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Ìåòîä îïîðíûõ âåêòîðîâ SVM

Îáîáùåíèÿ ëèíåéíîãî SVM

�åãóëÿðèçàöèÿ

Ïðèíöèï îïòèìàëüíîé ðàçäåëÿþùåé ãèïåðïëîñêîñòè

Äâîéñòâåííàÿ çàäà÷à

Ïîíÿòèå îïîðíîãî âåêòîðà

Çàäà÷à îáó÷åíèÿ ëèíåéíîãî êëàññè�èêàòîðà

Äàíî:

Îáó÷àþùàÿ âûáîðêà X ℓ = (xi , yi )
ℓ
i=1

,

xi � îáúåêòû, âåêòîðû èç ìíîæåñòâà X = R
n
,

yi � ìåòêè êëàññîâ, ýëåìåíòû ìíîæåñòâà Y = {−1,+1}.
Íàéòè:

Ïàðàìåòðû w ∈ R
n
, w0 ∈ R ëèíåéíîé ìîäåëè êëàññè�èêàöèè

a(x ;w ,w0) = sign
(

〈x ,w〉 − w0

)

.

Êðèòåðèé � ìèíèìèçàöèÿ ýìïèðè÷åñêîãî ðèñêà:

ℓ
∑

i=1

[

a(xi ;w ,w0) 6= yi
]

=
ℓ
∑

i=1

[

Mi(w ,w0) < 0
]

→ min
w ,w0

.

ãäå Mi(w ,w0) =
(

〈xi ,w〉 − w0

)

yi � îòñòóï (margin) îáúåêòà xi ,
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Ìåòîä îïîðíûõ âåêòîðîâ SVM

Îáîáùåíèÿ ëèíåéíîãî SVM

�åãóëÿðèçàöèÿ

Ïðèíöèï îïòèìàëüíîé ðàçäåëÿþùåé ãèïåðïëîñêîñòè

Äâîéñòâåííàÿ çàäà÷à

Ïîíÿòèå îïîðíîãî âåêòîðà

Àïïðîêñèìàöèÿ è ðåãóëÿðèçàöèÿ ýìïèðè÷åñêîãî ðèñêà

Ýìïèðè÷åñêèé ðèñê � ýòî êóñî÷íî-ïîñòîÿííàÿ �óíêöèÿ.

Çàìåíèì åãî îöåíêîé ñâåðõó, íåïðåðûâíîé ïî ïàðàìåòðàì:

Q(w ,w0) =

ℓ
∑

i=1

[

Mi(w ,w0) < 0
]

6

6

ℓ
∑

i=1

(

1−Mi(w ,w0)
)

+
+

1

2C
‖w‖2 → min

w ,w0

.

Àïïðîêñèìàöèÿ øòðà�óåò îáúåêòû

çà ïðèáëèæåíèå ê ãðàíèöå êëàññîâ,

óâåëè÷èâàÿ çàçîð ìåæäó êëàññàìè

�åãóëÿðèçàöèÿ øòðà�óåò íåóñòîé÷èâûå

ðåøåíèÿ â ñëó÷àå ìóëüòèêîëëèíåàðíîñòè

-3 -2 -1 0 1 2 3

0

1

2

3

(1−M)+

[M < 0]
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Ìåòîä îïîðíûõ âåêòîðîâ SVM

Îáîáùåíèÿ ëèíåéíîãî SVM

�åãóëÿðèçàöèÿ

Ïðèíöèï îïòèìàëüíîé ðàçäåëÿþùåé ãèïåðïëîñêîñòè

Äâîéñòâåííàÿ çàäà÷à

Ïîíÿòèå îïîðíîãî âåêòîðà

Îïòèìàëüíàÿ ðàçäåëÿþùàÿ ãèïåðïëîñêîñòü

Ëèíåéíûé êëàññè�èêàòîð: a(x ,w) = sign
(

〈w , x〉 − w0

)

Ïóñòü âûáîðêà X ℓ = (xi , yi )
ℓ
i=1

ëèíåéíî ðàçäåëèìà:

∃w ,w0 : Mi(w ,w0) = yi
(

〈w , xi 〉 − w0

)

> 0, i = 1, . . . , ℓ

Íîðìèðîâêà: min
i=1,...,ℓ

Mi(w ,w0) = 1

�àçäåëÿþùàÿ ïîëîñà (ðàçäåëÿþùàÿ ãèïåðïëîñêîñòü ïîñåðåäèíå):

{

x : − 1 6 〈w , x〉 − w0 6 1
}

∃x+ : 〈w , x+〉 − w0 = +1

∃x− : 〈w , x−〉 − w0 = −1

Øèðèíà ïîëîñû:

〈x+−x−,w〉
‖w‖ =

2

‖w‖ → max

x
−

x+

w
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Ìåòîä îïîðíûõ âåêòîðîâ SVM

Îáîáùåíèÿ ëèíåéíîãî SVM

�åãóëÿðèçàöèÿ

Ïðèíöèï îïòèìàëüíîé ðàçäåëÿþùåé ãèïåðïëîñêîñòè

Äâîéñòâåííàÿ çàäà÷à

Ïîíÿòèå îïîðíîãî âåêòîðà

Îáîñíîâàíèå êóñî÷íî-ëèíåéíîé �óíêöèè ïîòåðü

Ëèíåéíî ðàçäåëèìàÿ âûáîðêà







1

2
‖w‖2 → min

w ,w0

;

Mi(w ,w0) > 1, i = 1, . . . , ℓ.

