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AnHOTaMs

Jannas OakasiaBpCcKast JUCCEPTAIUs MIPEJICTaBseT coboit crarbio «Stochastic
spectral and conjugate descent methods» 3a aBropcrBoMm IluTepa Puxrtapuka, Imut-
pust Kosasnesa, Dyapna [opbyrosa u Dubaypa lacanosa [§]. Copementbie MeTObI
PeIleHnsi ONTUMUBAITMOHHBIX 38/1a9 OOJIBIION PA3MEPHOCTU SIBJISTFOTCST BADUAHTAMUI
PaHIOMI3UPOBAHHOTO MIOKOMIIOHETHOT'O CIIycKa. B mammoit pabore mpeacrtaBieH GyH-
JIAMEHTaJIbHO HOBBIA THUIl YCKOPEHHS PAHIOMH3MPOBAHHOIO IOKOMIIOHETHOI'O CITyCKa,
OCHOBAHHBIN Ha IOIIOJHEHUU Ha6opa KOOpAWHATHBIX HaHpaB.HeHI/Iﬁ HECKOJIbKUMU CNex-
MPASOHVMU ITTA CONPAHCEHHDLMU HATTPaBIeHuAME. C POCTOM YHCJIa, JOMOJTHITEILHBIX
Ha.HpaBJIeHI/IIU/I CKOPOCTDb CXO/IJUMOCTHU METO/[a YJIYyYdIIaeTCdA U UHTEPIIOJIUPYETCHA MEZKIY
JIMHEHHOM CKOPOCTBHIO CXOAUMOCTH PAHIOMU3UPOBAHHOIO IOKOMIIOHETHOI'O CIIYCKA,
U JIMHEHHON CKOPOCTBIO CXOJIUMOCTH, HE 3AGUCAWET OM YUCAG 00YCAOBAEHHOCTNU.
Takzke paccMaTpUBAIOTCS HETOUHBIE BAPUAHTHI JAHHBIX METOIOB /ISl CJIydasi, KOTIa
N3BECTHBI IIpI/I6.HI/I}KeHI/IH CIIEKTPaJIbHbIX 1 COIIPA2KEHHBIX HaHpaBﬂeHI/Iﬁ. BI)IH_IeyKa—
3aHHbIE MCCJIeI0BAHISI MOTHBIPOBAHBI HECKOJBKUMH OTPHUIATEILHBIMI PE3Y/IbTATAMI,
KOTOPBIE TIOYEPKUBAIOT OTPAHNYEHUST PAHIOMI3UPOBAHHOIO TIOKOMIIOHEHTHOTO CITYC-
Ka ¢ BBIOOPKOM MO 3HAYUNMOCTH.



Abstract

This bachelor thesis is a paper «Stochastic Spectral and Conjugate Descent
Methods» written by Peter Richtdrik, Dmitry Kovalev, Eduard Gorbunov and Elnur
Gasanov [8]. The state-of-the-art methods for solving optimization problems in big
dimensions are variants of randomized coordinate descent (RCD). In this paper
we introduce a fundamentally new type of acceleration strategy for RCD based on
the augmentation of the set of coordinate directions by a few spectral or conjugate
directions. As we increase the number of extra directions to be sampled from, the
rate of the method improves, and interpolates between the linear rate of RCD and a
linear rate independent of the condition number. We develop and analyze also inexact
variants of these methods where the spectral and conjugate directions are allowed to
be approximate only. We motivate the above development by proving several negative
results which highlight the limitations of RCD with importance sampling.
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1 Introduction

An increasing array of learning and training tasks reduce to optimization problem in very
large dimensions. The state-of-the-art algorithms in this regime are based on randomized
coordinate descent (RCD). Various acceleration strategies were proposed for RCD in the
literature in recent years, based on techniques such as Nesterov’s momentum [13] [10, [5, [T
15], heavy ball momentum [I7, 12|, importance sampling [14], 20], adaptive sampling [4],
random permutations [9], greedy rules [16], mini-batching [21], and locality breaking [22].
These techniques enable faster rates in theory and practice.

In this paper we introduce a fundamentally new type of acceleration strategy for RCD
which relies on the idea of enriching the set of (unit) coordinate directions {eq, ez, ..., e,}
in R™, which are used in RCD as directions of descent, via the addition of a few spectral or
conjugate directions. The algorithms we develop and analyze in this paper randomize over
this enriched larger set of directions.

1.1 The problem

For simplicityﬂ, we focus on quadratic minimization

: _ L7 T
Imin f(z) = 3% Az —b'z, (1)

where A is an n X n symmetric and positive definite matrix. The optimal solution is unique,
and equal to z, = A71b.

1.2 Randomized coordinate descent

Applied to (1), RCD performs the iteration

Tey1 = T — #% (2)

where at each iteration, ¢ is chosen with probability p; > 0. It was shown by Leventhal and
Lewis [II] that if the probabilities are proportional to the diagonal elements of A (i.e.,
pi ~ Ay;), then the random iterates of RCD satisfy

Elllze — 2. Al < (1= p)'llzo — 2[4,

where p = A?;’(‘X;‘) and Apin(A) is the minimal eigenvalue of A. That is, as long as the

number of iterations ¢ is at least
Tr(A)
V7 oot

(
we have E[||x; — z.]|4] < €. Note that Tr(A)/Amin(A) > n, and that this can be arbitrarily
larger that n.

!Many of our results can be extended to convex functions of the form f(z) = ¢(Ax) — bz, where
¢ is a smooth and strongly convex function. However, due to space limitations, and the fact that we
already have a lot to say in the special case ¢(y) = 3||y||*, we leave these more general developments to a

follow-up paper.



Method Name Algorithm Rate Reference
stochastic descent (SD) [, Algorithm (5), Lemma Gower and Richtarik [6]
stochastic spectral descent (SSD) Algorithm (6), Theorem NEW
stochastic conjugate descent (SconD) read Section Theorem NEW
randomized coordinate descent (RCD) (@), Algorithm ®). Gower and Richtarik [6]
stochastic spectral coordinate descent (SSCD) Algorithm (7), Theorem NEW
mini-batch SD (mSD) Algorithm Lemma [9) Richtdrik and Taka¢ [19]
mini-batch SSCD (mSSCD) Algorithm [6] Theorem NEW

inexact SconD (iSconD) Algorithm Theorem NEW

inexact SSD (iSSD) Algorithm |8 see Section [E.2 NEW

Table 1: Algorithms described in this paper.

1.3 Stochastic descent

Recently, Gower and Richtarik [6] developed an iterative “sketch and project” framework
for solving linear systems and quadratic optimization problems; see also [7] for extensions.
In the context of problem , and specialized to sketching matrices with a single column,
their method takes the form

s; (Az; —b)

4
s) As, ot )

Ti41 = Tt —

where s; € R" is a random vector sampled from some fixed distribution D. In this paper
we will refer to this method by the name stochastic descent (SD).

Note that x;y; is obtained from z; by minimizing f(z; + hs;) for h € R and setting
i1 = ¢ + hs;. Further, note that RCD arises as a special case with D being a discrete
probability distribution over the set {ej,...,e,}. However, SD converges for virtually
any distribution D, including discrete and continuous distributions. In particular, Gower

T

and Richtarik [6] show that as long as E,.p[H] is invertible, where H := _¥&, then SD

converges as
1
—  _logi 5

where W := E, p[AY?2HA'?] (see Lemma [I| for a more refined result due to Richtarik
and Tak4c [19]). Rate of RCD in (3] can be obtained as a special case of (f)).

1.4 Stochastic spectral descent

The starting point of this paper is the new observation that stochastic descent obtains the

rate
1
O (n log E) (6)

in the special case when D is chosen to be the uniform distribution over the eigenvectors
of A (see Theorem [2)). For obvious reasons, we refer to this new method as stochastic
spectral descent (SSD).

To the best of our knowledge, SSD was not explicitly considered in the literature
before. We should note that SSD is fundamentally different from spectral gradient descent
[3, 2], which refers to a family of gradient descent methods with a special choice of stepsize
depending on the spectrum of the Hessian of f.



