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Variane-bias tradeo�

Ìîäåëü:

y = F (x) + ε, Eε = 0, Dε = σ2.

Îøèáêà ïðåäñêàçàíèÿ y0 ïî âåêòîðó x0 ñ ïîìîùüþ ìîäåëè F̂ :

PE
(

F̂ (x0)
)

= E

(

y0 − F̂ (x0)
)2

= σ2 +MSE
(

F̂ (x0)
)

.

Ñðåäíåêâàäðàòè÷íàÿ îøèáêà îöåíêè F̂ :

MSE
(

F̂ (x0)
)

= E

(

F (x0)− F̂ (x0)
)2

=

= (E (F (x0))− F (x0))
2 + E

(

F̂ (x0)− EF̂ (x0)
)2

=

= Bias2
(

F̂ (x0)
)

+ V ariance
(

F̂ (x0)
)

.
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Variane-bias tradeo�

Â ëèíåéíîé ðåãðåññèè:

y = xθ + ε,

MSE
(

x0θ̂
)

= Bias2
(

xT
0 θ̂

)

+ V ariance
(

xT
0 θ̂

)

.

ÌÍÊ-îöåíêà

θ̂OLS =
(

XTX
)

−1

XT y

ÿâëÿåòñÿ íåñìåù¼ííîé (Bias = 0) è èìååò íàèìåíüøóþ äèñïåðñèþ ñðåäè

âñåõ íåñìåù¼ííûõ îöåíîê (V ariance = σ2
(

XTX
)−1

).

Åñëè ìàòðèöà XTX ïëîõî îáóñëîâëåíà, òî:

ÌÍÊ-îöåíêà èìååò áîëüøóþ äèñïåðñèþ;

ìîæåò âîçíèêàòü ÷èñëåííàÿ íåóñòîé÷èâîñòü ïðè îáðàùåíèè XTX.
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�ðåáíåâàÿ ðåãðåññèÿ

Äëÿ óìåíüøåíèÿ äèñïåðñèè îöåíêè è ïîâûøåíèÿ âû÷èñëèòåëüíîé

óñòîé÷èâîñòè äîáàâèì ê XTX äèàãîíàëüíóþ ìàòðèöó:

θ̂ridge =
(

XTX + λIn
)

−1

XT y.

Òàêàÿ îöåíêà ÿâëÿåòñÿ ðåøåíèåì ðåãóëÿðèçîâàííîé çàäà÷è íàèìåíüøèõ

êâàäðàòîâ:

θ̂ridge = argmin

θ

(

‖y −Xθ‖2
2
+ λ ‖θ‖2

2

)

.

λ � ïàðàìåòð ðåãóëÿðèçàöèè:

ïðè λ = 0 θ̂ridge = θ̂OLS, ñìåùåíèÿ íåò;

ïðè λ = ∞ θ̂ridge = 0, äèñïåðñèè íåò;

â ïðîìåæóòêå � áàëàíñ ìåæäó ñìåùåíèåì è äèñïåðñèåé.
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Âàæíûå äåòàëè

Êîý��èöèåíò θ0 íå âõîäèò â ðåãóëÿðèçàòîð:

(

θ̂0, θ̂
ridge

)

= argmin

θ0∈R,θ∈Rk

(

‖y − θ0In −Xθ‖2
2
+ λ ‖θ‖2

2

)

.

Åñëè ïåðåä ïðèìåíåíèåì ìåòîäà öåíòðèðîâàòü âñå ïðèçíàêè X
(âû÷åñòü âûáîðî÷íîå ñðåäíåå), òî ìîæíî ïîëîæèòü θ̂0 = ȳ
è èñêëþ÷èòü θ0 èç çàäà÷è ìèíèìèçàöèè.

Åñëè öåíòðèðîâàòü åù¼ è y, òî θ̂0 = 0.

Øòðà� ‖θ‖2
2
=

k
∑

j=1

θ2j íåðàâíîìåðíî ðàñïðåäåëÿåòñÿ ìåæäó

ïðèçíàêàìè, åñëè îíè èçìåðåíû â ðàçíûõ øêàëàõ. Ïîýòîìó ïåðåä

ïðèìåíåíèåì ìåòîäà ïðèçíàêè X äîïîëíèòåëüíî ñòàíäàðòèçèðóþò,

÷òîáû âûáîðî÷íàÿ äèñïåðñèÿ êàæäîãî ðàâíÿëàñü åäèíèöå.

Ïîñëå ïîñòðîåíèÿ ìîäåëè íåîáõîäèìî ïðèâåñòè å¼ ê çàïèñè

â òåðìèíàõ èñõîäíûõ ïðèçíàêîâ.
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Ïðèìåð 1

Ïóñòü n = 50, k = 30, Xij ∼ N (0, 1) , σ2 = 1.
Ñãåíåðèðóåì y ñîãëàñíî ëèíåéíîé ìîäåëè ñ 10 áîëüøèìè

êîý��èöèåíòàìè (ìåæäó 0.5 è 1) è 20 ìàëåíüêèìè (ìåæäó 0 è 0.3).

Ëèíåéíàÿ ðåãðåññèÿ:

PE = 1 +MSE ≈ 1 + 0.006 + 0.627 = 1.633.

Ëó÷øàÿ ãðåáíåâàÿ ðåãðåññèÿ:

PE = 1 +MSE ≈ 1 + 0.077 + 0.403 = 1.48.
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Ïðèìåð 2

Ñãåíåðèðóåì y ñîãëàñíî ëèíåéíîé ìîäåëè ñ 30 áîëüøèìè

êîý��èöèåíòàìè (ìåæäó 0.5 è 1).
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Ïðèìåð 3

Ñãåíåðèðóåì y ñîãëàñíî ëèíåéíîé ìîäåëè ñ 10 áîëüøèìè

êîý��èöèåíòàìè (ìåæäó 0.5 è 1) è 20 íóëåâûìè.
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Ïðèìåð 3

Îöåíêè íóëåâûõ êîý��èöèåíòîâ íå ñòàíîâÿòñÿ ðàâíû íóëþ, à òîëüêî

óìåíüøàþòñÿ.
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Âûáîð λ

Ýìïèðè÷åñêèé ñïîñîá: âûáèðàåòñÿ òàêîå λ, íà÷èíàÿ ñ êîòîðîãî

êîý��èöèåíòû ìîäåëè ìåíÿþòñÿ íåçíà÷èòåëüíî.

Êðîññ-âàëèäàöèÿ: âûáèðàåòñÿ λ, äîñòàâëÿþùåå ìèíèìóì ñðåäíåé îøèáêå

íà êîíòðîëå; ìîäåëü çàòåì íàñòðàèâàåòñÿ ïî ïîëíûì äàííûì.
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Ëàññî

Lasso (Least Absolute Seletion and Shrinkage Operator):

θ̂lasso = argmin

θ

(

‖y −Xθ‖2
2
+ λ ‖θ‖

1

)

.

Âûðàæåíèÿ â çàìêíóòîì âèäå íå ñóùåñòâóåò.

l1-ðåãóëÿðèçàöèÿ ïîçâîëÿåò îáíóëÿòü êîý��èöèåíòû.

Âñ¼ îñòàëüíûå äåòàëè òå æå, ÷òî ó ãðåáíåâîé ðåãðåññèè: λ îïðåäåëÿåò

áàëàíñ ìåæäó ñìåùåíèåì è äèñïåðñèåé, θ0 íå âõîäèò â ðåãóëÿðèçàòîð,

ïðèçíàêè íóæíî ñòàíäàðòèçèðîâàòü, èòîãîâóþ ìîäåëü íåîáõîäèìî

ïðèâîäèòü ê çàïèñè â èñõîäíûõ âåëè÷èíàõ, λ âûáèðàåòñÿ ïî

êðîññ-âàëèäàöèè.
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Ïðèìåð 1

10 áîëüøèõ êîý��èöèåíòîâ (ìåæäó 0.5 è 1) è 20 ìàëåíüêèõ (ìåæäó 0 è

0.3).
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Ïðèìåð 2

30 áîëüøèõ êîý��èöèåíòîâ (ìåæäó 0.5 è 1).
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Ïðèìåð 3

10 áîëüøèõ êîý��èöèåíòîâ (ìåæäó 0.5 è 1) è 20 íóëåâûõ.
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Îñîáåííîñòè

Àëãîðèòì LARS ïîçâîëