this problem,
additional data about users and items can be involved. In particular, these may be
data n,, on the user attributes a € A or data n;;, on the item properties b € B. If items
have text descriptions, then B is a dictionary of terms used in these descriptions. Such
recommender systems are called, respectively, attribute-aware and content-aware.

Users’ advice to each other can also be used as additional data. These are pairwise
interactions between users 7,/ or trust-aware data.

User preferences may change over time or depend on the situation. To take into
account such information, two more modalities are introduced: the set of situa-
tions C and the set of time intervals J. Interactions between them are described by
transactions of three or more terms, for example, n,;. for “user u selected item i
in situation ¢”, or n,;.; for “user u selected item i in situation ¢ in time interval j.
Such systems are called, respectively, context-aware and time-aware.

Many types of ##x-aware models were introduced separately in the literature [14].
The hypergraph model can combine them all and learn topical embeddings for any
interacting terms regardless their nature, fig. 1.2.

The recommender system data is different from the text collections as it has
no natural analogue of a document or container. The set of transactions (u,i) may
increase with time for both the user «# and the item 7, unlike unchanging documents.

Assume that the edges of the hypergraph x c V do not contain container vertex.
The edge generative process first generates a topic ¢ from the distribution 7, = p(¢)
which is common to the entire collection. Then the vertices v € x are generated
independently of each other from distributions ¢,; = p(v|#) over modalities V,,,:

pe) =Y p0 [ [pwlty =D m [ | ou-

tel VEX teT VEX
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Topic models, in which documents act as one of the modalities, are called sym-
metric [52]. As before, maximization problem is for regularized log-likelihood under
normalization and non-negativity constraints:

Z‘rk anxln(Zﬂtn%z) + R(@.7) — max; (1.17)

keK xeEy teT vex
Z‘#’ut:l,‘;ﬂut?o? Zﬂ'tzl,ﬂt>0~
veV, tel

Theorem 5 Let the function R(®, rt) be continuously differentiable. Local maximum
point (O, 1) of the problem (1.17) satisfies the system of equations with respect to
model parameters ¢y, 7; and auxiliary variables psx = p(t|x), if zero columns of
the ©,, matrices are excluded from the solution:

Pix = n?ErTm(n, [:] (pv,). (1.18)
OR
Qor = r;ggf(z D" [v € x] thniepes + wv,%); (1.19)
keK x€Ey
OR
= ntoerTm(Z Z TNkxPex + ﬂ,a—m). (1.20)
keK x€Ey

Proof follows straightforwardly from the maximization theorem on unit simplices,
as in the case of the previous theorem.

In BigARTM the symmetrized model is not implemented, but it is not difficult
to simulate it. To to this, the collection is split in some way into documents (for
example, by transaction time), then a strong regularizer is introduced for smoothing
the columns of the ® matrix towards the (n,) vector summed over all documents.

1.9 Sequential text topic models

The bag-of-words hypothesis is one of the most criticized assumptions in topic
modeling. Many approaches was proposed in the literature in order to go beyond the
bag-of-words restrictive assumption, either completely or partially.

Topic models with n-grams exploit the fact that stable combinations of n con-
secutive words often, though not always, represent subject domain terms or names.
The n-grams may tell much more about topics than the same words treated indepen-
dently. Topics built on the n-gram dictionary are better interpretable, than those built
on unigrams [60, 29]. There are two approaches to using n-grams in topic modeling.
In the first one, the dictionary of n-grams is built at the stage of text preprocessing
using automatic extraction of terms, keywords, or collocations [19]. Then, the n-
gram dictionary is used as a modality. The second approach is more complicated, in
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which topic modeling is combined with n-gram extraction [59, 60]. Concentration
of distribution p(¢| w) in one or more topics is usually a strong indication that the
n-gram w is a subject domain term.

Word network topic model predicts the appearance of a word nearby to another
word, instead of predicting it in the document. “Nearby” means, say, no more than
10 words away or in one sentence. Define for each word u € W a pseudo-document d,,
consisting of all words that occur nearby to the word u throughout the collection.
Denote by n,,, the number of occurrences of the word w in a pseudo-document d,, .

The word network topic model WNTM [65] and the earlier word topic model
WTM [13] predict a word in the neighborhood of other word:

pwlu)=">" p|t)p(tld) = ) Quibru-

tel tel

The log-likelihood can be used either as a regularizer for other topic model,
or as the main learning criterion. In the first case, topic model is learned by the
document collection augmented by pseudo-documents. In the second case, only
pseudo-documents are used:

Z nuwan(pw,G,u — max.
0,0

u,wew teTl

According to the distributional hypothesis the meaning of a word is determined
by the distribution of all words, in whose environment it occurs [22]. Words found in
similar contexts have similar semantics, and in the model they should receive similar
embeddings. Word embeddings implemented in the word2vec program [38, 39] are
also learned from word co-occurrence data. They encapsulate the meanings of words
so well that paired associations turn into vector equalities:

king — queen = man — woman;

Moscow — Beijing = Russia — China.