Ïåðåõîä ê ëèíåéíî íåðàçäåëèìîé âûáîðêå (ýâðèñòèêà)























1

2
‖w‖2 + C

ℓ
∑

i=1

ξi → min
w ,w0,ξ

;

ξi > 1−Mi(w ,w0), i = 1, . . . , ℓ;

ξi > 0, i = 1, . . . , ℓ.

Ýêâèâàëåíòíàÿ çàäà÷à áåçóñëîâíîé ìèíèìèçàöèè:

C

ℓ
∑

i=1

(

1−Mi(w ,w0)
)

+
+

1

2
‖w‖2 → min

w ,w0

.
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Ìåòîä îïîðíûõ âåêòîðîâ SVM

Îáîáùåíèÿ ëèíåéíîãî SVM

�åãóëÿðèçàöèÿ

Ïðèíöèï îïòèìàëüíîé ðàçäåëÿþùåé ãèïåðïëîñêîñòè

Äâîéñòâåííàÿ çàäà÷à

Ïîíÿòèå îïîðíîãî âåêòîðà

Íàïîìèíàíèå. Óñëîâèÿ Êàðóøà�Êóíà�Òàêêåðà (ÊÊÒ)

Çàäà÷à ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ:















f (x) → min
x
;

gi (x) 6 0, i = 1, . . . ,m;

hj(x) = 0, j = 1, . . . , k .

Íåîáõîäèìûå óñëîâèÿ. Åñëè x � òî÷êà ëîêàëüíîãî ìèíèìóìà,

òî ñóùåñòâóþò ìíîæèòåëè µi , i = 1, . . . ,m, λj , j = 1, . . . , k :


































∂L

∂x
= 0, L (x ;µ, λ) = f (x) +

m
∑

i=1

µigi (x) +

k
∑

j=1

λjhj(x);

gi (x) 6 0; hj(x) = 0; (èñõîäíûå îãðàíè÷åíèÿ)

µi > 0; (äâîéñòâåííûå îãðàíè÷åíèÿ)

µigi (x) = 0; (óñëîâèå äîïîëíÿþùåé íåæ¼ñòêîñòè)
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Ìåòîä îïîðíûõ âåêòîðîâ SVM

Îáîáùåíèÿ ëèíåéíîãî SVM

�åãóëÿðèçàöèÿ

Ïðèíöèï îïòèìàëüíîé ðàçäåëÿþùåé ãèïåðïëîñêîñòè

Äâîéñòâåííàÿ çàäà÷à

Ïîíÿòèå îïîðíîãî âåêòîðà

Ïðèìåíåíèå óñëîâèé ÊÊÒ ê çàäà÷å SVM

Ôóíêöèÿ Ëàãðàíæà: L (w ,w0, ξ;λ, η) =

=
1

2
‖w‖2 −

ℓ
∑

i=1

λi
(

Mi(w ,w0)− 1
)

−
ℓ
∑

i=1

ξi
(

λi + ηi − C
)

,

λi � ïåðåìåííûå, äâîéñòâåííûå ê îãðàíè÷åíèÿì Mi > 1− ξi ;

ηi � ïåðåìåííûå, äâîéñòâåííûå ê îãðàíè÷åíèÿì ξi > 0.



























∂L

∂w
= 0,

∂L

∂w0

= 0,
∂L

∂ξ
= 0;

ξi > 0, λi > 0, ηi > 0, i = 1, . . . , ℓ;

λi = 0 ëèáî Mi(w ,w0) = 1− ξi , i = 1, . . . , ℓ;

ηi = 0 ëèáî ξi = 0, i = 1, . . . , ℓ;
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Ìåòîä îïîðíûõ âåêòîðîâ SVM

Îáîáùåíèÿ ëèíåéíîãî SVM

�åãóëÿðèçàöèÿ

Ïðèíöèï îïòèìàëüíîé ðàçäåëÿþùåé ãèïåðïëîñêîñòè

Äâîéñòâåííàÿ çàäà÷à

Ïîíÿòèå îïîðíîãî âåêòîðà

Íåîáõîäèìûå óñëîâèÿ ñåäëîâîé òî÷êè �óíêöèè Ëàãðàíæà

Ôóíêöèÿ Ëàãðàíæà: L (w ,w0, ξ;λ, η) =

=
1

2
‖w‖2 −

ℓ
∑

i=1

λi
(

Mi(w ,w0)− 1
)

−
ℓ
∑

i=1

ξi
(

λi + ηi − C
)

,

Íåîáõîäèìûå óñëîâèÿ ñåäëîâîé òî÷êè �óíêöèè Ëàãðàíæà:

∂L

∂w
= w −

ℓ
∑

i=1

λiyixi = 0 =⇒ w =

ℓ
∑

i=1

λiyixi ;

∂L

∂w0

= −
ℓ
∑

i=1

λiyi = 0 =⇒
ℓ
∑

i=1

λiyi = 0;

∂L

∂ξi
= −λi − ηi + C = 0 =⇒ ηi + λi = C , i = 1, . . . , ℓ.
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Ìåòîä îïîðíûõ âåêòîðîâ SVM

Îáîáùåíèÿ ëèíåéíîãî SVM

�åãóëÿðèçàöèÿ

Ïðèíöèï îïòèìàëüíîé ðàçäåëÿþùåé ãèïåðïëîñêîñòè

Äâîéñòâåííàÿ çàäà÷à

Ïîíÿòèå îïîðíîãî âåêòîðà

Ïîíÿòèå îïîðíîãî âåêòîðà è òèïèçàöèÿ îáúåêòîâ

Ñèñòåìà óñëîâèé ÊÊÒ:































w =

ℓ
∑

i=1

λiyixi ;

ℓ
∑

i=1

λiyi = 0; Mi(w ,w0) > 1− ξi ;

ξi > 0, λi > 0, ηi > 0, ηi + λi = C ;

λi = 0 ëèáî Mi(w ,w0) = 1− ξi ;

ηi = 0 ëèáî ξi = 0;

Îïðåäåëåíèå. Îáúåêò xi íàçûâàåòñÿ îïîðíûì, åñëè λi 6= 0.

Òèïèçàöèÿ îáúåêòîâ xi , i = 1, . . . , ℓ:

1. λi = 0; ηi = C ; ξi = 0; Mi > 1 � ïåðè�åðèéíûé.

2. 0 < λi < C ; 0 < ηi < C ; ξi = 0; Mi = 1 � îïîðíûé-ãðàíè÷íûé

3. λi = C ; ηi = 0; ξi > 0; Mi < 1 � îïîðíûé-íàðóøèòåëü
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Ìåòîä îïîðíûõ âåêòîðîâ SVM

Îáîáùåíèÿ ëèíåéíîãî SVM

�åãóëÿðèçàöèÿ

Ïðèíöèï îïòèìàëüíîé ðàçäåëÿþùåé ãèïåðïëîñêîñòè

Äâîéñòâåííàÿ çàäà÷à

Ïîíÿòèå îïîðíîãî âåêòîðà

Äâîéñòâåííàÿ çàäà÷à



















−L (λ) = −
ℓ
∑

i=1

λi +
1

2

ℓ
∑

i=1

ℓ
∑

j=1

λiλjyiyj〈xi , xj〉 → min
λ

;

ℓ
∑

i=1

λiyi = 0; 0 6 λi 6 C , i = 1, . . . , ℓ

�åøåíèå ïðÿìîé çàäà÷è âûðàæàåòñÿ ÷åðåç ðåøåíèå äâîéñòâåííîé:











w =
ℓ
∑

i=1

λiyixi ;

w0 = 〈w , xi 〉 − yi , äëÿ ëþáîãî i : λi > 0, Mi = 1.

Ëèíåéíûé êëàññè�èêàòîð ñ ïðèçíàêàìè fi (x) = 〈x , xi 〉:

a(x) = sign
( ℓ
∑

i=1

λiyi 〈x , xi 〉 − w0

)

.

S.Fine, K.S
heinberg. INCAS: An in
remental a
tive set method for SVM. 2002.

J.Platt. Fast training support ve
tor ma
hines using sequential minimal optimization. 1999.
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Ìåòîä îïîðíûõ âåêòîðîâ SVM

Îáîáùåíèÿ ëèíåéíîãî SVM

�åãóëÿðèçàöèÿ

Ïðèíöèï îïòèìàëüíîé ðàçäåëÿþùåé ãèïåðïëîñêîñòè

Äâîéñòâåííàÿ çàäà÷à

Ïîíÿòèå îïîðíîãî âåêòîðà

Äâîéñòâåííàÿ çàäà÷à. Íåëèíåéíîå îáîáùåíèå ñ ÿäðîì K



















−L (λ) = −
ℓ
∑

i=1

λi +
1

2

ℓ
∑

i=1

ℓ
∑

j=1

λiλjyiyjK (xi , xj ) → min
λ

ℓ
∑

i=1

λiyi = 0; 0 6 λi 6 C , i = 1, . . . , ℓ

�åøåíèå ïðÿìîé çàäà÷è âûðàæàåòñÿ ÷åðåç ðåøåíèå äâîéñòâåííîé:











w =
ℓ
∑

i=1

λiyixi ;

w0 = 〈w , xi 〉 − yi , äëÿ ëþáîãî i : λi > 0, Mi = 1.

Ëèíåéíûé êëàññè�èêàòîð ñ ïðèçíàêàìè fi (x) = K (x , xi ):

a(x) = sign
( ℓ
∑

i=1

λiyiK (x , xi )− w0

)

.

S.Fine, K.S
heinberg. INCAS: An in
remental a
tive set method for SVM. 2002.