Result The_orem

Uniform probabilities are optimal for n = 2 3
Uniform probabilities are optimal for any n > 2 as long as A is diagonal

“Importance sampling” p; ~ A;; can lead to an arbitrarily worse rate than uniform probabilities
“Importance sampling” p; ~ ||A;.[|? can lead to an arbitrarily worse rate than uniform probabilities

For every n > 2 and T > 0, there is A such that the rate of RCD with optimal probabilities is O(T log %)
For every n > 2 and T > 0, there is A such that the rate of RCD with optimal probabilities is Q(T log %)

IS S =~

Table 2: Summary of results on importance and optimal sampling in RCD.

The rate (6)) does not merely provide an improvement on the rate of RCD given in
(3); what is remarkable is that this rate is completely independent of the properties (such
as conditioning) of A. Moreover, we show that this method is optimal among the class
of stochastic descent methods parameterized by the choice of the distribution D (see
Theorem . Despite the attractiveness of its rate, SSD is not a practical method. This
is because once we have the eigenvectors of A available, the optimal solution z, can be
assembled directly without the need for an iterative method.

1.5 Stochastic conjugate descent

We extend all results discussed above for SSD, including the rate @, to the more general
class of methods we call stochastic conjugate descent (SconD), for which D is the uniform
distribution over vectors vy, . .., v, which are mutually A conjugate: v;' Av; = 0 for i # j
and v, Av; = 1.

1.6 Optimizing probabilities in RCD

The idea of speeding up RCD via the use of non-uniform probabilities was pioneered by
Nesterov [14] in the context of smooth convex minimization, and later built on by many
authors [20] 18] [1]. In the case of non-accelerated RCD, and in the context of smooth
convex optimization, the most popular choice of probabilities is to set p; ~ L;, where L; is
the Lipschitz constant of the gradient of the objective corresponding to coordinate ¢ [14. 20].
For problem , we have L; = A;;. Gower and Richtérik [6] showed that the optimal
probabilities for can in principle be computed through semidefinite programming
(SDP); however, no theoretical properties of the optimal solution of the SDP were given.

As a warm-up, we first ask the following question: how important is importance
sampling? More precisely, we investigate RCD with probabilities p; ~ A;;, and RCD with
probabilities p; ~ ||A.||?, considered as RCD with “importance sampling”, and compare
these with the baseline RCD with uniform probabilities. Our result (see Theorem
contradicts conventional “wisdom”. In particular, we show that for every n there is a matrix
A such that diagonal probabilities lead to the best rate. Moreover, the rate of RCD with
“importance” can be arbitrarily worse than the rate of RCD with uniform probabilities.
The same result applies to probabilities proportional to the square of the norm of the ith
row of A.

We then switch gears, and motivated by the nature of SSD, we ask the following
question: in order to obtain a condition-number-independent rate such as (@, do we have
to consider new (and hard to compute) descent directions, such as eigenvectors of A, or
can a similar effect be obtained using RCD with a better selection of probabilities? We
give two negative results to this question (see Theorems [f] and [7]). First, we show that

7



neral trum n — k largest eigvls are y-clustered 4 e eiev]
general spectru c< A <Acfork+1<i<n a-exp decaying eigvls
RCD (p; ~ As) 0 (5) o (=) 0 (+)
SSCD e O (yn) O (72=)
SSD O(n) O(n) O(n)

Table 3: Comparison of complexities of RCD, SSCD (with parameter 0 <k <n — 1) and
SSD under various regimes on the spectrum of A. The O notation supresses a log% term.

for any n > 2 and any T > 0, there is a matrix A such that the rate of RCD with any
probabilities (including the optimal probabilities) is O(T'log 1). Second, we give a similar
but much stronger statement where we reach the same conclusion, but for the lower bound
as opposed to the upper bound. That is, O is replaced by 2.

As a by-product of our investigations into importance sampling, we establish that
for n = 2, uniform probabilities are optimal for all matrices A (see Theorem [3)). For a
summary of all these results, see Table 2]

1.7 Interpolating between RCD and SSD

RCD and SSD lie on opposite ends of a continuum of stochastic descent methods for
solving . RCD “minimizes” the work per iteration without any regard for the number
of iterations, while SSD minimizes the number of iterations without any regard for the
cost per iteration (or pre-processing cost). Indeed, one step of RCD costs O(||Ai.]lo) (the
number of nonzero entries in the ith row of A), and hence RCD can be implemented
very efficiently for sparse A. If uniform probabilities are used, no pre-processing (for
computing probabilities) is needed. These advantages are paid for by the rate , which
can be arbitrarily high. On the other hand, the rate of SSD does not depend on A. This
advantage is paid for by a high pre-processing cost: the computation of the eigenvectors.
This pre-processing cost makes the method utterly impractical.

One of the main contributions of this paper is the development of a new parametric
family of algorithms that in some sense interpolate between RCD and SSD.

In particular, we consider the stochastic descent algorithm (4) with D being a
discrete distribution over the search directions {ey,...,e,} U {uq, ..., ur}, where u; is the
eigenvectors of A corresponding to the ¢th smallest eigenvalue of A. We refer to this new
method by the name stochastic spectral coordinate descent (SSCD).

We compute the optimal probabilities of this distribution, which turn out to be
unique, and show that for £ > 1 they depend on the k£ + 1 smallest eigenvalues of A:
0< X <Ay <--- < Ay In particular, we prove (see Theorem [8)) that the rate of SSCD
with optimal probabilities is

o ((k + DA g1 + Do A
Akl

log g) | (7)

For k£ = 0, SSCD reduces to RCD with p; ~ A;;, and the rate reduces to . For
k=mn —1, SSCD does not reduce to SSD. However, the rates match. Indeed, in this case
the rate (7)) reduces to @ Moreover, the rate improves monotonically as k increases, from

O(/\iiﬁi) log %) (for k = 0) to O(nlog ) (for k =n —1).

8



SSCD removes the effect of the k smallest eigenvalues. Note that the rate
does not depend on the k smallest eigenvalues of A. That is, by adding the eigenvectors
Uy, . .., u corresponding to the k£ smallest eigenvalues to the set of descent directions, we
have removed the effect of these eigenvalues.

Clustered eigenvalues. Assume that the n — k largest eigenvalues are clustered: ¢ <
Ai < 7yc for some ¢ > 0 and v > 1, for all £+ 1 < i < n. In this case, the rate (7)) can
be estimated as a function of the clustering “tightness” parameter v: O (vn log %) . See
Table Bl

This can be arbitrarily better than the rate of RCD, even for £ = 1. In other words,
there are situations where by enriching the set of directions used by RCD by a single
eigenvector only, the resulting method accelerates dramatically. To give a concrete and
simplified example to illustrate this, assume that A\; = ¢ > 0, while \y = --- =\, = 1.
In this case, RCD has the rate O((1 4 25*)log ), while SSCD with k = 1 has the rate
O(nlog %) So, SSCD is % times better than RCD, and the difference grows to infinity as ¢
approaches zero even for fixed dimension n.

Exponentially decaying eigenvalues. If the eigenvalues of A follow an exponential
decay with factor 0 < a < 1, then the rate of RCD is O(=— log 1), while the rate of

SSCD is O(# log %) This is an improvement by the factor %, which can be very
large even for small k if « is small. See Table [3| For an experimental confirmation of this

prediction, see Figure [5]

Adding a few “largest” eigenvectors does not help. We show that in contrast with
the situation above, adding a few of the “largest” eigenvectors to the coordinate directions
of RCD does not help. This is captured formally in the appendix as Theorem [12]

Mini-batching. We extend SSCD to a mini-batch setting; we call the new method
mSSCD. We show that the rate of mSSCD interpolates between the rate of mini-batch
RCD and rate of SSD. Moreover, we show that mSSCD is optimal among a certain
parametric family of methods, and that its rate improves as k increases. See Theorem

1.8 Inexact Directions

Finally, we relax the need to compute exact eigenvectors or A- conjugate vectors, and
analyze the behavior of our methods for inexact directions. Moreover, we propose and
analyze an inexact variant of SSD which does not arise as a special case of SD. See
Sections [D] and [El

2 Stochastic Descent

The stochastic descent method was described in (). We now formalize it as Algorithm
and equip it with a stepsize, which will be useful in Section [3.2] where we study mini-batch
version of SD.

In order to guarantee convergence of SD, we restrict our attention to the class of
proper distributions, defined next.



Algorithm 1 Stochastic Descent (SD)

Parameters: Distribution D; Stepsize parameter w > 0
Initialize: Choose xy € R"
fort=0,1,2,... do
Sample search direction s; ~ D
s; (Az¢—b)
s:Ast

Set r;,1 =1 — w
end for

Assumption 1. Distribution D is proper with respect to A. That is, Eq.p[H] is invertible,
where
ssT

H = TAS (8)

Next we present the main convergence result for SD.

Lemma 1 (Convergence of stochastic descent [6, [19]). Let D be proper with respect to A,
and let 0 < w < 2. Stochastic descent (Algom'thm converges linearly in expectation. In
particular, we have

(1= w(2 = W) Amax (W) lzo — zl[a < E[f|z — 2. ][3] (9)
and
Efllz: — z.]lA] < (1 — w(2 = @) Ain(W)) [0 — ]I 3, (10)
where
W :=E, p[AYV?HAY?. (11)

Finally, the statement remains true if we replace ||x; — z.]|% by f(z¢) — f(x.) for all t.

It is easy to observe that the stepsize choice w = 1 is optimal. This is why we have
decided to present the SD method with this choice of stepsize. Moreover, notice that
due to linearity of expectation,

=

Tr(W) E[Tr(AY*HAY?)]

| (%))
=[x ()

L,

where z = A!/2s. Therefore,

1
0 < Amin(W) < = < A (W) < 1.
n

2.1 Stochastic Spectral Descent

Let A = Z?:l )\Zu,ulT be the eigenvalue decomposition of A. That is, 0 < A; < Ay <
. < )\, are the eigenvalues of A and wuy,...,u, are the corresponding orthonormal
eigenvectors. Consider now the SD method with D being the uniform distribution over the

10



Algorithm 2 Stochastic Spectral Descent (SSD)

Initialize: zy € R"; (u1, A1), ... (un, Ay): eigenvectors and eigenvalues of A
fort=0,1,2,... do
Choose ¢ € [n] uniformly at random

-
u;' b
Set w1 = 1y — (u:xt - X > U;

end for

set {uy,...,u,}, and w = 1. This gives rise to a new variant of SD which we call stochastic
spectral descent (SSD).

For SSD we can establish an unusually strong convergence result, both in terms of
speed and tightness.

Theorem 2 (Convergence of stochastic spectral descent). Let {xy} be the sequence of
random iterates produced by stochastic spectral descent (Algorithm @) Then

1 t
Bl — 2] = (1- %) lla = 2[5 (12)

The above theorem implies the rate @ mentioned in the introduction. It means that
up to a logarithmic factor, SSD only needs n iterations to converge. Notice that is an
tdentity, and hence the rate is not improvable.

2.2 Stochastic Conjugate Descent

The same rate as in Theorem [2| holds for the stochastic conjugate descent (SconD) method,
which arises as a special case of stochastic descent for w = 1 and D being a uniform
distribution over a set of A-orthogonal (i.e., conjugate) vectors. The proof follows by
combining Lemmas [I] and [I3]

2.3 Randomized Coordinate Descent

RCD (Algorithm [3)) arises as a special case of SD with unit stepsize (w = 1) and distribution
D given by s; = e; with probability p; > 0.

Algorithm 3 Randomized Coordinate Descent (RCD)

Parameters: probabilities py,...,p, >0
Initialize: x( € R"
fort=0,1,2,... do
Choose i € [n] with probability p; > 0
Set x4 = 1 — wei
end for "

The rate of RCD (Algorithm [3) can therefore be deduced from Lemma [I] Notice that
in view of , we have

el p Pn
E[H]:ZpiA“ :Dlag(A_L""’A >
121 1 nn

11




So, as long as all probabilities are positive, Assumption [1] is satisfied. Therefore, Lemma
applies and RCD enjoys the rate

(@) ! log1 : (13)

Amin (ADiag (AL;)) €

Uniform probabilities can be optimal. We first prove that uniform probabilities are
optimal in 2D.

Theorem 3. Let n = 2 and consider RCD (Algorithm @) with probabilities p; > 0 and
po >0, p1 + p2 = 1. Then the choice p1 = py = % optimizes the rate of RCD in (13)).

Next we claim that uniform probabilities are optimal in any dimension n as long as
the matrix A is diagonal.

Theorem 4. Let n > 2 and let A be diagonal. Then uniform probabilities (p; = % for all
i) optimize the rate of RCD in (L13).

“Importance” sampling can be unimportant. In our next result we contradict
conventional wisdom about typical choices of “importance sampling” probabilities. In
particular, we claim that diagonal and row-squared-norm probabilities can lead to an
arbitrarily worse performance than uniform probabilities.

Theorem 5. For everyn > 2 and T > 0, there exists A such that: (i) The rate of RCD
with p; ~ Ay is T times worse than the rate of RCD with uniform probabilities. (ii)
The rate of RCD with p; ~ ||A.||? is T times worse than the rate of RCD with uniform
probabilities.

Optimal probabilities can be bad. Finally, we show that there is no hope for
adjustment of probabilities in RCD to lead to a rate independent of the data A, as
is the case for SSD. Our first result states that such a result can’t be obtained from the

generic rate ([L3)).

Theorem 6. For everyn > 2 and T > 0, there exists A such that the number of iterations
(as expressed by formula ) of RCD with any choice of probabilities py,...,p, > 0 is
O(T log(1/e)).

However, that does not mean, by itself, that such a result can’t be possibly obtained
via a different analysis. Our next result shatters these hopes as we establish a lower bound
which can be arbitrarily larger than the dimension n.

Theorem 7. For everyn > 2 andT' > 0, there exists an n X n positive definite matriz
A and starting point xy, such that the number of iterations of RCD with any choice
probabilities py, ..., pn, > 0 is QT log(1/¢)).

12



3 Interpolating Between RCD and SSD

Assume now that we have some partial spectral information available. In particular,
fix k € {0,1,...,n — 1} and assume we know eigenvectors u; and eigenvalues )\; for
i=1,...,k. We now define a parametric distribution D(«, 1, ..., ) with parameters
a > 0 and fi,...,0r > 0 as follows. Sample s ~ D(a, S, ..., ) arises through the
process

[n]

(K],

e; with probability p; = 24
o - N (14)
u; with probability p,4; =

i
C—;, S
where Cj, := aTr(A) + 32| 8 is a normalizing factor ensuring that the probabilities sum
up to 1.

3.1 SSCD

Applying the SD method with the distribution D = D(a, fy, . .., fk) gives rise to a new
specific method which we call stochastic spectral coordinate descent (SSCD).

Algorithm 4 Stochastic Spectral Coordinate Descent (SSCD)

Parameters: Distribution D(«, 51, ..., k)
Initialize: x( € R"
fort=0,1,2,... do

Sample s; ~ D(av, By, ..., Bk)
s] (Am;—b)
stTAst t

Set ;41 = 1 —
end for

Theorem 8. Consider Stochastic Spectral Coordinate Descent (Algorithm |4}) for fized
ke {0,1,...,n—1}. The method converges linearly for all positive o > 0 and nonnegative
Bi. The best rate is obtained for parameters o = 1 and B; = Agy1 — Ai; and this is the
unique choice of parameters leading to the best rate. In this case,

Ao )
Bl — o] < (1= 22 oo - .l
k

where .
Cr=(k+ D1+ > A
i=k42

Moreover, the rate improves as k grows, and we have

A :ﬁ<...<)"“rl << An :l‘

TI'(A) CD - - Ck - — Cpet n
If £ =0, SSCD reduces to RCD (with diagonal probabilities). Since é—é = Tf’\(k), we
recover the rate of RCD of Leventhal and Lewis [IT]. With the choice & = n— 1 our method
does not reduce to SSD. However, the rates match. Indeed, CAZ = H’\T"ﬂ = % (compare with

Theorem [2).
13



“Largest” eigenvectors do not help. It is natural to ask whether there is any benefit
in considering a few “largest” eigenvectors instead. Unfortunately, for the same parametric
family as in Theorem [§] the answer is negative. The optimal parameters suggest that RCD
has better rate without these directions. See Theorem (12| in the appendix.

3.2 Mini-batch SD

A mini-batch version of SD was developed by Richtarik and Tak&a¢ [19]. Here we restate
the method as Algorithm

Algorithm 5 Mini-batch Stochastic Descent (mSD)

Parameters: Distribution D; stepsize parameter w > 0; mini-batch size 7 > 1
Initialize: x( € R"
fort=0,1,2,... do
fori=1,2,....,7do
Sample s ~ D

s (Azi—b)

Set xt_l'_lﬂj =T — W SIASzi ti
1

end for
-
1
Set x4 = = 2$t+1,i
1=

end for

Lemma 9 (Convergence of mSD [19]). Let D be proper with respect to A, and let 0 <
w < &, where £(7) =L 4+ (1 = 1) X\pax(W). Then

&(r)’
E[lz; — 2./[a] < (p(w, 7)) lzo — [ (15)
where
plw,7) =1 = w[2 — wE(7)] Amin(W).
For any fixed T > 1, the optimal stepsize choice is w(T) = Tl) and the associated optimal
rate 1s A (W)
p((J.J(T),T): - %—I—(l—%) )\max(w).

3.3 Mini-batch SSCD

Specializing mSD to the distribution D = D(«, S, ..., fk) gives rise to a new specific
method which we call mini-batch stochastic spectral coordinate descent (mSSCD), and
formalize as Algorithm [0}

The rate of mSSCD is governed by the following result.

Theorem 10. Consider mSSCD (Algorithm|[6)) for fized k € {0,1,...,n— 1} and optimal
stepsize parameter w(T) = 5% The method converges linearly for all positive a > 0 and
nonnegative B;. The best rate is obtained for parameters a« =1 and §; = Agr1 — \i; and
this is the unique choice of parameters leading to the best rate. In this case,

A t
Efllz: — 2.4 < (1 - ;H) lzo — 2.4
k
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Algorithm 6 Mini-batch Stochastic Spectral Coordinate Descent (mSSCD)

Parameters: Distribution D(«, (4, ..., fk); relaxation parameter w € R; mini-batch
size T > 1
Initialize: xy € R"
fort=0,1,2,... do
for:=1,2,...,7 do

Sample St ™~ D(Oé, 517 s 7/Bk?)
stTi(Aa:tfb) '
s;;Asm- t1

Set Tiy1, = Ty — W
end for

-
1
Set w11 = pu Z L4144
i=1

end for

where
1 & 1
i=k+2
Moreover, the rate improves as k grows, and we have

A1 :ﬁ<...<)‘k+1
and A A 1
k+1 << n_o_ '
Fk - - fp nT_l +1
If £ = 0, mSSCD reduces to mini-batch RCD (with diagonal probabilities). Since
A Al , we recover the rate of mini-batch RCD [19]. With the choice k = n—1

Fo — Imr(A)+(1-1)a,
our method does not reduce to mSSD. However, the rates match.

4 Experiments

4.1 Stochastic spectral coordinate descent (SSCD)

In our first experiment we study how the practical behavior of SSCD (Algorithm 4))
depends on the choice of k. What we study here does not depend on the dimensionality of
the problem (n), and hence it suffices to perform the experiments on small dimensional
problems (n = 30).

In this experiment we consider the regime of clustered eigenvalues described in
Section and summarized in Table |3| In particular, we construct a synthetic matrix
A € R330 with the smallest 15 eigenvalues clustered in the interval (5,5 + A) and the
largest 15 eigenvalues clustered in the interval (6,0 + A). We vary the tightness parameter
A and the separation parameter ¢, and study the performance of SSCD for various choices
of k. See Figure [3]

Our first finding is a confirmation of the phase transition phenomenon predicted by
our theory. Recall that the rate of SSCD (see Theorem [8)) is

A ((k + DAt + Do )‘i)

Nkt1
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If £ < 15, we know \; € (5,54+ A) fori = 1,2,...,k+ 1, and \; € (6,0 + A) for

i =k+2,...,n. Therefore, the rate can be estimated as
~ —k-1)(0+A
T small :O(k}+1+(n 5>( + ))

On the other hand, if £ > 15, we know that \; € (0,0 + A) fori =k +1,...,n, and hence
the rate can be estimated as

::@(HH(”—k—l)wm))

0

Note that if the separation 6 between the two clusters is large, the rate Tlarge is much
better than the rate r4,,;. Indeed, in this regime, the rate 74,4 becomes O(n), while
Tsmau Can be arbitrarily large.

Going back to Figure [3| notice that this can be observed in the experiments. There
is a clear phase transition at k = 15, as predicted be the above analysis. Methods using
k € {0,6,12} are relatively slow (although still enjoying a linear rate), and tend to
have similar behaviour, especially when A is small. On the other hand, methods using
k € {18,24, 29} are much faster, with a behaviour nearly independent of # and A. Moreover,
as 0 increases, the difference in the rates between the slow methods using k& € {0, 6, 12}
and the fast methods using k € {18,24,29} grows.

We have performed additional experiments with three clusters; see Figure [4] in the
appendix.

4.2 Mini-batch SSCD

In Figure [2| we report on the behavior of mSSCD, the mini-batch version of SSCD, for
four choices of the mini-batch parameter 7, and several choices of k. Mini-batch of size
T is processed in parallel on 7 processors, and the cost of a single iteration of mSSCD is
(roughly) the same for all 7.

For 7 = 1, the method reduces to SSCD, considered in previous experiment (but
on a different dataset). Since the number of iterations is small, there are no noticeable
differences across using different values of k. As 7 grows, however, all methods become
faster. Mini-batching seems to be more useful as k is larger. Moreover, we can observe that
acceleration through mini-batching starts more aggressively for small values op k, and its
added benefit for increasing values of k is getting smaller and smaller. This means that
even for relatively small values of k£, mini-batching can be expected to lead to substantial
speed-ups.

4.3 Matrix with 10 billion entries

In Figure 3| we report on an experiment using a synthetic problem with data matrix A of
dimension n = 10° (i.e., potentially with 10'° entries). As all experiments were done on a
laptop, we worked with sparse matrices with 10° nonzeros only.

In the first row of Figure |3| we consider matrix A with all eigenvalues distributed
uniformly on the interval [1,100]. We observe that SSCD with k& = 10* (just 10% of n)
requires about an order of magnitude less iterations than SSCD with £ = 0 (=RCD).
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Figure 1: Expected precision E [||z; — z.||4 /||wo — z.||4] versus # iterations of SSCD for
symmetric positive definite matrices A of size 30 x 30 with different structures of spectra.
The spectrum of A consists of 2 equally sized clusters of eigenvalues; one in the interval
(5,5 + A), and the other in the interval (0,60 + A).
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Figure 2: Expected precision E [||z; — z.||4/||xo — ]|4] versus # iterations of mini-batch
SSCD for A € R3%*30 and several choices of mini-batch size 7. The spectrum of A was
chosen as a uniform discretization of the interval [1, 60].

In the second row we consider a scenario where [ eigenvalues are small, contained
in [1,2], with the rest of the eigenvalues contained in [100, 200]. We consider [ = 10 and
[ = 1000 and study the behaviour of SSCD with & = [. We see that for [ = 10, SSCD
performs dramatically better than RCD: it is able to achieve machine precision while
RCD struggles to reduce the initial error by a factor larger than 10°. For [ = 1000, SSCD
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achieves error 10~? while RCD struggles to push the error below 10~%. These tests show
that in terms of # iterations, SSCD has the capacity to accelerate on RCD by many orders
of magnitude.
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Figure 3: Expected precision E [||z; — z.||A /||zo — z«||A] versus # iterations of SSCD for a
matrix A € R°*10° Top row: spectrum of A is uniformly distributed on [1,100]. Bottom
row: spectrum contained in two clusters: [1,2] and [100, 200].

5 Extensions

Our algorithms and convergence results can be extended to eigenvectors and conjugate
directions which are only computed approzimately. Some of this development can be found
in the appendix (see Section @[) Finally, as mentioned in the introduction, our results can
be extended to the more general problem of minimizing f(z) = ¢(Ax), where ¢ is smooth
and strongly convex.
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Appendix

A Extra Experiments

In this section we report on some additional experiments which shed more light on the
behaviour of our methods.

A.1 Performance on SSCD on A with three clusters eigenvalues
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|Er
llzo—[IA
symmetric positive definite matrices A of size 30 x 30 with different structures of spectrum.

The spectrum of A consists of 3 equally sized clusters of eigenvalues; one in the interval
(10,10 + A), the second in the interval (6,6 + A) and the third in the interval (26,260 +
A). We show results for 16 combinations of § and A: A € {1,10,25,100} and 6 €
{100, 250, 500, 1000}.

Figure 4: Expected precision E [ ] versus the number of iterations of SSCD for

In Figure [ we report on experiments similar to those performed in Section .1}, but on
data matrix A € R3%*3° whose eigenvalues belong to three clusters, with 10 eigenvalues in
each. We can observe that the SSCD methods can be grouped into three categories: slow,
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fast, and very fast, depending on whether k corresponds to the smallest 10 eigenvalues,
the next cluster of 10 eigenvalues, or the 10 largest eigenvalues. That is, there are two
phase transitions.

A.2 Exponentially decaying eigenvalues

We now consider matrix A € R1%%10 with eigenvalues 2°,2!,...,2% We apply SSCD with
increasing values of k (see Figure [5)).

10°

cC
R
L)
9 S————
0 101! k=2
- =
(0] k=4
vl k=6
9 =
o —4— k=28
X 1072
[N -—®— k=9
0 10 20 30 40 50

Number of iterations

_ 2
H] versus the number of iterations of SSCD for
*HA

symmetric positive definite matrix A of size 10 x 10.

Figure 5: Expected precision E [

We can see that the performance boost accelerates as k increases. So, while one may
not expect much speed-up for very small k, there will be substantial speed-up for moderate
values of k. This is predicted by our theory. Indeed, consulting Table [3| (last column), we
have v = 1/2, and hence for k£ = 0 the theoretical rate is @(%) For general k we have
(’N)(ﬁ) So, the speedup for value k > 0 compared to the baseline case of k = 0 (=RCD)
is 2% i.e., exponential.

B Proofs

In this section we provide proofs of the statements from the main body of the paper.
Table ] provides a guide on where the proof of the various results can be found.
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’ Result \ Section ‘

Lemma |1 B.1
Theorem |2 B.2
Theorem |3 B.3
Theorem (4 B.4
Theorem [5 B.5
Theorem [6 B.6
Theorem |7 B.7
Theorem (8 B.8

Lemma [9) B.9
Theorem |B.10|

Table 4: Proof of lemmas and theorems stated in the main paper.

B.1 Proof of Lemma [1

The result follows from Theorem 4.8(i) in [19] with the choice B = A. Note that since
2, = A71D is the unique solution of Az = b, it is equal to the projection of z, onto the
solution space of Ax = b, as required by the assumption in Theorem 4.8(i). It only remains
to check that Assumption 3.5 (exactness) in [19] holds. In view of Theorem 3.6(iv) in [19],
it suffices to check that the nullspace of E[H] is trivial. However, this is equivalent to the
assumption in Lemma (1| that E[H] be invertible.

Finally, observe that

He—zla = 2e—-z)"Alx—2) = iz'Ar+iz/Az,—2"Ax,
= %xTAx + %ZL’IAI* —2TAA flz)+ %xIAx*
= flx) = f(z.).

B.2 Proof of Theorem [2
We will break down the proof into three steps.

1. First, let us show that Algorithm [2|is indeed SSD, as described in , ie., 1 =

T —_ . “1 .
Ty — sts(TA—jtStb)st. We known that s; = u; with probability 1/n. Since Au; = A\u;, and
t
assuming that at iteration ¢ we have s; = u;, we get
T T
u; (Azy —b) u; (Azy —b)
x = - = I
t+1 t 'LL;FAUZ [ t /\l 7
Aiug xp —u) b - uTb
= X — )\—uz = Ty — <U Ty — e )ul
7

2. We now need to argue that the assumption that E[H] is invertible is satisfied.
. 1 ulu 1 u; uT
= . 16
Z nu; Au; Z; noA\ o (16)

Since E[H] has positive eigenvalues 1/(n);), it is invertible.
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3. Applying Lemma [I} we get
(1= Amax (W) El o — 2. ][3] < Elflz — 23] < (1 = Ain(A) E[[[ 20 — 2. [[3]-
It remains to show that Ap,(W) = A\pax(W) = % In view of , and since
AY2u; = /N, we get

n T n 1/2 TAL/2
W Al/zE[H]Al/Q A1/2Zluzuz A1/2 _ lA / Uiui A/ _ lI

no\ n Ai n

i=1 =1

B.3 Proof of Theorem [3

Let A be a 2 x 2 symmetric positive definite matrix:

A:(CCL g).

We know that a,b > 0, and ab — ¢ > 0. Assume that s, = e; = (1,0)" with probability
p>0and s, = ey = (0,1)" with probability ¢ > 0, where p + ¢ = 1. Then

T T p
@B €16 €269 £0
EH| = = |
[H] pelTAel * qe;Aeg <0 %) ’
and therefore,
E[H]A = (pc pE) .
q; 4

Note that E[H]A has the same eigenvalues as W = AY2E[H]A'2. We now find the
eigenvalues of E[H]A by finding the zeros of the characteristic polynomial:

p—X pt ) ¢
det(EH]A — A\I) = det a ) =A=A 1—— 1] =0
er(glmlA a0 —det (V20 P w0 (1-5)

It can be seen that

Awin (E[H]A) _%—%\/1—4pq (1—2—2) _%—%\/1—4;9(1—19) (1—2—2).

The expression Ay, (E[H]A) is maximized for p = %, independently of the values of
a,b and c.

B.4 Proof of Theorem 4

Fix n > 2, and let Al :={peR" : p>0, > ,p; =1} be the (interior of the) probability
simplex. Further, let A = Diag(Aj;, Ags, ..., A,,) be a diagonal matrix with positive
diagonal entries.

The rate of RCD with any probabilities arises as a special case of Lemma (1, We
therefore need to study the smallest eigenvalue of W (defined in ) as a function of
p=(p1,...,pn). We have

H(p) := Es.p[H] Z ieie] = Diag(p1/A11, pa/Asz, ..., pn/Apn),

1>
Az’z’
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and hence

P1 0
(11
W2 W(p) = AVHP)AY =Y piee] = ) )
0 0 Pn

Note that Ay (W(p)) Amin(Diag(p1, pa, - - -, Pn)) = min; p;, and thus

max A (W (p)) = %

peEAS

Clearly, the optimal probabilities are uniform: p} = % for all 7.
B.5 Proof of Theorem [5
We continue from the proof of Theorem [4]

1. Consider probabilities proportional to the diagonal elements: p; = A;;/Tr(A) for all
1. Choose Ay :=1t,and Ay, =---=A,,, = 1. Then

o A22 o 1
C Tr(A) t+n-—1

)\rnln(W(p)) < p2 —>0ast — oo.

2. Consider probabilities proportional to the squared row norms: p; = ||A;.||?/Tr(ATA)
for all 7. Choose A1 :=1t, and Ayy =---=A,,, = 1. Then

A22 1

= = 0 t .
T(ATA) Z1n_1 77

Amin(W(p)) < p2

Amin (W(p))

In both cases, e (W)

can be made arbitrarily small by a suitable choice of t.

B.6 Proof of Theorem [6l

The rate of RCD with any probabilities arises as a special case of Lemma [I] We therefore
need to study the smallest eigenvalue of W (defined in (11])). Since we wish to show that
the rate can be bad, we will first prove a lemma bounding A, (W) from above.

Lemma 11. Let 0 < Ay < Ay < -+ <\, be the eigenvalues of A. Then

Zloxazameavcmeo. We have

n T
w & AEmA: B A (Z v ) A% = A’Diag (&) A%

k=1



From the above we see that the determinant of W is given by

- Pk
det(W) = det(A -—. 19
W) = der(a) [T 22 (19)
On the other hand, we have the trivial bound
det(W) = [T M(W) = (Apin(W)". (20)
k=1

Putting these together, we get an upper bound on Ay, (W) in terms of the eigenvalues
and diagonal elements of A:

9 )

Amin(W) < {/det(W) =

—
*
~

<

E0)
where (*) follows from the arithmetic-geometric mean inequality. O
The Proof: Let A\,...,\, are any positive real numbers. We now construct matrix

A = MAMT, where A := Diag(\1,...,\,) and

1/vV2 1/v/2 0 0
—1/v/2 1/v2 0 0
M = 0 0 1 0 eRr™™,
: : : 0
0 0 O 1
Clearly, A is symmetric. Since M is orthonormal, \q,...,\, are, by construction, the

eigenvalues of A. Hence, A is symmetric and positive definite. Further, note that the
diagonal entries of A are related to its eigenvalues as follows:

Aitde L — 1. 9.
Ay = { 2 T (21)

Ak, otherwise.
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Applying Lemma |11} we get the bound

n 1/n
@@ 1
/\min W S - N
( n H A, >
1 )\ n 1/n
(I L)
1 1/n
ey 1
on H Akk)
1i l Z9NP 1n
n ()\1 + /\2)2 )
Let ¢ > 0 be such that A\; = c\y. Then (/\41)3:3\22)2 = (1+ . If choose ¢ small enough so

that (ljlr—cc)z < (%)n, then Apin(W) < % The statement of the theorem follows.

B.7 Proof of Theorem [T

Let W = UAUT be the eigenvalue decomposition of W, where U = [uy,...,u,]
are the eigenvectors, \{(W) < ... < X, (W) are the eigenvalues and A =
Diag (A (W), ..., A\,(W)). From Theorem 4.3 of [19] we get

E [UTAI/Q(xt — )] =I- AUTAY? (g — ). (22)
Now we use Jensen’s inequality and get

E [||mt — :E*||i] = E [HUTAI/Q(xt — )

] > B [T A @ - )]

1,
n

= ST MW (] AV (g — 2,))” > (1= M (W) (u] AV (20 — 2,))

i=1

Now we take an example of matrix A, for which we set Apin(W) < % for arbitrary
T > 0, like we did in Section We also choose 2o = z. + A~/2u;. For this choice of A
and o we get ||zo — z.]3 = ||ui) and

1 2t 1 2t
E (o~ i) 2 0= MWDl 2 (1= 7) Tald= (1= 1) oo =l
)

B.8 Proof of Theorem
We divide the proof into several steps.

1. Let us first show that SSCD converges with a linear rate for any choice of o > 0
and nonnegative {/3;}. Since SSCD arises as a special case of SD, it suffices to apply
Lemma . In order to apply this lemma, we need to argue that D = D(«, b1, . .., 5n)
is a proper distribution. Indeed,

27

@ ” A)YUTAY2(x,

~ )

(24)



SND .Z Di TA an+z TAU
C’ik (aI—i—Zu u:fl> (26)

N | = 0.
=

2. For the specific choice of parameters o = 1 and 3; = Ag11 — A\; we have

)\k+l —Ai
E,.p[H] = I u; ,
D[ Ck ( +§_; )

m

and Cy = (k+ 1)A\gr1 + > A Therefore,
i=k+2

1
E..p[AH] = Ck (Z )\k+1u,u + Z A, ) )
=1

i=k+1

The minimal eigenvalue of this matrix, which has the same spectrum as W, is

Amin(Es~p[AH]) = )\gl _ Ak _ '
Eo D+ 3 A

i=k+2

The main statement follows by applying Lemma

3. We now show that the rate improves as k increases. Indeed,

ZA k+1+ ZA>k+1+—ZA

)"““ i=k+1 A’““ i=k+2 i=k+2
By taking reciprocals, we get
k42 _ > )\k—l—lm .
(k+DXea+ Do N ke + D0 N
i=k+2 i=k+1
4. It remains to establish optimality of the specific parameter choice o = 1 and

Bi = A\gr1 — ;. Continuing from , we get

n k n
Es.p[AH] e 1 (Z wi; —l—Zuzu ﬁz> = <Z(o¢)\i + Biusu, + Z oz)\iuz-uiT> )
=1

i=1 i=k+1
(27)

The eigenvalues of E, p[AH] are {“’\ﬁﬁi}k LU {Og):}?:kﬂ. Let v be the smallest

eigenvalue, i.e., v := A\pin(Esop[AH]) = oo and 2 be the largest eigenvalue, i.e.,

Q= Aax(Esop[AH]) = C%, where ¢ and A are appropriate constants. There are
now two options.
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(a) v = %’“]jl Then a); + fB; > adpyq for i € {1,...,k}. In this case we obtain:

k k n n
i=1 i=1 i=k+1 i=k+1
(28)
and therefore \
v < e (29)
EXepr + D0 A
i=k+1

(b) yz%zc%forsomeje{l,...,k}. Then

k k n n
Ch=aTr(A)+> Bi=> (ahi+8)+a Y N>kb+a Y X (30)
=1

i=1 i=k+1 i=k+1

whence

7
7 < — (31)
EO+a > N\
i=k+1
Note that the function f(#) = ——%—— increases monotonically:
Kota S N
i=kt1
« Z )\1
1 ko i
1'(6) = T = >0 (32)
i=k+1 i=k+1 i=k+1
From this and inequality algi1 > 6 we get
N < Q11 _ _ Nt 1 . ‘ (33)
&(k>\k+1 + Z )\l) k>\k+1 + Z )\Z
i=k+1 i=k+1

In both possible cases we have shown that

)\min (ESND [AH]) S /\k+1

EXeri+ >0 N
i=k+1

So, it is the optimal rate in this family of methods. Optimal distribution is unique
and it is:

e; with probability p; = 24 §=1,2,...,n
s~D & s= ] P ”yp _Ck)\Hl_)\i o (34)
u; with probability p,.; = e =12, k,

where Ck = k/\k+1 + Z /\Z

i=k+1
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B.9 Proof of Lemma

The steps are analogous to the proof of Lemma [T}

B.10 Proof of Theorem [10

Let Cp = (k+ 1)A\gs1 + Z A; 7 = = — the minimal eigenvalue of the matrix W and
i=k+2
Q= CAk — the maximal eigenvalue of the matrix W. The optimal rate of the method [19] is
0
r(r) = ! - . (35)

o086 DA
From the Section [B.8 we have

Eswp[AH] = (Z )\Hlulu + Z AU, ) .

i=k+1
There are two options.

1. y= %’T Then a); + 5; > aXgyq for i € {1,...,k} and A > a\,. In this case we
obtain:

Cr = aTr (A +Z@ _Z aXi+B)+a Y N>a (k/\k+1+ > /\i> (36)
=1 i=k+1 i=k+1

and therefore

r(r) < na)\k’-i-l _ n)\k+1 ‘
a <mk+1 + Ai) +(1-Har, 1L (kml + X /\i) +(1-Hx,
i=k+1 i=k+1
(37)
2. Py:%:&':cik for some j € {1,...,k}. Then
k k n n
Cy = aTr (A)+Z Bi = Z(oz)\i—i-ﬁi)—i-a Z A > kO+a Z Xi, A >a), (38)
i=1 i=1 i=k+1 i=k+1
whence 0
r(r) < ~ : (39)
1 <k9+a > Ai> +(1-1)a,
i=k+1
Note that the function f(0) = - g increases monotonically:
<k0+a > /\i>+(1—1)a)\n
i=k+1
7'0) = 1 - . 2
1 o — 5 )&An 1 « —= o
T<k0+ l=§+1AZ>+(1 Yo ( <k€+ Z_§+1)\>+(1 ) M)
2 3 Ae(-Hor, (40)
- Z_k+: 5 > 0



From this and inequality alg, 1 > 6 we get

r(r) < O;/\k;+1 _ n)\k+1 .
% (Oék)\k+1 + o Z )\1) + (1 - %) Oé)\n % (k)\k+1 + Z )\Z> + (1 — %) )\n
i=k+1 i=k+1
(41)
For both possible cases we shown that r(7) < ass . So, it is the

% kX g1+ Xn: A +(1—%)>\n
1=k+1
optimal rate in this family of methods. Note that a could be any positive number. Optimal

distribution is unique and it is:

e; with probability p; = ’é—j: 1=1,2,...,n

u;  with probability p,; = 22=2 i =12k,

s~D & 8:{ (42)

where Cy, = kAgy1+ > i For k = 0 we obtain mRCD, for k = n — 1 we get the optimal

i=k+1
1

rate ﬁ and rate increases when k increases.
T/’Nn

C Results mentioned informally in the paper

C.1 Adding “largest” eigenvectors does not help

In Section describing the SSCD method we have argued, without supplying any detail,
that it does not make sense to consider replacing the k “smallest” eigenvectors with a few
“largest” eigenvectors. Here we make this statement precise, and prove it.

Fix k € {0,1,...,n— 1} and consider running stochastic descent with the distribution
D defined via

e; with probability p; = O‘é:” 1=1,2,...,n

u; with probability p, ;i = g—; 1=k+1,k+2,...,n,

s~D & s:{ (43)

where C, = oTr (A) 4+ > Biand for 8; >0 fori € {1,2,... k}.
i=k+1
That is, we consider “enriching” RCD with a collection of a n — k eigenvectors
corresponding to the n — k largest eigenvectors of A. We have the following negative result,

which loosely speaking says that it is not worth enriching RCD with such vectors.

Theorem 12. The optimal parameters of the above method are k =n or 8; =0 for all
i=k+1,...,n.

Jloxazameavcmeo. We follow similar steps as in the proof of Theorem [§ In this setting

we have
1 - 62 T
E..pHl = — [ ol + —uu,; |,
= Ch ( i;l Ai )

whence

1 u 1 (& 0

AE, . pH] = oA (aA + Z @Uzu;r) == (Z alugu] + Z (B + Oé)\i)uz‘u;r>
k i=k+1 k\li=1 i=k+1
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and
a\; a\ A

< — ‘
Cy — oTr(A) Tr(A)

It means that the best rate in this family of methods is obtained when & = n or
Bi=0foralli=k+1,...,n. ]

Amin (AE,p[H]) =

So, to use spectral information about n — k last eigenvectors we should use more
complicated distributions (for instance, one may need to replace a by «;).

C.2 Stochastic Conjugate Descent

The lemma below was referred to in Section [2.2] As explained in that section, this lemma
can be used to argue that stochastic conjugate descent achieves the same rate as SSD:

O(nlogl).
Lemma 13. Let {v;...v,} be an A-orthonormal system:

1 i
viTAvj:{ Z ]
0 i#]

If distribution D consists of vectors v; chosen with uniform probabilities, then Apin(W) = %
Zloxazameavcmeo. That is,
1 <=~ A2l A2 1 &

W= AV2EHIAY2 = =N i S NT A2 T AV, 44
pAv: = 3T AT LS v, m

Making a substitution u; = A'/2s;, we get
wo ! Zn: Tl (45)

n ‘= n

because {u; ...u,} is orthonormal system. O

D Inexact Stochastic Conjuagate Descent

In Section [2.2] we stated, that we can achieve an optimal rate of stochastic descent by using
uniform distribution over a set of n A-conjugate directions. In this section we consider the
case when A-conjugate directions are computed approximately.

More formally, we consider a system of vectors vy, ..., v,, which satisfies |va Avj‘ <e
for i # j and v Av; = 1 for some parameter ¢ > 0. Further we’ll call such vectors
e-approximate A-conjugate vectors.

Now we formalize the idea of using approximate A-conjugate directions in Stochastic
Conjugate Descent, which leads to Algorithm [7]

Algorithm 7 Inexact Stochastic Conjugate Descent (iSconD)

Initialize: xq € R™; vy,...,v,: e-approximate A-conjugate directions
fort=0,1,2,... do

Choose i € [n] uniformly at random

Set w41 = 2 — v (Azy —b)v;
end for
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For this algorithm we are going to obtain rate O(n log %), the optimal rate for stochastic
descent.

D.1 Lemma

Lemma 14. Let S = [vy, ..., v,], where vy, ..., v, are e-approximate A-conjugate vectors.
If € satisfies
1
46
€< (46)
then I:= STAS is positive definite matriz and
l1+e(n—1)
Amin(AV2SSTAY2) > 1 —e(n — 1)~ 4
1 -1
N (AV2SSTAY) < 1 4 e(n — 1) P =) (48)

l1—e(n—1)
/loxazameavcmeo. For unit vector x we can write

TIm—wa;Il—l—i—mellzl>1—ez (22 +2?)=1—¢(n—1).

IRBE zlz;ﬁl

Under condition (46) we get 21z > 0 for any z, which proves the first part of lemma.
Since STAS is positive definite, vectors AY?vy, ..., A%y, are linearly independent.
Any unit vector « may be represented as © = A'/2Sa with normalization condition:

l=z2'z2=a"Ta=a'a+ Z Loua, (49)
IRBE
or
ala=1- Z Loy (50)
IREE

Now we can analyse spectrum of matrix A/2SSTAY/2,

- - 2
2TAY28STAY2; — o TSTASSTASa = o '12a — HIa _
2

n n 2
Z (Z iu%) =
i=1 \lI=1

2, 2
_ Z (a@ i ZI”O"> => | +2m > Ty + (Z Lzaz)

L:l£i i=1 Ll Lili

Using we get

. 2
e TAY2SSTAY 2y =1+ Z Lo + Z <Z iil@l> =1+ R+ Ry (51)

il i=1 \llzi
A g NS
Vv Vv

Rl R2
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To estimate |R;| and |Rs| we need to estimate o' v using (50)):
2 | 2
< —|— o
Ta<1 LMy ~Da’
a a< +€”Z#l 5 +e(n—1)a «

which under condition implies that a'a < % Now we can estimate |R;| and

o ot af (n 1)
o; + o g(n—1
R, < —t = —Nala< ———— 52
1_€.Z 5 e(n—1)a Oé_l—s(n—l) (52)
4,011
R<Zn—12a5—5 1)204T04<M (53)
? o~ “1-¢e(n—1)
Finally from (51), (52) and we get
—1 2(n—1)2 1 -1
/\min(Al/QSSTAl/Q)Zl—E(n o e U S e Ul NP
1—¢(n—1) 1—¢(n—1)
—1)+&%(n—1)? 1+e(n—1)
Amax(A2SSTAY?) < 1 e(n =1 — ) 55
( s gy telm-Ui—Zo=y ¥
0

Corollary 14.1. If e < (\7/15_—11) then Amin(AY2SSTAY2) > 0 and condition number of

AY28STAY? has the following bound:

Amax (A/28STA1/2) _ 1+¢&%(n—1)>
Amin(A1/2SSTA/2) "1 —2e(n—1) —e?(n—1)2

(56)

D.2 Rate of convergence
The following theorem gives the rate of convergence of iSconD.

Theorem 15. Let S = [vy...v,], where {vy...v,} is e-approzimate A-conjugate system.
Ife < g5y then Amin(W) > o=, which means that the rate of iSconD is O(nlog?t).

Zoxazameavcmeo. As in Lemma , we can show that W = %Al/QSSTA, where S =
[v1 ... vy,]. Using bound and Corollary [14.1] we get

1 l+e(n—1)
Amin(W) > —(1—-e(n—1)———F—= 57
W)= 2 (1= e - E ) (57)
for small enough ¢ (see Corollary - For ¢ = W we get Apin(W) > 2. O

D.3 Experiment

Figure [0] illustrates the theoretical results about iSonD. For this experiment we generate
random orthogonal matrix V and random symmetric positive definite matrix I, which

satisfies I; = 1,

Lj‘ < ¢ for i # j. Columns of matrix A~V/2VI'/2 were taken as
approximate A-conjugate vectors.
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Figure 6: Expected precision E [

different choices of parameter ¢.

D.4 Approximate solution without iterative methods

Note that the problem is equivalent to the following problem of finding x such that

Az =b. (58)

Let S = [v;...v,] be a set of A-conjugate vectors, i.e., STAS = I. We can now find the
solution to the linear system . Since STh = STAz = STASS~ !z = S~'2, we conclude
that

=SS’ (59)

We will now show that unlike in the exact case, using formula (59)) with e-approximate
A-conjugate vectors does not lead to a precise solution of our problem.

Lemma 16. Let S = [v;...v,] be an e-A-orthonormal system. Let x, = A™'b be the
solution of the linear system . Let & be an estimate of the solution, calculated with
formula using e-approzimate A-conjugate vectors: & = SSTh. If e < 1/(n — 1), then

. l+e(n—1)
|2 —zfla <eln— 1)1— 2] (60)
(n—1)
Zloxazameavcmeso. Note that AY2; = AY2SSTAY2AY2y = iAl/Qx*, where I =

A'/28ST A2, From Lemma |14 we now get that

< l+e(n—1)
NI T ‘ <en—1)——20 T 1
and hence . ( D
~ +ée(n —
I—IH <e(n—1) A\t 62
H 2_€(n )1—8(n—1) (62)
Therefore,
. 1/2/ 4 1/2,, 1+¢e(n—
|3 — 2|, = ||A*(2 - ||2—H A"z, x*||2<5n—1)
H
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If we choose € = S(n—l—l)’ like we did in Theorem , we get the following precision:

) 2
12 = 2ulla < 5 lldla (63)

which is rather poor. However if we use Algorithm [7], we can get approximate solution
with any precision (after enough iterations).

E Inexact SSD: a method that is not a special case of
stochastic descent

In Section we defined Stochastic Spectral Descent (Algorithm . We now design a
new method which will “try” to use the same iterations, but with inexact eigenvectors of
A. We call w an inexact eigenvector of A if

Aw = w+e (64)

for some € and A > 0 (inexact eigenvalue). Clearly, any vector can be written in the form
(64)). This idea leads to Algorithm [§|

Algorithm 8 Inexact Stochastic Spectral Descent (iSSD)

Initialize: zy € R"; (wy, A1), ... (wn, Ay): inexact eigenvectors and eigenvalues of A
fort=0,1,2,... do
Choose i € [n] uniformly at random

w, b
Set 141 = 2 — w;xt — 5w

end for

Note that the above method is not equivalent to applying stochastic descent D being
the uniform distribution over the inexact eigenvectors. This is because in arriving at
SSD, we have used some properties of the eigenvectors and eigenvalues to simplify the
calculation of the stepsize. The same simplifications do not apply for inexact eigenvectors.
Nevertheless, we can formally run SSD, as presented in Algorithm [2, and replace the
exact eigenvectors and eigenvalues by inexact versions thereof, thus capitalizing on the fast
computation of stepsize which positively affects the cost of one iteration of the method.
This leads to Algorithm

Hence, in order to analyze the above method, we need to develop a completely new
approach. We will show that Algorithm [§| converges only to a neighbourhood of the optimal
solution.

E.1 Lemmas

Further we will use the following notation: S = [w; ... w,] — inexact eigenvectors matrix,
A = Diag (A1 ... \,) — inexact eigenvalues matrix, E = [g; ...&,] — error matrix, A = SAST
— estimation of matrix A. We also assume, that inexact eigenvectors are e-approximate
orthonormal for € < L5, i.e. wlw; = 1, |wjw;| < e for i # j.

The following lemma gives an answer to the question: how precise is A as an estimate
of matrix A?
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Lemma 17. A = IA — SE', where matrix I=SST satisfies
l4+e(n—1)
<en-—-1)——=.
2 = ( )1 —e(n—1)
Joxazameavcmeo. Indeed, the definition of inexact eigenvectors can be written in matrix

form as AS = SA+E, from which follows that IA = SSTA = SAST + SE". Equality
follows immediately from Lemma [T4] O

Hi—I

(65)

The next lemma gives a general recursion capturing one step of iSSD, shedding light
on the convergence of the method.

Lemma 18. Sequence of {x;} generated by inexact SSD satisfies equality
1 1
Blloc =y = (1= 1) Elloc— ol + 28 (o - ) T — )]
1 2
+ = (E [EA[— 2, EA°CE'z,) — “E [(2; —2,)'SCAT'E"z.]
n n

where T = (I—1)A —SET — EA'ET + SCS” and

C = Diag (w; &1 ...w, ) - (66)
Joxazamenncmao.
ez, |
i1 — 2.3 = |2 — 20 — www] (2 — 2.) + wtw,
N,
e .\’
= el ] A (] ) - )

T g} T, T
+2w(zy — x4) Awy ( t)\ —w, (xp — x*))
t

T 2
el .,
= ||ZL‘t — 33*“1 +w2()\t + thet) <w2—(l't — ZL'*) - t)\ )
t

T g/ T T
F2uw(ze — i) (Mwy + &) ( T W (¢ — x*))
¢

T T
o, EtEy T
At

T T T 2
(2 — @) ey o 1 (T gy L
+2w +ww, & | w, (¢ — z4) —
At At

+2(w — w?) (v — 2) Twie] w1y — 2w(wy — 1) Twie] (w4 — 1)

= [z — 2|3 — w2 = w)(z — ) Awaw] (T — 2) + 2w — 1) + 3

= |l — ac*||12A —w(2—w)(z, — JJ*)T)\twtth(It —r,)tw

erel

At

At

— ||x¢ — x*HEtE;I' 4 2w(wy — 2,) Twee] (2,(2 — W) — 2) + W/ g <th(a:t —I,) —

Now we can take conditional expectation E[ - | x].

w(2 —w
Elllers — a2 | 2] = 2z — a2 — 22—

—Q—w(:c —z,)'SE" (2, — (2 — w)x )—i—biziwis- w] (zy — x,) —
n t * t * n a i <1 i t *
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where ¥ = EA'ET.
Now we set w = 1 and use Lemma [I71

1 1 1
Elllze — 2y |2 = [lze — 2.3 — — e~ .5 + - (A L zal% —
2 T\’
—Z(2y — ) ' SE" (2, — ) Zw € <w (2 — 4) — Si %‘) =
n Ai

1 1 A 1
= |lz; — 2] (1 - —) +~(r =) ((1 ~DA+SE" - 2SET) (00— 2.) + Lzl - = flae — .} +

n
I~ 1 T gl Ty 2_
+n;wi Ei <wi (2 — ) "y ) =
B 1 ), 1 . . . Ly o
=1—= )|l —z|ly+—(rs —2z) (I-TA—-SE' —%) (x; —z.) + — |lzel5 +
n n n
T\’
+— Zw 6z< (2 — 4) — Z)\i*) —

1 , 1 . 1
= (12 ) ol 2o ) (- DA ST = %) (o )+ i +

1 1 2
+— 2 — .| 5egr + ExT (EA°CE") z, — =(z; — z,) 'SCA'E"z,,

*
n

where C = Diag (wfgl LW 5n) We get

1 1
Bllors — ol lo] = (1= 2) o=+ 2o = ) T - o)
1
+— (H:ct||.2EA,1ET +2/EA’CE "z, — 2(2; — 2,) 'SCAT'E'z,)
n

where ' = (I—I)A —SET —EA'ET + SCST. O

The following lemma describes which inexact eigenvalues are optimal for a fixed set
of inexact eigenvectors.

Lemma 19. Let w; be fized. Then the choice

minimizes ||g;||, in X, where €; := ||Aw; — Aw;||2. Moreover, for this choice of \; we get
T

Joxasamenvcmeo. Minimizing ||Aw; — Aw;|; in A gives (67). For this choice of \; we get
w, & = w; Aw; — \w, w; = w Aw; — w Aw; = 0. ]

E.2 Convergence

Choosing eigenvalues as defined in , and in view of , we see that C = (. From this
and Lemma [I§ we get

1 1 1
Elloen i = (1= 1) Ello = 2l + 2 (o= 0T = 2] + 1 ldacver

(68)
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where I' = (I—I)A — SET — EA'E". From the Cauchy Schwarz inequality we get
1

9 2 2 2 2
EE Z:lga—1gT = EE |2t — T4 + 24| gp1gT < EE 2t — Zellga1gT + E]E |74 ga-157 »(69)

which leads to

1 1 2

E ||z — 23 < (1 - 5) E |z — z.]3 + EE (21— 2.) Q2 — 2.)] + o [EN [
. (70)

where Q = (I - I)A — SET + EA"'E". Inequality implies that

qg—1 r
E ||zs1 — lla S E |l — 2.la + — Bl - zolla + go (71)
where ¢ = max %, ro = 2|z |y i

If the errors e, ..., &, and € are small enough, we can make ¢ and ry arbitrarily small

for fixed ,. From (71)) we can see that E ||z, — .|| is going to decrease as long as

To

1—q

E ||z, — a3 2 (72)

Hence, for small enough ¢4,...,e, and parameter e, iSSD will converge to a
neighborhood of the optimal solution, with limited precision ([72]).
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