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Îñíîâíûå íàó÷íûå øêîëû ìàøèííîãî îáó÷åíèÿ

1

ñèìâîëèçì � ïîèñê ëîãè÷åñêèõ çàêîíîìåðíîñòåé

De
ision Tree, Rule Indu
tion

2

êîííåêöèîíèçì � îáó÷àåìûå íåéðîííûå ñåòè

Ba
kPropagation, Deep Belief Nets, Deep Learning

CNN, ResNet, LSTM, GRU, Attention, Transformer

3

ýâîëþöèîíèçì � ñàìîðàçâèòèå ñëîæíûõ ìîäåëåé

Geneti
 Algorithms, Geneti
 Programming, Symboli
 Regression

4

áàéåñèîíèçì è âåðîÿòíîñòíî-ñòàòèñòè÷åñêèå ìåòîäû

MLE, EM, GLM, LR, OBC, Naive Bayes, QD, LDF

Bayesian Networks, Bayesian Learning, Graphi
al Models

5

àíàëîãèçì � ¾áëèçêèì îáúåêòàì áëèçêèå îòâåòû¿

kNN, RBF, SVM, KDE, Kernel Smoothing

⊕ êîìïîçèöèîíèçì � êîîïåðàöèÿ ìîäåëåé

Weighted Voting, Boosting, Bagging, Sta
king,

Random Forest, ßíäåêñ.CatBoost

Ïåäðî Äîìèíãîñ. Âåðõîâíûé àëãîðèòì. 2016. 336 ñ.
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Íàó÷íàÿ øêîëà Þ. È. Æóðàâë¼âà

Îáúåäèíåíèå ïðèíöèïîâ îòáîðà ïðèçíàêîâ,

èí�îðìàòèâíîñòè, ãîëîñîâàíèÿ è ñõîäñòâà

àëãîðèòìû âû÷èñëåíèÿ îöåíîê (ÀÂÎ, 1971)

a(x) = argmax
y∈Y

λy

∑

i : yi=y

∑

ω∈Ω

wiωBiω(x , xi )

Biω � áèíàðíûå �óíêöèè ñõîäñòâà ïî

èí�îðìàòèâíûì íàáîðàì ïðèçíàêîâ ω:

Biω(x , xi ) =
∏

j∈ω

[
|fj(x)− fj(xi )| < εj

]

Þðèé

Èâàíîâè÷

Æóðàâë¼â

(1935�2022)

ïðèíöèïû èí�îðìàòèâíîñòè, íåïðîòèâîðå÷èâîñòè, ïðîñòîòû

→ òóïèêîâûå òåñòû / òóïèêîâûå ïðåäñòàâèòåëüíûå íàáîðû

ïðèíöèï ãîëîñîâàíèÿ → àëãåáðàè÷åñêèé ïîäõîä

ê ïîñòðîåíèþ êîððåêòíûõ êîìïîçèöèé àëãîðèòìîâ (1977)
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ÀÂÎ îáúåäèíÿåò ýâðèñòè÷åñêèå ïðèíöèïû âñåõ îñíîâíûõ øêîë

Òð¼õñëîéíàÿ íåéðîñåòü RBF (Radial Basis Fun
tions):

a(x) = argmax
y∈Y

λy

∑

i ,ω

[
yi =y

]
wiωBiω(x , xi )

f1(x)

· · ·

fn(x)

B1,1(x , x1)

· · ·

Bℓ,|Ω|(x , xℓ)

∑

· · ·
∑

arg
max a(x)

//

%%❑
❑❑

❑❑
❑❑

❑❑
❑❑

❑
99ssssssssssss

//

//

%%❑
❑❑

❑❑
❑❑

❑❑
❑❑

❑
99sssssssssss

//

//

λ1
❚❚❚

❚❚

**❚❚
❚❚

λ|Y |❥❥❥❥

44❥❥❥

//

Ìåòðè÷åñêèé ìåòîä ñ ÿäðàìè Biω(x , xi ) = K
(

1
hiω

ρiω(x , xi )
)

Ëèíåéíûé êëàññè�èêàòîð SVM ñ ðàäèàëüíûì ÿäðîì

Áàéåñîâñêèé êëàññè�èêàòîð ñ ïëîòíîñòÿìè-ñìåñÿìè p(x |y)
Îòáîð ýòàëîíîâ: wiω = 0 äëÿ íå-ýòàëîíîâ xi
Îòáîð ïðèçíàêîâ â ñ�åðè÷åñêèõ ëîãè÷åñêèõ çàêîíîìåðíîñòÿõ
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Ïðèíöèïû èí�îðìàòèâíîñòè, íåïðîòèâîðå÷èâîñòè, òóïèêîâîñòè

èí�îðìàòèâíîñòü ïðåäèêàòà R(x) êëàññà y ∈ Y :

{

py (R) = #
{
xi : R(xi)=1 è yi =y

}
→ max

ny (R) = #
{
xi : R(xi)=1 è yi 6=y

}
→ min

èí�îðìàòèâíîñòü �óíêöèè ñõîäñòâà B(x , x ′):
{

p(B) = #
{
(xi , xj ) : B(xi , xj)=1 è yi=yj

}
→ max

n(B) = #
{
(xi , xj ) : B(xi , xj)=1 è yi 6=yj

}
→ min

íåïðîòèâîðå÷èâîñòü: ny (B) = 0
� òåñò ω: Bω(xi , xj ) = 0, ∀i , j : yi 6=yj
� ïðåäñòàâèòåëüíûé íàáîð (ω, i): Bω(xi , xj) = 0, ∀j : yi 6=yj
òóïèêîâîñòü: íèêàêîå ïîäìíîæåñòâî ïðèçíàêîâ ω′ ⊂ ω
íå ÿâëÿåòñÿ òåñòîì (èëè ïðåäñòàâèòåëüíûì íàáîðîì)

Äìèòðèåâ À. Í., Æóðàâëåâ Þ.È., Êðåíäåëåâ Ô.Ï. Îá îäíîì ïðèíöèïå

êëàññè�èêàöèè è ïðîãíîçà ãåîëîãè÷åñêèõ îáúåêòîâ è ÿâëåíèé. 1968.

Æóðàâë¼â Þ.È., Íèêè�îðîâ Â.Â. Àëãîðèòìû ðàñïîçíàâàíèÿ, îñíîâàííûå

íà âû÷èñëåíèè îöåíîê, 1971.
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Àíñàìáëèðîâàíèå ïðåäñêàçàòåëüíûõ ìîäåëåé

X ℓ = (xi , yi )
ℓ
i=1 ⊂ X × Y � îáó÷àþùàÿ âûáîðêà, yi = y(xi )

at : X → Y , t = 1, . . . ,T � îáó÷àåìûå áàçîâûå àëãîðèòìû

Èäåÿ àíñàìáëèðîâàíèÿ (Þ.È.Æóðàâë¼â): êàê èç ìíîæåñòâà

ïî îòäåëüíîñòè ïëîõèõ àëãîðèòìîâ at ïîñòðîèòü îäèí õîðîøèé?

Äåêîìïîçèöèÿ áàçîâûõ àëãîðèòìîâ at(x) = C (bt(x))

at : X
bt−→ R

C−→ Y , ãäå R � óäîáíîå ïðîñòðàíñòâî îöåíîê,

bt � áàçîâûå àëãîðèòìè÷åñêèå îïåðàòîðû,

C � ðåøàþùåå ïðàâèëî ïðîñòîãî âèäà.

Àíñàìáëü (êîìïîçèöèÿ) áàçîâûõ àëãîðèòìîâ a1, . . . , aT ,
F : RT → R � êîððåêòèðóþùàÿ (àãðåãèðóþùàÿ) îïåðàöèÿ

a(x) = C
(
F (b1(x), . . . , bT (x))

)

Þ.È.Æóðàâë¼â. Îá àëãåáðàè÷åñêîì ïîäõîäå ê ðåøåíèþ çàäà÷ ðàñïîçíàâàíèÿ èëè

êëàññè�èêàöèè. Ïðîáëåìû êèáåðíåòèêè, 1978.
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Àãðåãèðóþùèå (êîððåêòèðóþùèå) �óíêöèè

Îáùèå òðåáîâàíèÿ ê àãðåãèðóþùåé �óíêöèè:

F (b1, . . . , bT , x) ∈
[
mint bt ,maxt bt

]
� ñðåäíåå ïî Êîøè ∀x

F (b1, . . . , bT , x) ìîíîòîííî íå óáûâàåò ïî âñåì bt

Ïðèìåðû àãðåãèðóþùèõ �óíêöèé:

ïðîñòîå ãîëîñîâàíèå (simple voting):

F (b1, . . . , bT ) =
1
T

T∑

t=1
bt

âçâåøåííîå ãîëîñîâàíèå (weighted voting):

F (b1, . . . , bT ) =
T∑

t=1
αtbt ,

T∑

t=1
αt = 1, αt > 0

ñìåñü àëãîðèòìîâ (mixture of experts)

ñ �óíêöèÿìè êîìïåòåíòíîñòè (gating fun
tion) gt : X → R

F (b1, . . . , bT , x) =
T∑

t=1
gt(x)bt(x)
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Îáó÷åíèå ïðåäñêàçàòåëüíûõ ìîäåëåé è èõ àíñàìáëåé

L (b, xi ) � �óíêöèÿ ïîòåðü ìîäåëè b(xi ,w) ïðè îòâåòå yi
Ìèíèìèçàöèÿ ýìïèðè÷åñêîãî ðèñêà äëÿ áàçîâûõ àëãîðèòìîâ:

ℓ∑

i=1
L

(
bt(xi ,w), yi

)
→ min

w

Ìèíèìèçàöèÿ ýìïèðè÷åñêîãî ðèñêà äëÿ äîáàâëåíèÿ áàçîâîãî

àëãîðèòìà bT â àíñàìáëü ïðè �èêñàöèè ïðåäûäóùèõ:

ℓ∑

i=1

L

(
T−1∑

t=1
αtbt(xi ,wt) + αTbT (xi ,wT ), yi

)

→ min
αT ,wT

Þ.È.Æóðàâë¼â. Êîððåêòíûå àëãåáðû íàä ìíîæåñòâàìè íåêîððåêòíûõ

(ýâðèñòè÷åñêèõ) àëãîðèòìîâ (I, II, III). Êèáåðíåòèêà, Êèåâ, 1977�1978.

M.Kearns, L.G.Valiant. Cryptographi
 limitations on learning Boolean formulae and

�nite automata. 1989.

Y.Freund, R.E.S
hapire. A de
ision-theoreti
 generalization of on-line learning and an

appli
ation to boosting. 1995.

Ê.Â.�óäàêîâ, Ê.Â.Âîðîíöîâ. Î ìåòîäàõ îïòèìèçàöèè è ìîíîòîííîé êîððåêöèè

â àëãåáðàè÷åñêîì ïîäõîäå ê ïðîáëåìå ðàñïîçíàâàíèÿ. Äîêëàäû �ÀÍ, 1999.
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Èñòîðèÿ îáó÷àåìûõ êîìïîçèöèé îáó÷àåìûõ ìîäåëåé

Ïðîñòîå è âçâåøåííîå ãîëîñîâàíèå

Ablow C.M., Kaylor D. J. In
onsistent homogeneous linear inequalities. 1965

Ìàçóðîâ Â.Ä. Êîìèòåòû ñèñòåìû íåðàâåíñòâ è çàäà÷à ðàñïîçíàâàíèÿ. 1971.

Æóðàâë¼â Þ.È. Êîððåêòíûå àëãåáðû íàä ìíîæåñòâàìè íåêîððåêòíûõ (ýâðèñòè÷åñêèõ)

àëãîðèòìîâ. 1977.

Freund Y., S
hapire R. E. A de
ision-theoreti
 generalization of on-line learning and an

appli
ation to boosting. 1995.

Friedman G. Greedy fun
tion approximation: A gradient boosting ma
hine. 1999.

Ñëó÷àéíûé ëåñ

Breiman L. Random Forests. 2001.

Âîññòàíîâëåíèå ñìåñåé ðàñïðåäåëåíèé, EM-àëãîðèòì

Øëåçèíãåð Ì.È. Î ñàìîïðîèçâîëüíîì ðàçëè÷åíèè îáðàçîâ. 1965.

Dempster A. P., Laird N.M., Rubin D. B. Maximum likelihood from in
omplete data via the

EM-algorithm. 1977.

Ñìåñè êëàññè�èêàòîðîâ ñ îáëàñòÿìè êîìïåòåíòíîñòè

�àñòðèãèí Ë. À., Ýðåíøòåéí �. Õ. Êîëëåêòèâíûå ïðàâèëà ðàñïîçíàâàíèÿ. 1981.

Ja
obs R. A., Jordan M. I., Nowlan S. J., Hinton G. E. Adaptive mixtures of lo
al experts. 1991.

�ðàäèåíòíûé áóñòèíã è ñëó÷àéíûé ëåñ � óíèâåðñàëüíûå

è íàèáîëåå óñïåøíûå ìåòîäû êëàññè�èêàöèè.

MatrixNet è CatBoost � ý��åêòèâíûå ðåàëèçàöèè îò ßíäåêñà.
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Ïðîáëåìà ðàçíîîáðàçèÿ (diversity) áàçîâûõ àëãîðèòìîâ

Èçìåðåíèå ñ.â. ξ ïî íåçàâèñèìûì íàáëþäåíèÿì {ξt}:
E 1
T
(ξ1 + · · ·+ ξT ) = Eξ � ìàòîæèäàíèå ñðåäíåãî

D 1
T
(ξ1 + · · · + ξT ) =

1
T
Dξ � äèñïåðñèÿ → 0 ïðè T → ∞

Íî áàçîâûå àëãîðèòìû íå ÿâëÿþòñÿ íåçàâèñèìûìè ñ.â.:

ðåøàþò îäíó è òó æå çàäà÷ó

íàñòðàèâàþòñÿ íà îäèí öåëåâîé âåêòîð (yi )

îáû÷íî âûáèðàþòñÿ èç îäíîé è òîé æå ìîäåëè

Ñïîñîáû ïîâûøåíèÿ ðàçíîîáðàçèÿ áàçîâûõ àëãîðèòìîâ:

îáó÷åíèå ïî ðàçëè÷íûì (ñëó÷àéíûì) ïîäâûáîðêàì

îáó÷åíèå ïî ðàçëè÷íûì (ñëó÷àéíûì) íàáîðàì ïðèçíàêîâ

îáó÷åíèå èç ðàçíûõ ïàðàìåòðè÷åñêèõ ìîäåëåé

îáó÷åíèå ñ èñïîëüçîâàíèåì ðàíäîìèçàöèè

(èíîãäà äàæå) îáó÷åíèå ïî çàøóìë¼ííûì äàííûì
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Ìåòîäû ñòîõàñòè÷åñêîãî àíñàìáëèðîâàíèÿ

Ñïîñîáû ïîâûøåíèÿ ðàçíîîáðàçèÿ ñ ïîìîùüþ ðàíäîìèçàöèè:

bagging (bootstrap aggregating) � ïîäâûáîðêè îáó÷àþùåé

âûáîðêè ¾ñ âîçâðàùåíèåì¿, â êàæäóþ âûáîðêó ïîïàäàåò

1−
(
1− 1

ℓ

)ℓ → 1− 1
e

≈ 63.2% îáúåêòîâ, ïðè ℓ → ∞
pasting � ñëó÷àéíûå îáó÷àþùèå ïîäâûáîðêè

random subspa
es � ñëó÷àéíûå ïîäìíîæåñòâà ïðèçíàêîâ

random pat
hes � ñëó÷. ïîäìí-âà è îáúåêòîâ, è ïðèçíàêîâ


ross-validated 
ommittees � âûáîðêà ðàçáèâàåòñÿ íà

k áëîêîâ (k-fold) è äåëàåòñÿ k îáó÷åíèé áåç îäíîãî áëîêà

Ïóñòü µ : (G ,U) 7→ b � ìåòîä îáó÷åíèÿ ïî ïîäâûáîðêå U ⊆ X ℓ
,

èñïîëüçóþùèé òîëüêî ïðèçíàêè èç G ⊆ F n = {f1, . . . , fn}

Tin Kam Ho. The random subspa
e method for 
onstru
ting de
ision forests. 1998.

Leo Breiman. Bagging predi
tors // Ma
hine Learning. 1996.

Ê.Â. Âîðîíöîâ (k.v.vorontsov�physte
h.edu) ÂâÌÎ: êîìïîçèöèîííûå ìåòîäû 12 / 46



Ïðîñòîå ãîëîñîâàíèå

Âçâåøåííîå ãîëîñîâàíèå

�àçâèòèå èäåè àíñàìáëèðîâàíèÿ

Èñòîðè÷åñêèé ýêñêóðñ
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Ìåòîäû ñòîõàñòè÷åñêîãî àíñàìáëèðîâàíèÿ â îäíîì ïñåâäî-êîäå

Âõîä: îáó÷àþùàÿ âûáîðêà X ℓ
; ïàðàìåòðû: T ,

ℓ′ � îáú¼ì îáó÷àþùèõ ïîäâûáîðîê,

n′ � ðàçìåðíîñòü ïðèçíàêîâûõ ïîäïðîñòðàíñòâ,

ε1 � ïîðîã êà÷åñòâà áàçîâûõ àëãîðèòìîâ íà îáó÷åíèè,

ε2 � ïîðîã êà÷åñòâà áàçîâûõ àëãîðèòìîâ íà êîíòðîëå;

Âûõîä: áàçîâûå àëãîðèòìû bt , t = 1, . . . ,T ;
äëÿ âñåõ t = 1, . . . ,T :

Ut := ñëó÷àéíàÿ ïîäâûáîðêà îáú¼ìà ℓ′ èç X ℓ
;

Gt := ñëó÷àéíîå ïîäìíîæåñòâî ìîùíîñòè n′ èç F n
;

bt := µ(Gt ,Ut);
åñëè Q(bt ,Ut) > ε1 òî íå âêëþ÷àòü bt â àíñàìáëü;

åñëè Q(bt ,X
ℓ\Ut) > ε2 òî íå âêëþ÷àòü bt â àíñàìáëü;

Àíñàìáëü � ïðîñòîå ãîëîñîâàíèå: b(x) = 1
T

T∑

t=1
bt(x)
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Íåñìåù¼ííàÿ îöåíêà îøèáîê

Out-of-bag � íåñìåù¼ííàÿ îöåíêà àíñàìáëÿ íà îáúåêòå:

OOB(xi ) =
1

|Ti |

∑

t∈Ti

bt(xi), Ti = {t : xi /∈Ut}

Íåñìåù¼ííàÿ îöåíêà îøèáêè àíñàìáëÿ íà îáó÷àþùåé âûáîðêå:

OOB(X ℓ) =
ℓ∑

i=1
L

(
OOB(xi ), yi

)
,

ãäå L
(
b(xi), yi

)
� çíà÷åíèå �óíêöèè ïîòåðü íà îáúåêòå xi .

Îöåíèâàíèå âàæíîñòè ïðèçíàêîâ fj , j = 1, . . . , n:

importan
ej =
OOB

j(X ℓ)− OOB(X ℓ)

OOB(X ℓ)
· 100%,

ãäå ïðè âû÷èñëåíèè bt(xi ) äëÿ OOB
j
çíà÷åíèÿ ïðèçíàêà fj

ñëó÷àéíûì îáðàçîì ïåðåìåøèâàþòñÿ íà âñåõ îáúåêòàõ xi /∈ Ut .
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Ñëó÷àéíûå ëåñà

Ñëó÷àéíûé ëåñ (random forest)

�ðóáîå îáó÷åíèå äåðåâüåâ äëÿ ñëó÷àéíîãî ëåñà:

áýããèíã íàä ðåøàþùèìè äåðåâüÿìè, áåç pruning

ïðèçíàê â êàæäîé âåðøèíå äåðåâà âûáèðàåòñÿ èç ñëó÷àéíîãî

ïîäìíîæåñòâà k èç n ïðèçíàêîâ. Ïî óìîë÷àíèþ

k =
⌊
n/3

⌋
äëÿ ðåãðåññèè, k =

⌊√
n
⌋
äëÿ êëàññè�èêàöèè

Ïàðàìåòðû, êîòîðûå ìîæíî íàñòðàèâàòü (â ÷àñòíîñòè, ïî OOB):

÷èñëî T äåðåâüåâ

÷èñëî k ñëó÷àéíî âûáèðàåìûõ ïðèçíàêîâ

ìàêñèìàëüíàÿ ãëóáèíà äåðåâüåâ

ìèíèìàëüíîå ÷èñëî îáúåêòîâ â ëèñòüÿõ

ìèíèìàëüíîå ÷èñëî îáúåêòîâ äëÿ ðàñùåïëåíèÿ

ïîäâûáîðêè

êðèòåðèé ðàñùåïëåíèÿ âíóòðåííèõ âåðøèí äåðåâà

Breiman L. Random Forests. Ma
hine Learning, 2001.
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Ñëó÷àéíûå ëåñà

Ïîñòåïåííîå ñãëàæèâàíèå ðàçäåëÿþùåé ïîâåðõíîñòè

Ïðèìåð ðàçäåëåíèÿ âûáîðêè ñ ïîìîùüþ îòäåëüíûõ äåðåâüåâ

(ïîêàçàíû ñîîòâåòñòâóþùèå áóòñòðåï-ïîäâûáîðêè)

è ñëó÷àéíîãî ëåñà ñ ÷èñëîì äåðåâüåâ 10, 100, 1000:

https://dyakonov.org/2019/04/19/àíñàìáëè-â-ìàøèííîì-îáó÷åíèè
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Ñëó÷àéíûå ëåñà

Ïðåèìóùåñòâà è îãðàíè÷åíèÿ ñòîõàñòè÷åñêîãî àíñàìáëèðîâàíèÿ

Ïðåèìóùåñòâà:

ìåòîä-îá¼ðòêà (envelop) íàä áàçîâûì ìåòîäîì îáó÷åíèÿ

ïîäõîäèò äëÿ êëàññè�èêàöèè, ðåãðåññèè è äðóãèõ çàäà÷

ïðîñòàÿ ðåàëèçàöèÿ è ïðîñòîå ðàñïàðàëëåëèâàíèå

âîçìîæíîñòü ïîëó÷åíèÿ íåñìåù¼ííûõ îöåíîê OOB

âîçìîæíîñòü îöåíèâàíèÿ âàæíîñòè ïðèçíàêîâ

RF � îäèí èç ëó÷øèõ óíèâåðñàëüíûõ ìåòîäîâ â ML

Îãðàíè÷åíèÿ:

òðåáóåòñÿ îîîîîî÷åíü ìíîãî áàçîâûõ àëãîðèòìîâ

òðóäíî àãðåãèðîâàòü óñòîé÷èâûå áàçîâûå ìåòîäû îáó÷åíèÿ

https://dyakonov.org/2016/11/14/ñëó÷àéíûé-ëåñ-random-forest
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Àíàëèç ñìåùåíèÿ è ðàçáðîñà

�ðàäèåíòíûé áóñòèíã ñ ïðîèçâîëüíîé �óíêöèåé ïîòåðü

Ëèíåéíûé àíñàìáëü áàçîâûõ àëãîðèòìîâ bt èç ñåìåéñòâà B:

aT (x) =

T∑

t=1

αtbt(x), x ∈ X , bt : X → R, αt > 0

Ýâðèñòèêà: îáó÷àåì αT , bT ïðè �èêñèðîâàííûõ ïðåäûäóùèõ.

Êðèòåðèé êà÷åñòâà ñ ãëàäêîé �óíêöèåé ïîòåðü L (a, y):

Q(α, b;X ℓ) =

ℓ∑

i=1

L

(
T−1∑

t=1
αtbt(xi )

︸ ︷︷ ︸
aT−1,i

+ αb(xi )

︸ ︷︷ ︸
aT ,i

, yi

)

→ min
α,b

.

(
aT−1,i

)
ℓ
i=1 � âåêòîð òåêóùåãî ïðèáëèæåíèÿ

(
aT ,i

)
ℓ
i=1 � âåêòîð ñëåäóþùåãî ïðèáëèæåíèÿ

G.Friedman. Greedy fun
tion approximation: a gradient boosting ma
hine. 1999.
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Ïàðàìåòðè÷åñêàÿ àïïðîêñèìàöèÿ ãðàäèåíòíîãî øàãà

�ðàäèåíòíûé ìåòîä ìèíèìèçàöèè Q(f ) → min, f ∈ R
ℓ
:

a0,i := íà÷àëüíîå ïðèáëèæåíèå;

aT ,i := aT−1,i − αgi , i = 1, . . . , ℓ;

gi = L ′
f

(
aT−1,i , yi

)
� êîìïîíåíòû âåêòîðà ãðàäèåíòà,

α � ãðàäèåíòíûé øàã.

Ýòî î÷åíü ïîõîæå íà äîáàâëåíèå îäíîãî áàçîâîãî àëãîðèòìà:

aT ,i := aT−1,i + αb(xi ), i = 1, . . . , ℓ

Èäåÿ: áóäåì èñêàòü òàêîé áàçîâûé àëãîðèòì bT ∈ B, ÷òîáû

âåêòîð

(
bT (xi)

)
ℓ
i=1 ïðèáëèæàë âåêòîð àíòèãðàäèåíòà

(
−gi

)
ℓ
i=1:

bT := arg min
b∈B

ℓ∑

i=1

(
b(xi) + gi

)2
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Àíàëèç ñìåùåíèÿ è ðàçáðîñà

Àëãîðèòì ãðàäèåíòíîãî áóñòèíãà (Gradient Boosting)

Âõîä: îáó÷àþùàÿ âûáîðêà X ℓ
; ïàðàìåòð T ;

Âûõîä: áàçîâûå àëãîðèòìû è èõ âåñà αtbt , t = 1, . . . ,T ;
èíèöèàëèçàöèÿ: a0,i := 0, i = 1, . . . , ℓ;
äëÿ âñåõ t = 1, . . . ,T

áàçîâûé àëãîðèòì, ïðèáëèæàþùèé àíòèãðàäèåíò:

bt := arg min
b∈B

ℓ∑

i=1

(
b(xi) + L ′(at−1,i , yi )

)2
;

çàäà÷à îäíîìåðíîé ìèíèìèçàöèè:

αt := argmin
α>0

ℓ∑

i=1

L
(
at−1,i + αbt(xi), yi

)
;

îáíîâëåíèå âåêòîðà çíà÷åíèé íà îáúåêòàõ âûáîðêè:

at,i := at−1,i + αtbt(xi); i = 1, . . . , ℓ;

Êàæäûé ñëåäóþùèé áàçîâûé àëãîðèòì îáó÷àåòñÿ òàê, ÷òîáû

ïî âîçìîæíîñòè èñïðàâèòü îøèáêè ïðåäûäóùèõ àëãîðèòìîâ.
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Ïðèìåð. Êëàññè�èêàöèÿ ñèíòåòè÷åñêîé âûáîðêè

100 äåðåâüåâ ãëóáèíû 5

http://arogozhnikov.github.io/2016/07/05/gradient_boosting_playground.html
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Ïðèìåð. Êëàññè�èêàöèÿ ñèíòåòè÷åñêîé âûáîðêè

100 äåðåâüåâ ãëóáèíû 5, ñ ïîäáîðîì âðàùåíèÿ êàæäîãî äåðåâà

http://arogozhnikov.github.io/2016/07/05/gradient_boosting_playground.html
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Âàðèàíòû áóñòèíãà äëÿ äâóõêëàññîâîé êëàññè�èêàöèè

�ëàäêèå àïïðîêñèìàöèè ïîðîãîâîé �óíêöèè ïîòåðü [M < 0]:

-5 -4 -3 -2 -1 0 1 2 3 4 5

0

1

2

3

4

5

S

LV    
E          

        Q G    

M

E (M) = e−M
� ýêñïîíåíöèàëüíàÿ (AdaBoost);

L(M) = log2(1 + e−M) � ëîãàðè�ìè÷åñêàÿ (LogitBoost);

Q(M) = (1−M)2 � êâàäðàòè÷íàÿ (GentleBoost);

G (M) = exp
(
−cM(M + s)

)
� ãàóññîâñêàÿ (BrownBoost);

S(M) = 2(1 + eM)−1
� ñèãìîèäíàÿ;

V (M) = (1−M)+ � êóñî÷íî-ëèíåéíàÿ (èç SVM);
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�àçâèòèå èäåè àíñàìáëèðîâàíèÿ

�ðàäèåíòíûé áóñòèíã

Îáîáùàþùàÿ ñïîñîáíîñòü áóñòèíãà

Àíàëèç ñìåùåíèÿ è ðàçáðîñà

Óäèâèòåëüíî: ëèíåéíûå àíñàìáëè ïî÷òè íå ïåðåîáó÷àþòñÿ!

Îøèáêè íà îáó÷åíèè è òåñòå. Ñíèçó ðàñïðåäåëåíèå îòñòóïîâ.

R.E.S
hapire, Y.Freund, Wee Sun Lee, P.Bartlett. Boosting the margin: a new

explanation for the e�e
tiveness of voting methods. Annals of Statisti
s, 1998.
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Ïðîñòîå ãîëîñîâàíèå

Âçâåøåííîå ãîëîñîâàíèå

�àçâèòèå èäåè àíñàìáëèðîâàíèÿ

�ðàäèåíòíûé áóñòèíã

Îáîáùàþùàÿ ñïîñîáíîñòü áóñòèíãà

Àíàëèç ñìåùåíèÿ è ðàçáðîñà

Îáîñíîâàíèå ëèíåéíûõ àíñàìáëåé (áèíàðíàÿ êëàññè�èêàöèÿ)

Óñèëåííàÿ ÷àñòîòà îøèáîê êëàññè�èêàòîðà signb(x), b ∈ B:

νθ(b,X
ℓ) =

1

ℓ

ℓ∑

i=1

[
b(xi)yi 6 θ

]
, θ > 0.

Îáû÷íàÿ ÷àñòîòà îøèáîê ν0(b,X
ℓ) 6 νθ(b,X

ℓ) ïðè θ > 0.

Òåîðåìà (Freund, S
hapire, Lee, Bartlett, 1998)

Åñëè |B| < ∞, òî ∀θ > 0, ∀η ∈ (0, 1) ñ âåðîÿòíîñòüþ 1− η

P[ya(x) < 0] 6 νθ(a,X
ℓ) + C

√

ln |B| ln ℓ
ℓθ2

+
1

ℓ
ln

1

η

Îñíîâíîé âûâîä: îöåíêà çàâèñèò îò |B|, íî íå îò T .

�îëîñîâàíèå íå óâåëè÷èâàåò ñëîæíîñòü ñåìåéñòâà áàçîâûõ

àëãîðèòìîâ, à ëèøü óñðåäíÿåò èõ îòâåòû.

Ê.Â. Âîðîíöîâ (k.v.vorontsov�physte
h.edu) ÂâÌÎ: êîìïîçèöèîííûå ìåòîäû 25 / 46



Ïðîñòîå ãîëîñîâàíèå

Âçâåøåííîå ãîëîñîâàíèå

�àçâèòèå èäåè àíñàìáëèðîâàíèÿ

�ðàäèåíòíûé áóñòèíã

Îáîáùàþùàÿ ñïîñîáíîñòü áóñòèíãà

Àíàëèç ñìåùåíèÿ è ðàçáðîñà

Îáîñíîâàíèå áóñòèíãà: ÷òî æå âñ¼-òàêè ïðîèñõîäèò?