J.Platt. Fast training support ve
tor ma
hines using sequential minimal optimization. 1999.
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Ìåòîä îïîðíûõ âåêòîðîâ SVM

Îáîáùåíèÿ ëèíåéíîãî SVM

�åãóëÿðèçàöèÿ

ßäðà è ñïðÿìëÿþùèå ïðîñòðàíñòâà

SVM êàê äâóõñëîéíàÿ íåéðîííàÿ ñåòü

SVM-ðåãðåññèÿ

Íåëèíåéíîå îáîáùåíèå SVM

Èäåÿ: çàìåíèòü 〈x , x ′〉 íåëèíåéíîé �óíêöèåé K (x , x ′).

Ïåðåõîä ê ñïðÿìëÿþùåìó ïðîñòðàíñòâó,

êàê ïðàâèëî, áîëåå âûñîêîé ðàçìåðíîñòè: ψ : X → H.

Îïðåäåëåíèå

Ôóíêöèÿ K : X × X → R � ÿäðî, åñëè K (x , x ′) = 〈ψ(x), ψ(x ′)〉
ïðè íåêîòîðîì ψ : X → H, ãäå H � ãèëüáåðòîâî ïðîñòðàíñòâî.

Òåîðåìà

Ôóíêöèÿ K (x , x ′) ÿâëÿåòñÿ ÿäðîì òîãäà è òîëüêî òîãäà, êîãäà

îíà ñèììåòðè÷íà: K (x , x ′) = K (x ′, x);
è íåîòðèöàòåëüíî îïðåäåëåíà:

∫

X

∫

X
K (x , x ′)g(x)g(x ′)dxdx ′ > 0 äëÿ ëþáîé g : X → R.
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SVM êàê äâóõñëîéíàÿ íåéðîííàÿ ñåòü

SVM-ðåãðåññèÿ

Êîíñòðóêòèâíûå ìåòîäû ñèíòåçà ÿäåð

1 K (x , x ′) = 〈x , x ′〉 � ÿäðî;

2

êîíñòàíòà K (x , x ′) = 1 � ÿäðî;

3

ïðîèçâåäåíèå ÿäåð K (x , x ′) = K1(x , x
′)K2(x , x

′) � ÿäðî;

4 ∀ψ : X → R ïðîèçâåäåíèå K (x , x ′) = ψ(x)ψ(x ′) � ÿäðî;

5 K (x , x ′) = α1K1(x , x
′) + α2K2(x , x

′) ïðè α1, α2 > 0 � ÿäðî;

6 ∀ϕ : X→X åñëè K0 ÿäðî, òî K (x , x ′) = K0(ϕ(x), ϕ(x
′)) � ÿäðî;

7

åñëè s : X × X → R � ñèììåòðè÷íàÿ èíòåãðèðóåìàÿ

�óíêöèÿ, òî K (x , x ′) =
∫

X
s(x , z)s(x ′, z) dz � ÿäðî;

8

åñëè K0 � ÿäðî è �óíêöèÿ f : R → R ïðåäñòàâèìà â âèäå

ñõîäÿùåãîñÿ ñòåïåííîãî ðÿäà ñ íåîòðèöàòåëüíûìè

êîý��èöèåíòàìè, òî K (x , x ′) = f
(

K0(x , x
′)
)

� ÿäðî;
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SVM êàê äâóõñëîéíàÿ íåéðîííàÿ ñåòü

SVM-ðåãðåññèÿ

Ïðèìåð: ñïðÿìëÿþùåå ïðîñòðàíñòâî äëÿ êâàäðàòè÷íîãî ÿäðà

Ïóñòü X = R
2
, K (u, v) = 〈u, v〉2, ãäå u = (u1, u2), v = (v1, v2).

Çàäà÷à: íàéòè ïðîñòðàíñòâî H è ïðåîáðàçîâàíèå ψ : X → H,

ïðè êîòîðûõ K (x , x ′) = 〈ψ(x), ψ(x ′)〉H .
�àçëîæèì êâàäðàò ñêàëÿðíîãî ïðîèçâåäåíèÿ:

K (u, v) = 〈u, v〉2 = 〈(u1, u2), (v1, v2)〉2 =
= (u1v1 + u2v2)

2 = u21v
2
1 + u22v

2
2 + 2u1v1u2v2 =

= 〈(u21 , u22 ,
√
2u1u2), (v

2
1 , v

2
2 ,
√
2v1v2)〉.

Òàêèì îáðàçîì,

H = R
3, ψ : (u1, u2) 7→

(

u21 , u
2
2 ,
√
2u1u2

)

,

Ëèíåéíîé ïîâåðõíîñòè â ïðîñòðàíñòâå H ñîîòâåòñòâóåò

êâàäðàòè÷íàÿ ïîâåðõíîñòü â èñõîäíîì ïðîñòðàíñòâå X .
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Îáîáùåíèÿ ëèíåéíîãî SVM
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ßäðà è ñïðÿìëÿþùèå ïðîñòðàíñòâà

SVM êàê äâóõñëîéíàÿ íåéðîííàÿ ñåòü

SVM-ðåãðåññèÿ

Ïðèìåðû ÿäåð

1

êâàäðàòè÷íîå ÿäðî, dimH = 1

2
n(n+ 1)

K (x , x ′) = 〈x , x ′〉2
2

ïîëèíîìèàëüíîå ñ ìîíîìàìè ñòåïåíè d , dimH = Cd
n+d−1

K (x , x ′) = 〈x , x ′〉d
3

ïîëèíîìèàëüíîå ñ ìîíîìàìè ñòåïåíè 6 d

K (x , x ′) =
(

〈x , x ′〉+ 1
)d

4

íåéðîñåòü ñ ñèãìîèäíûìè �óíêöèÿìè àêòèâàöèè

K (x , x ′) = th
(

k1〈x , x ′〉 − k0
)

, k0, k1 > 0

5

ñåòü ðàäèàëüíûõ áàçèñíûõ �óíêöèé (RBF ÿäðî)

K (x , x ′) = exp
(

−γ‖x − x ′‖2
)
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SVM-ðåãðåññèÿ

Êëàññè�èêàöèÿ ñ ðàçëè÷íûìè ÿäðàìè

�èïåðïëîñêîñòü â ñïðÿìëÿþùåì ïðîñòðàíñòâå ñîîòâåòñòâóåò

íåëèíåéíîé ðàçäåëÿþùåé ïîâåðõíîñòè â èñõîäíîì.

Ïðèìåðû ñ ðàçëè÷íûìè ÿäðàìè K (x , x ′)

ëèíåéíîå ïîëèíîìèàëüíîå ãàóññîâñêîå (RBF)

〈x , x ′〉
(

〈x , x ′〉+ 1
)d
, d=3 exp

(

−γ‖x − x
′‖2

)

Ïðèìåð èç Python SkLearn: http://s
ikit-learn.org/dev
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SVM êàê äâóõñëîéíàÿ íåéðîííàÿ ñåòü

SVM-ðåãðåññèÿ

Âëèÿíèå êîíñòàíòû C íà ðåøåíèå SVM

SVM � àïïðîêñèìàöèÿ è ðåãóëÿðèçàöèÿ ýìïèðè÷åñêîãî ðèñêà:

ℓ
∑

i=1

(

1−Mi(w ,w0)
)

+
+

1

2C
‖w‖2 → min

w ,w0

.

áîëüøîé C ìàëûé C

ñëàáàÿ ðåãóëÿðèçàöèÿ ñèëüíàÿ ðåãóëÿðèçàöèÿ

Ïðèìåð èç Python SkLearn: http://s
ikit-learn.org/dev
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SVM-ðåãðåññèÿ

SVM: äâóõñëîéíàÿ íåéðîñåòü è ìåòðè÷åñêèé êëàññè�èêàòîð

Ïåðåíóìåðóåì îáúåêòû òàê, ÷òîáû x1, . . . , xh áûëè îïîðíûìè.

a(x) = sign

( h
∑

i=1

λiyiK (x , xi )− w0

)

.

GFED@ABCx1

· · ·

GFED@ABCxn

K (x , x1)

· · ·

K (x , xh)

GFED@ABC
−1

∑

sign a(x)

x1
1

//

x1
h

❍❍

$$❍
❍❍

❍❍
❍❍

❍

xn
1✈✈

::✈✈✈✈✈✈✈✈

xn
h

//

λ1y1
❱❱❱

❱❱

++❱❱❱

λhyh❤❤❤❤❤

33❤❤❤

w0

EE

//

Ïåðâûé ñëîé âìåñòî ñêàëÿðíûõ ïðîèçâåäåíèé âû÷èñëÿåò ÿäðà

Âåñà ïåðâîãî ñëîÿ � ýòî ñàìè îïîðíûå îáúåêòû

Ìåòðè÷åñêèé êëàññè�èêàòîð, åñëè K � �óíêöèÿ áëèçîñòè
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SVM-ðåãðåññèÿ

Ïðåèìóùåñòâà è íåäîñòàòêè SVM

Ïðåèìóùåñòâà SVM ïåðåä äâóõñëîéíûìè íåéðîííûìè ñåòÿìè:

çàäà÷à âûïóêëîãî êâàäðàòè÷íîãî ïðîãðàììèðîâàíèÿ

èìååò åäèíñòâåííîå ðåøåíèå

÷èñëî íåéðîíîâ ñêðûòîãî ñëîÿ îïðåäåëÿåòñÿ

àâòîìàòè÷åñêè � ýòî ÷èñëî îïîðíûõ âåêòîðîâ

Íåäîñòàòêè êëàññè÷åñêîãî SVM:

íåò îáùèõ ïîäõîäîâ ê îïòèìèçàöèè K (x , x ′) ïîä çàäà÷ó

íà áîëüøèõ äàííûõ SVM îáó÷àåòñÿ ìåäëåííåå SG

íåò ¾âñòðîåííîãî¿ îòáîðà ïðèçíàêîâ

ïðèõîäèòñÿ ïîäáèðàòü êîíñòàíòó C
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Îáîáùåíèÿ ëèíåéíîãî SVM
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SVM-ðåãðåññèÿ

SVM-ðåãðåññèÿ

Ìîäåëü ðåãðåññèè: a(x) = 〈x ,w〉 − w0, w ∈ R
n
, w0 ∈ R.

Ôóíêöèÿ ïîòåðü: L (ε) =
(

|ε| − δ
)

+
â ñðàâíåíèè ñ L (ε) = ε2:

-3 -2 -1 0 1 2 3

0

1

2

3

Ïîñòàíîâêà çàäà÷è:

ℓ
∑

i=1

(

|〈w , xi 〉 − w0 − yi | − δ
)

+
+

1

2C
‖w‖2 → min

w ,w0

.

Çàäà÷à ðåøàåòñÿ ïóò¼ì çàìåíû ïåðåìåííûõ

è ñâåäåíèÿ ê çàäà÷å êâàäðàòè÷íîãî ïðîãðàììèðîâàíèÿ
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SVM-ðåãðåññèÿ

Çàìåíà ïåðåìåííûõ:

ξ+i = (〈w , xi 〉 − w0 − yi − δ)
+
;

ξ−i = (−〈w , xi 〉+ w0 + yi − δ)
+
;

Ïîñòàíîâêà çàäà÷è SVM-ðåãðåññèè:























1

2
‖w‖2 + C

ℓ
∑

i=1

(ξ+i + ξ−i ) → min
w ,w0,ξ+,ξ−

;

yi − δ − ξ−i 6 〈w , xi 〉 − w0 6 yi + δ + ξ+i , i = 1, . . . , ℓ;

ξ−i > 0, ξ+i > 0, i = 1, . . . , ℓ.

âûïóêëàÿ çàäà÷à êâàäðàòè÷íîãî ïðîãðàììèðîâàíèÿ

ðåøåíèå åäèíñòâåííî

ðåøåíèå âûðàæàåòñÿ ÷åðåç îïîðíûå âåêòîðû

âîçìîæíà çàìåíà 〈x , xi 〉 ÿäðîì K (x , xi )
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SVM-ðåãðåññèÿ

SVM-ðåãðåññèÿ. Ïðèìåð 1

SVM-ðåãðåññèÿ ñ ïîëèíîìèàëüíûì ÿäðîì ñòåïåíè 2:

Âûäåëåíû îïîðíûå âåêòîðû

�åçóëüòàò ñëàáî çàâèñèò îò êîíñòàíòû C

http://s
ikit-learn.org/0.5/auto_examples/svm/plot_svm_regression.html
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SVM-ðåãðåññèÿ. Ïðèìåð 2

Ñðàâíåíèå SVM-ðåãðåññèè ñ ãàóññîâñêèì (RBF) ÿäðîì,

ëèíåéíîé è ïîëèíîìèàëüíîé ðåãðåññèåé:

Óäà÷íûé âûáîð ÿäðà èìååò çíà÷åíèå!

http://s
ikit-learn.org/0.5/auto_examples/svm/plot_svm_regression.html
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�åãóëÿðèçàòîðû äëÿ îòáîðà ïðèçíàêîâ

Ìåòîäû SFM è RFM

Ìåòîä ðåëåâàíòíûõ âåêòîðîâ RVM

1-norm SVM (LASSO SVM)

Àïïðîêñèìàöèÿ ýìïèðè÷åñêîãî ðèñêà ñ L1-ðåãóëÿðèçàöèåé:

ℓ
∑

i=1

(

1−Mi(w ,w0)
)

+
+ µ

n
∑

j=1

|wj | → min
w ,w0

.

⊕⊕⊕ Îòáîð ïðèçíàêîâ 
 ïàðàìåòðîì ñåëåêòèâíîñòè µ:

÷åì áîëüøå µ, òåì ìåíüøå ïðèçíàêîâ îñòàíåòñÿ

⊖⊖⊖ Ñëèøêîì àãðåññèâíûé îòáîð ïðèçíàêîâ:

� ïî ìåðå óâåëè÷åíèÿ µ ïðèçíàê ìîæåò áûòü îòáðîøåí,

� õîòÿ y ñóùåñòâåííî çàâèñèò îò íåãî,

� äàæå êîãäà åù¼ íå âñå øóìîâûå ïðèçíàêè îòáðîøåíû

Bradley P., Mangasarian O. Feature sele
tion via 
on
ave minimization and support

ve
tor ma
hines // ICML 1998.
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�åãóëÿðèçàòîðû äëÿ îòáîðà ïðèçíàêîâ

Ìåòîäû SFM è RFM

Ìåòîä ðåëåâàíòíûõ âåêòîðîâ RVM

1-norm SVM (LASSO SVM)

Àïïðîêñèìàöèÿ ýìïèðè÷åñêîãî ðèñêà ñ L1-ðåãóëÿðèçàöèåé:
ℓ
∑

i=1

(

1−Mi(w ,w0)
)

+
+ µ

n
∑

j=1

|wj | → min
w ,w0

.

Ïî÷åìó L1-ðåãóëÿðèçàòîð ïðèâîäèò ê îòáîðó ïðèçíàêîâ?

Çàìåíà ïåðåìåííûõ: uj =
1

2

(

|wj |+ wj

)

, vj =
1

2

(

|wj | − wj

)

.