The additively regularized WNTM also has this property [44], unlike conventional
topic models. Moreover, topical embeddings are coordinate-wise interpretable, un-
like word2vec and neural embeddings.

Sentence topic model can be considered as a special case of hypergraph topic
model. Vertices of the hypergraph are words, edges are sentences. This approach is
equivalent to the sentence topic model senLDA [4] and Twitter-LDA short message
model [64] first proposed in terms of Bayesian learning. The hypergraph represen-
tation gives a lot of freedom in defining edges. These can be not only sentences, but
also noun phrases, syntagmas, lexical chains, and in general any group of words,
with reasonable assumption that they are generated by a common topic.

E-step regularization. The idea behind using intradocument word order data is
to impose regularization constraints on topical embeddings p; 4, = p(t|d, w). They
specialize topical embeddings p(f|w) from the global context of the collection
to the narrower document context. Further narrowing of the context to the local
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neighborhoods of words requires processing the document as a sequence of word
embeddings.

Define the regularizer R(IT, ®, ®) as a function of the matrices ®, ® and a three-
dimensional matrix of auxiliary variables IT = (p; 4y )7xpxw - According to (1.7), the
elements of [ matrix are functions of ® and ® matrices. Therefore, the regularizer has
a form R(®, ®) = R(II(®, ©®), ®, ®). Then, theorem 3 can be applied to it. However, it
is more convenient to write the system of equations in terms of the partial derivatives
of the regularizer R rather than R.

Consider the problem of the regularized log-likelihood maximization under non-
negativity and normalization constraints (1.5):

E E Ngw In E Ywibrg + RI1(D,0),0,0) — max. (1.21)
0,0
deD wed tel

Theorem 6 Let the function R(I1, ®,®) be continuously differentiable and does not
depend on piay for all w & d. Then the point (®,®) of the local extremum of the
problem (1.21), (1.5) satisfies the system of equations with auxiliary variables p;qy
and P aw, if zero columns of the matrices @, O are excluded from the solution:

Prdw = ntoer%n(cpwﬂm);

5 1 OR OR
Bruw =p,dw(1 +—( —szdw—)); (1.22)
Ndw \ OPrdw T Opzdw

N OR
Pur = nor‘gvn( Z NdwPrdw + ‘Pwta_)§ (1.23)

we JeD Pwt
0,4 = norm Zn 51t + Org 28 (1.24)

td = orn dwPtdw tdagtd . .
wed

Proof. First, we define the function p,4,(®,0) = % and find its partial

derivatives. Forany t,z € T

¢ Opzdw _ [2=1101a 2 Pwubua = OraPuwz0za
t = Quwt
v a‘Pwt v (Zu (pwueud)z
= Prawlz2=1] = PrdwPzdw; (1.25)
9 ODzdw _ [2=t]pw: Xy PwuOud = PwiPwzbza
td——— = Ota P
a‘Ptd (Zu Pwu eud)
= Prawlz2=1] = PrdwPzdw; (1.26)

Note that the resulting expressions (1.25) and (1.26) are the same.
Let us introduce an auxiliary function Q of the variables I1, @, ®:

OR(IT,D,0 OR(IL,,0
Qtdw(n,q),@) = ¥ - szdw¥~

aptdw apzdw

zeT
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Let us differentiate the superposition R(®,®) = R(II(®,®),d,®), given that
Opzdw [0@w: = 0if w # w’; OpLaw/00:qa =0ifd #d’; OR/Opraw = 0if w ¢ d:

R OR 0
Pwt 57— 9 ‘Pwt + Z Puwt Z pzdw; (1.27)
Puwt deD z€T Opzdw 0wt
(31? (3R apzdw
Org— = + Orq (1.28)
! 00:q agtd u%:‘] ' ZZE;‘- Opzdw agtd

Using (1.25) and (1.26), we get the identity

fur Y OR Opeaw _p N R Opeaw _
wt OPzdw OPuwr 5Pzdw 90,4 tdwQrdw-

zeT

Let us substitute the resulting expressions into (1.27) and (1.28), which we then
substitute into the system of equations from the theorem 3:

Prdw = ntoer%n(sowﬁm);

OR
Puwt = norm( E NdwPtdw + E Qtdwptdw + Pwr ); (129)
weW 6(,Dwt
deD deD
OR
;4 = norm E NawPrdw + E OQrawPrdw + 0ra——— (1.30)
teT 00:a)
wed wed

Substituting of the auxiliary variable p;4,, according (1.22) allows us to rewrite
the equations (1.29)—(1.30) in the required form (1.23)-(1.24).
The theorem is proven.

In the EM-algorithm, topical embeddings p; 4, = p(t|d, w) are calculated for each
word w in the document d. Then they are transformed into new vectors p, 4, and
used at the M-step instead of p,4,,. We call this technique E-step regularization or
E-step post-processing. This is an optional procedure, its the presence or absence
does not affect the implementation of other computations in any way.

Moreover, the post-processing formula does not necessarily need to be derived
from the regularization criterion. You can do the opposite: transform sequence
of topical embeddings using a heuristic post-processing, for example, smoothing,
sparsing, or segmentation. In fact, this will correspond to a regularization under
some criterion R(IT), which is not obligatory to be written out explicitly.

This approach was used in [48] to improve the quality of topical segmentation of
documents.

One-pass topic modeling. In the EM-algorithm, the computation of document
topical embedding 8, = (6;4)ser requires many iterations over the document. Nev-
ertheless, 64 can be calculated in a one linear pass through the document [28]. The
explicit formula 6, 4(®) follows from the M-step equation or from the total probability
formula, where the distribution p(¢) is assumed to be fixed:
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0a(®) = 3 pltlw) plwld) = 37 =2 norm(gurp()

wed wed

Although formally this equality constraint is not an optimization criterion, in fact it
plays the role of a regularizer and can be used in combination with other regularizers
within the ARTM framework.

Theorem 7 Let the functions 6,;4(®) and R(®,®) be continuously differentiable.
Then the point ® of the local extremum of the problem (1.6), (1.5) with equality
constraints 0;q4 = 0,4(®) satisfies the system of equations with auxiliary variables
Praw = p(t|d,w), nea, and p; , , if zero columns of the matrices @, © are excluded
from the solution:

Prdw = ngerpl(sowzﬂzd);
IR
691d ’

g = Z NawPrdw + Ora

wed

¢ Nsd 00sa
Diaw = Praw + - ) 224224

Ndw el esd a(;Owt ’
, OR
= norm + -— .
Puwt lorn (Lé NdwP; gy T Pwt a‘pw[)

Like the E-step post-processing, modification of the EM-algorithm leads to the
transformation of the topical embeddings p;4,, into p; dw’ which are substituted into
the usual M-step equation for the ® matrix, without affecting the implementation of
the remaining computations.

Experiments on three text collections [28] have shown that the one-pass algorithm
is not only much faster but also improves the model in terms of sparseness, difference,
logLift and coherence topic quality measures. The BigARTM and TopicNet libraries
were used for the experiments.

The one-pass topic modeling opens up possibilities for fast computation of local
contextual topical embeddings and processing of text as a sequence of words beyond
the bag-of-words restrictive assumption.

1.10 Discussion and conclusions

Hundreds of Bayesian topic models described in thousands of papers over the past
two decades, can be reformulated in terms of classical non-Bayesian regularization.
After this, they can be inferred easily, literally by one line of calculations out of
the theorem on the maximization of a smooth function on unit simplices. One may
wonder why this opportunity has not been noticed over so long time, especially given
that Bayesian inference is laborious and unique to each model, which brings many
technical inconveniences to researchers.
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Many areas of data analysis and machine learning including image and signal pro-
cessing are being developed according to the same general scenario. First, the formal
model and the optimization problem are stated; then various specific structures,
auxiliary criteria and regularizers are added; and finally, the transition to Bayesian
regularization takes place. This transition usually occurs when there is a practical
need for evaluation not only the model parameters themselves, but also their posterior
distributions.

In Probabilistic Topic Modeling, the typical development scenario was violated
and the community moved to Bayesian learning skipping the natural stage of devel-
opment within the classical regularization. The very paradox is that in the practice of
topic modeling, posterior distributions are used only for maximum likelihood point
estimation.

Additive regularization (ARTM) is an attempt to fill the gap, though it might be
late as the focus of community interest has already shifted to deep neural networks,
attention models, and transformer architectures. Topic modeling is now focused more
on the fusion with neural networks in search of opportunities to combine the best of
two worlds [63].

Both worlds of models, neural-based and topic-based, generate vector represen-
tations of words and texts.

Both worlds tend to models homogenization [9], that is, to have a unified vector
space that embeds any heterogeneous objects of any nature based on data about their
interactions. It was demonstrated above how the hypergraph topic models implement
this idea.

Both worlds of models can generate global and local embeddings. It has been
shown above how the topic models can process a sequential text. The neural network
models are much more complicated, their embeddings are able to absorb all the
information about the connections between words, but it is out of our understanding
which connections and how exactly are taken into account. Topic models are much
simpler, their embeddings take into account only the lexical co-occurrence of words,
while retaining interpretability. The coordinate-wise interpretability is a direct con-
sequence of the fact that topic embeddings are non-negative normalized vectors on
a unit simplex.

Avoiding the Bayesian inference makes topic models closer to neural models,
thus making their deeper integration possible. As soon as non-negativity and nor-
malization constraints are imposed, any vector parameter of a neural network can
be learned with the use of the multiplicative gradient steps from the theorem of
maximization on unit simplices. These are the promising opportunities for future
research.

This work was supported by the Russian Foundation for Basic Research (project
no. 20-07-00936).
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