�àñïðåäåëåíèå îòñòóïîâ:

äîëÿ îáúåêòîâ, èìåþùèõ

îòñòóï ìåíüøå çàäàííîãî θ
ïîñëå 5, 100, 1000 èòåðàöèé

(Çàäà÷à UCI:vehi
le) θ

Ñ ðîñòîì T ðàñïðåäåëåíèå îòñòóïîâ ñäâèãàåòñÿ âïðàâî,

òî åñòü áóñòèíã ¾ðàçäâèãàåò¿ êëàññû â ïðîñòðàíñòâå

âåêòîðîâ ðàñòóùåé ðàçìåðíîñòè

(
b1(x), . . . , bT (x)

)

Çíà÷èò, â îöåíêå ìîæíî óìåíüøàòü âòîðîé ÷ëåí,

óâåëè÷èâàÿ θ ïðè íåèçìåííîé νθ(a,X
ℓ) = ν0(a,X

ℓ).

Ìîæíî óìåíüøèòü âòîðîé ÷ëåí, åñëè óìåíüøèòü |B|,
òî åñòü âçÿòü ïðîñòîå ñåìåéñòâî áàçîâûõ àëãîðèòìîâ.

R.E.S
hapire, Y.Freund, Wee Sun Lee, P.Bartlett. Boosting the margin: a new

explanation for the e�e
tiveness of voting methods. Annals of Statisti
s, 1998.
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Âçâåøåííîå ãîëîñîâàíèå

�àçâèòèå èäåè àíñàìáëèðîâàíèÿ

�ðàäèåíòíûé áóñòèíã

Îáîáùàþùàÿ ñïîñîáíîñòü áóñòèíãà

Àíàëèç ñìåùåíèÿ è ðàçáðîñà

Àíàëèç ñìåùåíèÿ�ðàçáðîñà (bias�varian
e)

Çàäà÷à ðåãðåññèè: Y = R

Êâàäðàòè÷íàÿ �óíêöèÿ ïîòåðü: L (a, y) =
(
a(x)− y

)2

Âåðîÿòíîñòíàÿ ïîñòàíîâêà: X ℓ = (xi , yi )
ℓ
i=1 ∼ p(x , y)

Ìåòîä îáó÷åíèÿ: µ : 2X → A, ò.å. âûáîðêà 7→ àëãîðèòì

Çàäà÷à ìèíèìèçàöèè ñðåäíåêâàäðàòè÷íîãî ðèñêà:

R(a) = Ex ,y(a(x)− y)2 =

∫

X

∫

Y

(
a(x)− y

)2
p(x , y) dx dy → min

a

Èäåàëüíûé ìèíèìèçàòîð ñðåäíåêâàäðàòè÷íîãî ðèñêà:

a∗(x) = E(y |x) =
∫

Y

y p(y |x) dy

Îñíîâíàÿ ìåðà êà÷åñòâà ìåòîäà îáó÷åíèÿ µ:

Q(µ) = EX ℓR
(
µ(X ℓ)

)
= EX ℓEx ,y

(
µ(X ℓ)(x) − y

)2
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Ïðîñòîå ãîëîñîâàíèå

Âçâåøåííîå ãîëîñîâàíèå

�àçâèòèå èäåè àíñàìáëèðîâàíèÿ

�ðàäèåíòíûé áóñòèíã

Îáîáùàþùàÿ ñïîñîáíîñòü áóñòèíãà

Àíàëèç ñìåùåíèÿ è ðàçáðîñà

�àçëîæåíèå îøèáêè íà øóì, ñìåùåíèå è ðàçáðîñ

a∗(x) = E(y |x) � íåèçâåñòíàÿ èäåàëüíàÿ çàâèñèìîñòü y îò x

y(x) ∼ p(y |x) � íàáëþäàåìûé îòâåò íà îáúåêòå x

a = µ(X ℓ) � àïïðîêñèìàöèÿ, âûáðàííàÿ ïî X ℓ
èç ñåìåéñòâà A

ā(x) = EX ℓ

(
a(x)

)
� ñðåäíèé îòâåò îáó÷åííîãî àëãîðèòìà

Òåîðåìà. Ïðè êâàäðàòè÷íîé �óíêöèè ïîòåðü äëÿ ëþáîãî µ

Q(µ) = Ex ,y

(
a∗(x)− y

)2

︸ ︷︷ ︸

øóì (noise)

+

+ Ex ,y

(
ā(x)− a∗(x)

)2

︸ ︷︷ ︸

ñìåùåíèå (bias)

+

+ Ex ,yEX ℓ

(
µ(X ℓ)(x) − ā(x)

)2

︸ ︷︷ ︸

ðàçáðîñ (varian
e)
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Ïðîñòîå ãîëîñîâàíèå

Âçâåøåííîå ãîëîñîâàíèå

�àçâèòèå èäåè àíñàìáëèðîâàíèÿ

�ðàäèåíòíûé áóñòèíã

Îáîáùàþùàÿ ñïîñîáíîñòü áóñòèíãà

Àíàëèç ñìåùåíèÿ è ðàçáðîñà

�àçëîæåíèå îøèáêè íà øóì, ñìåùåíèå è ðàçáðîñ

Êà÷åñòâåííîå ïîíèìàíèå: ïî ìåðå ðîñòà ñëîæíîñòè ìîäåëè

ñìåùåíèå (bias) óìåíüøàåòñÿ

ðàçáðîñ (varian
e) óâåëè÷èâàåòñÿ
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Ïðîñòîå ãîëîñîâàíèå

Âçâåøåííîå ãîëîñîâàíèå

�àçâèòèå èäåè àíñàìáëèðîâàíèÿ

�ðàäèåíòíûé áóñòèíã

Îáîáùàþùàÿ ñïîñîáíîñòü áóñòèíãà

Àíàëèç ñìåùåíèÿ è ðàçáðîñà

Àíàëèç ñìåùåíèÿ�ðàçáðîñà äëÿ ïðîñòîãî ãîëîñîâàíèÿ

Îáó÷åíèå áàçîâûõ àëãîðèòìîâ ïî ñëó÷àéíûì ïîäâûáîðêàì:

bt = µ(X k
t ), X k

t ∼ X ℓ
, t = 1, . . . ,T

Àíñàìáëü � ïðîñòîå ãîëîñîâàíèå: aT (x) =
1

T

T∑

t=1
bt(x)

Ñìåùåíèå àíñàìáëÿ ñîâïàäàåò ñî ñìåùåíèåì îòäåëüíîãî

áàçîâîãî àëãîðèòìà:

bias = Ex ,y

(
a∗(x) − EX ℓbt(x)

)2

�àçáðîñ ñîñòîèò èç äèñïåðñèè è ðàçëè÷íîñòè (êîâàðèàöèè):

varian
e = 1
T
Ex ,yEX ℓ

(
bt(x)− EX ℓbt(x)

)2
+

+ T−1
T

Ex ,yEX ℓ

(
bt(x)− EX ℓbt(x)

)(
bs(x)− EX ℓbs(x)

)
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Ïðîñòîå ãîëîñîâàíèå

Âçâåøåííîå ãîëîñîâàíèå

�àçâèòèå èäåè àíñàìáëèðîâàíèÿ

�ðàäèåíòíûé áóñòèíã

Îáîáùàþùàÿ ñïîñîáíîñòü áóñòèíãà

Àíàëèç ñìåùåíèÿ è ðàçáðîñà

Ïî÷åìó ñëîæíûå àíñàìáëè íå ïåðåîáó÷àþòñÿ?

Ñ ïîçèöèé àíàëèçà îòñòóïîâ:

àíñàìáëèðîâàíèå íå óâåëè÷èâàåò ñëîæíîñòü ìîäåëè

íî ñ êàæäîé èòåðàöèåé óâåëè÷èâàåò çàçîð ìåæäó êëàññàìè

Ñ ïîçèöèé àíàëèçà ñìåùåíèÿ�ðàçáðîñà:

ðàçíîîáðàçèå áàçîâûõ àëãîðèòìîâ óìåíüøàåò ðàçáðîñ

áýããèíã óìåíüøàåò òîëüêî ðàçáðîñ

áóñòèíã óìåíüøàåò è ñìåùåíèå, è ðàçáðîñ

Ïðàêòè÷åñêîå ñðàâíåíèå: boosting / bagging / RSM

áóñòèíã ëó÷øå äëÿ êëàññîâ ñ ãðàíèöàìè ñëîæíîé �îðìû

áýããèíã è RSM ëó÷øå äëÿ êîðîòêèõ îáó÷àþùèõ âûáîðîê

RSM ëó÷øå, êîãäà ìíîãî íåèí�îðìàòèâíûõ ïðèçíàêîâ

áýããèíã ïàðàëëåëüíî îáó÷àåò áàçîâûå àëãîðèòìû bt
áóñòèíã îáó÷àåò êàæäûé bt ïàðàëëåëüíî ïî ÷àñòÿì âûáîðêè
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Ïðîñòîå ãîëîñîâàíèå

Âçâåøåííîå ãîëîñîâàíèå

�àçâèòèå èäåè àíñàìáëèðîâàíèÿ

Êîìèòåòíûé áóñòèíã

Ñìåñè ýêñïåðòîâ

Ôèëîñî�èÿ àíñàìáëèðîâàíèÿ

Íåäîñòàòêè áýããèíãà è áóñòèíãà

çàäà÷à ìèíèìèçèðîâàòü ÷èñëî T âîîáùå íå ñòàâèòñÿ

êîìïîçèöèÿ èç ñîòåí àëãîðèòìîâ íå èíòåðïðåòèðóåìà

íå óäà¼òñÿ ñòðîèòü êîðîòêèå êîìïîçèöèè èç ¾ñèëüíûõ¿

àëãîðèòìîâ òèïà SVM (òîëüêî äëèííûå èç ¾ñëàáûõ¿)

Íåñêîëüêî ýìïèðè÷åñêèõ íàáëþäåíèé:

âåñà àëãîðèòìîâ íå âàæíû äëÿ îïòèìèçàöèè îòñòóïîâ

âåñà îáúåêòîâ íå âàæíû äëÿ îáåñïå÷åíèÿ ðàçëè÷íîñòè

Ïðåäëàãàåòñÿ:

îòêàçàòüñÿ îò àïïðîêñèìàöèè ïîðîãîâîé �óíêöèè ïîòåðü,

îïòèìèçèðîâàòü ðàñïðåäåëåíèå îòñòóïîâ êîìïîçèöèè,

îáó÷àòü áàçîâûå àëãîðèòìû ïîñëåäîâàòåëüíî (êàê áóñòèíã),

îáó÷àòü èõ íà ïîäâûáîðêàõ (êàê áýããèíã), íî íå ñëó÷àéíûõ,

èñïîëüçîâàòü ïðîñòîå ãîëîñîâàíèå (êîìèòåò áîëüøèíñòâà)
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Âçâåøåííîå ãîëîñîâàíèå

�àçâèòèå èäåè àíñàìáëèðîâàíèÿ

Êîìèòåòíûé áóñòèíã

Ñìåñè ýêñïåðòîâ

Ôèëîñî�èÿ àíñàìáëèðîâàíèÿ

Îïòèìèçàöèÿ ðàñïðåäåëåíèÿ îòñòóïîâ íà êàæäîì øàãå

Èäåÿ: ÿâíî óïðàâëÿòü ðàñïðåäåëåíèåì îòñòóïîâ, ìàêñèìèçèðóÿ

ðàçëè÷íîñòü áàçîâûõ àëãîðèòìîâ è ìèíèìèçèðóÿ èõ ÷èñëî.

Âîçüì¼ì b(x) = 1
T

∑T
t=1 bt(x), a(x) = sign(b(x)), Y = {±1}.

Êðèòåðèé êà÷åñòâà àíñàìáëÿ � ÷èñëî îøèáîê íà îáó÷åíèè:

Q(a,X ℓ) =
ℓ∑

i=1

[
yia(xi) < 0

]
=

ℓ∑

i=1

[
yib1(xi ) + · · · + yibT (xi )
︸ ︷︷ ︸

MiT

< 0
]
,

Mit = yib1(xi ) + · · · + yibt(xi ) � îòñòóï (margin) îáúåêòà xi .

Ýâðèñòèêà: îáó÷åíèå bt êîìïåíñèðóåò îøèáêè àíñàìáëÿ:

Q(bt ,Ut) =
∑

xi∈Ut

[
yibt(xi ) < 0

]
→ min

bt
,

Ut =
{
xi : M0 < Mi ,t−1 6 M1

}
, M0, M1 � ïàðàìåòðû ìåòîäà
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Âçâåøåííîå ãîëîñîâàíèå

�àçâèòèå èäåè àíñàìáëèðîâàíèÿ

Êîìèòåòíûé áóñòèíã

Ñìåñè ýêñïåðòîâ

Ôèëîñî�èÿ àíñàìáëèðîâàíèÿ

Ôîðìèðîâàíèå âûáîðêè äëÿ îáó÷åíèÿ áàçîâîãî àëãîðèòìà

Óïîðÿäî÷èì îáúåêòû ïî âîçðàñòàíèþ îòñòóïîâ Mi ,t−1:

0 20 40 60 80 100 120 140 160 180 200

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

i

Margin

шумовые

пограничные

надёжные

(ℓ0,M0)

(ℓ1,M1)

Ïðèíöèï âûðàâíèâàíèÿ ðàñïðåäåëåíèÿ îòñòóïîâ

äâà ñëó÷àÿ, êîãäà bt íà îáúåêòå xi îáó÷àòü íå íàäî:

Mi ,t−1 < M0, i < ℓ0 � îáúåêò xi øóìîâîé

Mi ,t−1 > M1, i > ℓ1 � îáúåêò xi íàä¼æíûé
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�àçâèòèå èäåè àíñàìáëèðîâàíèÿ

Êîìèòåòíûé áóñòèíã

Ñìåñè ýêñïåðòîâ

Ôèëîñî�èÿ àíñàìáëèðîâàíèÿ

Àëãîðèòì ComBoost (Committee Boosting)

Âõîä: âûáîðêè X ℓ
, X k

; ïàðàìåòðû T , ℓ0, ℓ1, ℓ2,∆ℓ;
Âûõîä: b1, . . . , bT ;

b1 := argmin
b

Q(b,X ℓ); îòñòóïû Mi = yib1(xi ), i = 1, . . . , ℓ;

äëÿ âñåõ t = 2, . . . ,T :
óïîðÿäî÷èòü âûáîðêó X ℓ

ïî âîçðàñòàíèþ îòñòóïîâ Mi ;

äëÿ âñåõ ℓ′ = ℓ1, . . . , ℓ2 ñ øàãîì ∆ℓ:
Ut =

{
xi ∈ X ℓ : ℓ0 6 i 6 ℓ′

}
;

btℓ′ := argmin
b

Q(b,Ut) � èíêðåìåíòíîå îáó÷åíèå;

âûáðàòü íàèëó÷øèé bt ∈ {btℓ′} ïî êðèòåðèþ Q(a,X k);
îáíîâèòü îòñòóïû: Mi := Mi + yibt(xi ), i = 1, . . . , ℓ;

ïîêà Q ñóùåñòâåííî óëó÷øàåòñÿ.