Òîãäà wj = uj − vj è |wj | = uj + vj ;














ℓ
∑

i=1

(

1−Mi(u − v ,w0)
)

+
+ µ

n
∑

j=1

(uj + vj) → min
u,v

uj > 0, vj > 0, j = 1, . . . , n;

÷åì áîëüøå µ, òåì áîëüøå èíäåêñîâ j òàêèõ, ÷òî uj = vj = 0,
íî òîãäà wj = 0, çíà÷èò, ïðèçíàê íå ó÷èòûâàåòñÿ.
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Ìåòîä îïîðíûõ âåêòîðîâ SVM

Îáîáùåíèÿ ëèíåéíîãî SVM

�åãóëÿðèçàöèÿ

�åãóëÿðèçàòîðû äëÿ îòáîðà ïðèçíàêîâ

Ìåòîäû SFM è RFM

Ìåòîä ðåëåâàíòíûõ âåêòîðîâ RVM

Ñðàâíåíèå L2 è L1 ðåãóëÿðèçàöèè

Çàâèñèìîñòü âåñîâ wj îò êîý��èöèåíòà
1

µ

L2 ðåãóëÿðèçàòîð: µ
∑

j w
2
j L1 ðåãóëÿðèçàòîð: µ

∑

j |wj |

Çàäà÷à èç UCI: prostate 
an
er (äèàãíîñòèêà ðàêà)

T.Hastie, R.Tibshirani, J.Friedman. The Elements of Statisti
al Learning. 2001.
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Ìåòîä ðåëåâàíòíûõ âåêòîðîâ RVM

Doubly Regularized SVM (Elasti
 Net SVM)

C

ℓ
∑

i=1

(

1−Mi(w ,w0)
)

+
+ µ

n
∑

j=1

|wj |+
1

2

n
∑

j=1

w2
j → min

w ,w0

.

⊕⊕⊕ Ïàðàìåòð ñåëåêòèâíîñòè µ óïðàâëÿåò îòáîðîì ïðèçíàêîâ:

÷åì áîëüøå µ, òåì ìåíüøå ïðèçíàêîâ îñòàíåòñÿ

⊕⊕⊕ Åñòü ý��åêò ãðóïïèðîâêè (grouping e�e
t):

çíà÷èìûå çàâèñèìûå ïðèçíàêè îòáèðàþòñÿ âìåñòå

⊖⊖⊖ Øóìîâûå ïðèçíàêè òàêæå ãðóïïèðóþòñÿ è ìîãóò âìåñòå

îñòàâàòüñÿ â ìîäåëè

⊖⊖⊖ Ïðèõîäèòñÿ ïîäáèðàòü äâà ïàðàìåòðà ðåãóëÿðèçàöèè µ, τ

(åñòü ñïåöèàëüíûå ìåòîäû � regularization path)

Li Wang, Ji Zhu, Hui Zou. The doubly regularized support ve
tor ma
hine. 2006.
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Ìåòîäû SFM è RFM

Ìåòîä ðåëåâàíòíûõ âåêòîðîâ RVM

Doubly Regularized SVM (Elasti
 Net SVM)

Elasti
 Net ìåíåå æ¼ñòêî îòáèðàåò ïðèçíàêè.

Çàâèñèìîñòè âåñîâ wj îò êîý��èöèåíòà log 1

µ :

s
ikit-learn.org/0.5/auto_examples/glm/plot_lasso_
oordinate_des
ent_path.html
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Ìåòîä ðåëåâàíòíûõ âåêòîðîâ RVM

Support Features Ma
hine (SFM)

C

ℓ
∑

i=1

(

1−Mi(w ,w0)
)

+
+

n
∑

j=1

Rµ(wj ) → min
w ,w0

Rµ(wj ) =

{

2µ|wj |, |wj | 6 µ

µ2 + w2
j , |wj | > µ -6 -4 -2 0 2 4 6

0

5

10

15

20

25

30

35

40

⊕⊕⊕ Òîëüêî îäèí ïàðàìåòð ðåãóëÿðèçàöèè µ

⊕⊕⊕ Îòáîð ïðèçíàêîâ 
 ïàðàìåòðîì ñåëåêòèâíîñòè µ

⊕⊕⊕ Ý��åêò ãðóïïèðîâêè: çíà÷èìûå çàâèñèìûå ïðèçíàêè

(|wj | > µ) âõîäÿò â ðåøåíèå ñîâìåñòíî (êàê â Elasti
 Net)

⊕⊕⊕ Øóìîâûå ïðèçíàêè (|wj | < µ) íå ãðóïïèðóþòñÿ è

ïîäàâëÿþòñÿ íåçàâèñèìî äðóã îò äðóãà (êàê â LASSO)

Tatar
huk A., Urlov E., Mottl V., Windridge D. A support kernel ma
hine for

supervised sele
tive 
ombining of diverse pattern-re
ognition modalities. 2010.
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Relevan
e Features Ma
hine (RFM)

C

ℓ
∑

i=1

(

1−Mi (w ,w0)
)

+
+

n
∑

j=1

ln
(

w2
j +

1

µ

)

→ min
w ,w0

R(w) = ln
(

w 2 + 1

µ

)

ïðè µ = 0.1, 1, 100

-6 -4 -2 0 2 4 6

-4

-3

-2

-1

0

1

2

3

4

⊕⊕⊕ Òîëüêî îäèí ïàðàìåòð ðåãóëÿðèçàöèè µ

⊕⊕⊕ Îòáîð ïðèçíàêîâ 
 ïàðàìåòðîì ñåëåêòèâíîñòè µ

⊕⊕⊕ Åñòü ý��åêò ãðóïïèðîâêè

⊕⊕⊕ Ëó÷øå îòáèðàåò íàáîð çíà÷èìûõ ïðèçíàêîâ, êîãäà

îíè òîëüêî ñîâìåñòíî îáåñïå÷èâàþò õîðîøåå ðåøåíèå

Tatar
huk A., Mottl V., Eliseyev A., Windridge D. Sele
tivity supervision in 
ombining

pattern re
ognition modalities by feature- and kernel-sele
tive Support Ve
tor

Ma
hines. 2008.
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Ìåòîä ðåëåâàíòíûõ âåêòîðîâ RVM

Ìåòîä ðåëåâàíòíûõ âåêòîðîâ RVM (Relevan
e Ve
tor Ma
hine)

Ïîëîæèì, êàê è â SVM, ïðè íåêîòîðûõ λi > 0

w =

ℓ
∑

i=1

λiyixi ,

ïðè÷¼ì îïîðíûì âåêòîðàì xi ñîîòâåòñòâóþò λi 6= 0.

Ïðîáëåìà: Êàêèå èç êîý��èöèåíòîâ λi ëó÷øå îáíóëèòü?

Èäåÿ: ïóñòü ðåãóëÿðèçàòîð çàâèñèò íå îò w , à îò λi .

Ïóñòü λi íåçàâèñèìûå, ãàóññîâñêèå, ñ äèñïåðñèÿìè αi :

p(λ) =
1

(2π)ℓ/2
√
α1 · · ·αℓ

exp

(

−
ℓ
∑

i=1

λ2i
2αi

)

;

ℓ
∑

i=1

(

1−Mi(w(λ),w0)
)

+
+

1

2

ℓ
∑

i=1

(

lnαi +
λ2i
αi

)

→ min
λ,α

.
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Ìåòîä ðåëåâàíòíûõ âåêòîðîâ RVM

Ïðåèìóùåñòâà è íåäîñòàòêè RVM

Ïðåèìóùåñòâà:

⊕⊕⊕ Îïîðíûõ âåêòîðîâ, êàê ïðàâèëî, ìåíüøå

(áîëåå ¾ðàçðåæåííîå¿ ðåøåíèå).

⊕⊕⊕ Øóìîâûå âûáðîñû óæå íå âõîäÿò â ÷èñëî îïîðíûõ.

⊕⊕⊕ Íå íàäî èñêàòü ïàðàìåòð ðåãóëÿðèçàöèè

(âìåñòî ýòîãî αi îïòèìèçèðóþòñÿ â ïðîöåññå îáó÷åíèÿ).

⊕⊕⊕ Àíàëîãè÷íî SVM, ìîæíî èñïîëüçîâàòü ÿäðà.

Íåäîñòàòêè:

⊖⊖⊖ Íå âñåãäà åñòü ïðåèìóùåñòâî ïî êà÷åñòâó êëàññè�èêàöèè.

M. E. Tipping. The relevan
e ve
tor ma
hine. 2000.

C. M. Bishop, M. E. Tipping. Variational relevan
e ve
tor ma
hine. 2000
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�åçþìå ïî ëèíåéíûì êëàññè�èêàòîðàì

SVM � ëó÷øèé ìåòîä ëèíåéíîé êëàññè�èêàöèè

Ñ ïîìîùüþ ÿäåð (kernel tri
k) SVM èçÿùíî îáîáùàåòñÿ

äëÿ íåëèíåéíîé êëàññè�èêàöèè è íåëèíåéíîé ðåãðåññèè

Àïïðîêñèìàöèÿ ïîðîãîâîé �óíêöèè ïîòåðü L (M)
óâåëè÷èâàåò çàçîð è ïîâûøàåò íàä¼æíîñòü êëàññè�èêàöèè

�åãóëÿðèçàöèÿ óâåëè÷èâàåò çàçîð, óñòðàíÿåò

ìóëüòèêîëëèíåàðíîñòü è óìåíüøàåò ïåðåîáó÷åíèå

Íåãëàäêîñòü �óíêöèè ïîòåðü ïðèâîäèò ê îòáîðó îáúåêòîâ

Íåãëàäêîñòü ðåãóëÿðèçàòîðà ïðèâîäèò ê îòáîðó ïðèçíàêîâ

Â. Í. Âàïíèê, À. ß. Ëåðíåð. Óçíàâàíèå îáðàçîâ ïðè ïîìîùè îáîáùåííûõ

ïîðòðåòîâ. 1963.

C. Cortes, V. Vapnik. Support ve
tor networks. 1995.
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