Ìàöåíîâ À.À. Êîìèòåòíûé áóñòèíã: ìèíèìèçàöèÿ ÷èñëà áàçîâûõ àëãîðèòìîâ

ïðè ïðîñòîì ãîëîñîâàíèè. ÌÌ�Î-13, 2007.
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�àçâèòèå èäåè àíñàìáëèðîâàíèÿ

Êîìèòåòíûé áóñòèíã

Ñìåñè ýêñïåðòîâ

Ôèëîñî�èÿ àíñàìáëèðîâàíèÿ

�åçóëüòàòû ýêñïåðèìåíòà íà 4 çàäà÷àõ èç ðåïîçèòîðèÿ UCI

Ïî 50 ñëó÷àéíûì ðàçáèåíèÿì ¾îáó÷åíèå : êîíòðîëü¿ = 4 : 1

ionoshere pima bupa votes

SVM 12,9 24,2 42,0 4,6

ComBoost0[SVM℄ (T ) 12,6 (4) 23,1 (2) 34,2 (5) 4,0 (2)

ComBoost[SVM℄ (T ) 12,3 (5) 22,5 (2) 30,9 (5) 3,8 (3)

AdaBoost[SVM℄ (T ) 15,0 (65) 22,7 (18) 30,6 (15) 4,0 (8)

Parzen 6,3 25,1 41,6 6,9

ComBoost0[Parzen℄ 6,1 25,0 38,1 6,8

ComBoost[Parzen℄ 5,8 24,7 30,6 6,2

AdaBoost[Parzen℄ 6,0 24,8 30,5 6,5

ComBoost0 � áåç ïîäáîðà äëèíû ïîäâûáîðêè Ut â öèêëå ℓ′ = ℓ1, . . . , ℓ2
Parzen � ìåòîä îêíà Ïàðçåíà ñ ïîäáîðîì øèðèíû îêíà ïî leave-one-out

�åçóëüòàò: ComBoost ñïîñîáåí ñòðîèòü êîðîòêèå àíñàìáëè

èç ñèëüíûõ è óñòîé÷èâûõ áàçîâûõ àëãîðèòìîâ

Ìàöåíîâ À.À. Êîìèòåòíûé áóñòèíã: ìèíèìèçàöèÿ ÷èñëà áàçîâûõ àëãîðèòìîâ

ïðè ïðîñòîì ãîëîñîâàíèè. ÌÌ�Î-13, 2007.
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Îáîáùåíèå äëÿ çàäà÷ ñ ïðîèçâîëüíûì ÷èñëîì êëàññîâ

Y = {1, . . . ,M}, àíñàìáëü � ïðîñòîå ãîëîñîâàíèå, ïðè÷¼ì

êàæäûé áàçîâûé àëãîðèòì byt ãîëîñóåò òîëüêî çà ñâîé êëàññ y :

a(x) = argmax
y∈Y

Γy (x); Γy (x) =
1

|Ty |
∑

t∈Ty

byt(x).

Â àëãîðèòìå ComBoost òðè íåáîëüøèõ èçìåíåíèÿ:

îáîáù¼ííîå îïðåäåëåíèå îòñòóïà Mi :

Mi = Γyi (xi )− max
y∈Y \{yi}

Γy (xi).

ïðèä¼òñÿ ðåøàòü, äëÿ êàêîãî êëàññà ñòðîèòü î÷åðåäíîé byt
(íàïðèìåð, äëÿ òîãî y , íà êîòîðîì äîëÿ îøèáîê áîëüøå)

èçìåíèòñÿ ïåðåñ÷¼ò îòñòóïîâ â êîíöå èòåðàöèè

Allwein E. L., S
hapire R. E., Singer Y. Redu
ing multi
lass to binary: A unifying

approa
h for margin 
lassi�ers. 2000

Ê.Â. Âîðîíöîâ (k.v.vorontsov�physte
h.edu) ÂâÌÎ: êîìïîçèöèîííûå ìåòîäû 37 / 46



Ïðîñòîå ãîëîñîâàíèå

Âçâåøåííîå ãîëîñîâàíèå

�àçâèòèå èäåè àíñàìáëèðîâàíèÿ

Êîìèòåòíûé áóñòèíã

Ñìåñè ýêñïåðòîâ

Ôèëîñî�èÿ àíñàìáëèðîâàíèÿ

Ñìåñü àëãîðèòìîâ (Mixture of Experts)

bt : X → R � áàçîâûå àëãîðèòìû, t = 1, . . . ,T
gt : X → R � �óíêöèÿ êîìïåòåíòíîñòè (øëþç, gate) äëÿ bt(x)

b(x) =
T∑

t=1
gt(x)bt(x)

×åì áîëüøå gt(x), òåì âûøå äîâåðèå ê îòâåòó bt(x).

Óñëîâèå íîðìèðîâêè:

T∑

t=1
gt(x) = 1 äëÿ ëþáîãî x ∈ X .

Íîðìèðîâêà ¾ìÿãêîãî ìàêñèìóìà¿ SoftMax: RT → R
T
:

g̃t(x) = SoftMaxt
(
g1(x), . . . , gT (x); γ

)
=

eγgt (x)

eγg1(x) + · · ·+ eγgT (x)

Ïðè γ → ∞ SoftMax âûäåëÿåò ìàêñèìàëüíóþ èç T âåëè÷èí.

�àñòðèãèí Ë.À., Ýðåíøòåéí �. Õ. Êîëëåêòèâíûå ïðàâèëà ðàñïîçíàâàíèÿ. 1981.

Hien D. Nguyen, Fai
el Chamroukhi. Pra
ti
al and theoreti
al aspe
ts of

mixture-of-experts modeling: An overview. 2018
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Âèä �óíêöèé êîìïåòåíòíîñòè

Ôóíêöèè êîìïåòåíòíîñòè îïðåäåëÿþòñÿ èç ïðàêòè÷åñêèõ

ñîîáðàæåíèé, â çàâèñèìîñòè îò îñîáåííîñòåé çàäà÷è, íàïðèìåð:

ïî ïðèçíàêó f (x):
g(x ;α, β) = σ(αf (x) + β), α, β ∈ R;

ïî íåèçâåñòíîìó íàïðàâëåíèþ α ∈ R
n
:

g(x ;α, β) = σ(xTα+ β), α ∈ R
n, β ∈ R;

ïî ðàññòîÿíèþ äî íåèçâåñòíîé òî÷êè α ∈ R
n
:

g(x ;α, β) = exp(−β‖x − α‖2), α ∈ R
n, β ∈ R;

ãäå ïàðàìåòðû α, β �èêñèðóþòñÿ èëè îáó÷àþòñÿ ïî âûáîðêå,

σ(z) = 1
1+e−z � ñèãìîèäíàÿ �óíêöèÿ.
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Âûïóêëûå �óíêöèè ïîòåðü

Ôóíêöèÿ ïîòåðü L (b, y) íàçûâàåòñÿ âûïóêëîé ïî b, åñëè

∀ y ∈ Y , ∀ b1, b2 ∈ R , ∀ g1, g2 > 0: g1 + g2 = 1, âûïîëíÿåòñÿ

L (g1b1 + g2b2, y) 6 g1L (b1, y) + g2L (b2, y).

Èíòåðïðåòàöèÿ: ïîòåðè ðàñòóò íå ìåäëåííåå, ÷åì âåëè÷èíà

îòêëîíåíèÿ îò ïðàâèëüíîãî îòâåòà y .

Ïðèìåðû âûïóêëûõ �óíêöèé ïîòåðü:

L (b, y) =







(b − y)2 � êâàäðàòè÷íàÿ (ÌÍÊ-ðåãðåññèÿ);

e−by
� ýêñïîíåíöèàëüíàÿ (AdaBoost);

log2(1 + e−by ) � ëîãàðè�ìè÷åñêàÿ (LR);

(1− by)+ � êóñî÷íî-ëèíåéíàÿ (SVM).

Ïðèìåð íåâûïóêëîé �óíêöèè ïîòåðü: L (b, y) = [by < 0].
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Îñíîâíàÿ èäåÿ ïðèìåíåíèÿ âûïóêëûõ �óíêöèé ïîòåðü

Ïóñòü ∀x
T∑

t=1
gt(x) = 1 è �óíêöèÿ ïîòåðü L âûïóêëà.

Òîãäà Q(a) ðàñïàäàåòñÿ íà T íåçàâèñèìûõ êðèòåðèåâ Qt :

Q(a) =

ℓ∑

i=1

L

( T∑

t=1

gt(xi )bt(xi), yi

)

6

T∑

t=1

ℓ∑

i=1
gt(xi)L

(
bt(xi ), yi

)

︸ ︷︷ ︸

Qt(gt ,bt)

Èòåðàöèîííûé ïðîöåññ, äâà øàãà íà êàæäîé èòåðàöèè:

íà÷àëüíîå ïðèáëèæåíèå �óíêöèé êîìïåòåíòíîñòè gt ;

ïîâòîðÿòü

îáó÷èòü âñå bt := arg minb Qt(gt , b) ïðè �èêñèðîâàííûõ gt ;

îáó÷èòü âñå gt ïðè �èêñèðîâàííûõ bt ;

ïîêà çíà÷åíèÿ êîìïåòåíòíîñòåé gt(xi ) íå ñòàáèëèçèðóþòñÿ;
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Ôèëîñî�èÿ àíñàìáëèðîâàíèÿ

Àíñàìáëèðîâàòü ìîæíî òîëüêî íå÷òî ãîìîãåííîå.

1

Äåêîìïîçèöèÿ � ðàçäåëåíèå ìîäåëè àëãîðèòìà at
íà àëãîðèòìè÷åñêèé îïåðàòîð bt è ðåøàþùåå ïðàâèëî C :

at = C ◦ bt
2

�îìîãåíèçàöèÿ � ðàçíîðîäíûå ìîäåëè èìåþò

îáùåå ïðîñòðàíñòâî îöåíîê R è îáùóþ ñòðóêòóðó

àëãîðèòìè÷åñêîãî îïåðàòîðà bt êàê îòîáðàæåíèÿ

bt : X → R

3

Àíñàìáëèðîâàíèå � ñîâìåñòíîå îáó÷åíèå áàçîâûõ

àëãîðèòìè÷åñêèõ îïåðàòîðîâ äëÿ ðåøåíèÿ îáùåé çàäà÷è:

a = C ◦ F (b1, . . . , bT )

Þ.È.Æóðàâë¼â. Îá àëãåáðàè÷åñêîì ïîäõîäå ê ðåøåíèþ çàäà÷ ðàñïîçíàâàíèÿ èëè

êëàññè�èêàöèè. Ïðîáëåìû êèáåðíåòèêè, 1978.
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Ôèëîñî�èÿ ìíîãîçàäà÷íîãî îáó÷åíèÿ

1

Äåêîìïîçèöèÿ � ðàçäåëåíèå ìîäåëåé yt : X → Yt

íà âåêòîðèçàòîð z = f (x , α) è ïðåäèêòîð yt = gt(z , β):

yt(x) = gt(f (x , α), βt )

2

�îìîãåíèçàöèÿ � ðàçíîðîäíûå ìîäåëè èìåþò îáùèé

âåêòîðèçàòîð z = f (x , α) è îáùåå âåêòîðíîå ïðîñòðàíñòâî

ïðåäñòàâëåíèé (ýìáåäèíãîâ) Z :

f : X → Z

3

Àíñàìáëèðîâàíèå � ñîâìåñòíîå îáó÷åíèå îáùåãî

âåêòîðèçàòîðà äëÿ ðåøåíèÿ ðàçíîðîäíûõ çàäà÷:

∑

t∈T

∑

i∈X t

Lti

(
gt(f (xti , α), βt )

)
→ min

α,{βt}

Yu Zhang, Qiang Yang. A survey on multi-task learning. 2021

M.Crawshaw. Multi-task learning with deep neural networks: a survey. 2020
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Ôèëîñî�èÿ �óíäàìåíòàëüíûõ ìîäåëåé

1

Äåêîìïîçèöèÿ � ðàçäåëåíèå ìîäåëåé yt : Xt → Yt

íà âåêòîðèçàòîð z = f (xt , αt) è ïðåäèêòîð yt = g(zt , βt):

yt(x) = gt(f (xt , αt), βt)

2

�îìîãåíèçàöèÿ � ðàçíîðîäíûå ìîäåëè â ðàçíîðîäíûõ

çàäà÷àõ èìåþò îáùåå ïðîñòðàíñòâî ýìáåäèíãîâ Z :

ft : Xt → Z

3

Àíñàìáëèðîâàíèå � ñîâìåñòíîå îáó÷åíèå ýìáåäèíãîâ

â åäèíîì ñåìàíòè÷åñêîì ïðîñòðàíñòâå äëÿ ðåøåíèÿ

ðàçíîðîäíûõ çàäà÷:

∑

t∈T

∑

i∈X t

Lti

(
gt(f (xti , αt), βt)

)
→ min

{αt ,βt}

R.Bommasani et al. (Center for Resear
h on Foundation Models, Stanford University)

On the opportunities and risks of foundation models // CoRR, 20 August 2021.
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Ôèëîñî�èÿ àääèòèâíîé ðåãóëÿðèçàöèè (ARTM)

1

Äåêîìïîçèöèÿ � ðàçäåëåíèå êðèòåðèÿ îáó÷åíèÿ ìîäåëè

íà îñíîâíîé (log-ïðàâäîïîäîáèå) è ðåãóëÿðèçàòîð R :
∑

i

ln p(xi |Φ,Θ) + R(Φ,Θ) → max
Φ,Θ

2

�îìîãåíèçàöèÿ � ðàçíîðîäíûå ìîäåëè èìåþò

îáùóþ ñòðóêòóðó âåêòîðèçàòîðà (ìàòðè÷íîå ðàçëîæåíèå)

è îáùèé îñíîâíîé êðèòåðèé (log-ïðàâäîïîäîáèå):

fΦ : X → Θ,
∑

i

ln p(xi |Φ,Θ) → max
Φ,Θ

3

Àíñàìáëèðîâàíèå � ñîâìåñòíîå èñïîëüçîâàíèå

ðåãóëÿðèçàòîðîâ Rk , âçÿòûõ îò ðàçíîðîäíûõ ìîäåëåé:

∑

i

ln p(xi |Φ,Θ) +
∑

k

λkRk(Φ,Θ) → max
Φ,Θ

Vorontsov K. V. Rethinking probabilisti
 topi
 modeling from the point of view of


lassi
al non-Bayesian regularization. 2023.
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�åçþìå

Àíñàìáëè ïîçâîëÿþò ðåøàòü ñëîæíûå çàäà÷è, êîòîðûå

ïëîõî ðåøàþòñÿ îòäåëüíûìè áàçîâûìè àëãîðèòìàìè

Îáû÷íî àíñàìáëü ñòðîèòñÿ àëãîðèòìîì-îá¼ðòêîé (envelop):

áàçîâûå àëãîðèòìû îáó÷àþòñÿ ãîòîâûìè ìåòîäàìè

Âàæíîå îòêðûòèå ñåðåäèíû 90-õ: îáîáùàþùàÿ ñïîñîáíîñòü

áóñòèíãà íå óõóäøàåòñÿ ñ ðîñòîì ñëîæíîñòè T

�ðàäèåíòíûé áóñòèíã � íàèáîëåå îáùèé èç âñåõ áóñòèíãîâ:

� ïðîèçâîëüíàÿ �óíêöèÿ ïîòåðü

� ïðîèçâîëüíîå ïðîñòðàíñòâî îöåíîê R

� ïîäõîäèò äëÿ ðåãðåññèè, êëàññè�èêàöèè, ðàíæèðîâàíèÿ

Áàçîâûå àëãîðèòìû: êîìïðîìèññ êà÷åñòâî/ðàçëè÷íîñòü

×àùå âñåãî GB ïðèìåíÿåòñÿ ê ðåøàþùèì äåðåâüÿì

Äëÿ ñìåøèâàíèÿ íóæíà àäåêâàòíàÿ ìîäåëü êîìïåòåíòíîñòè
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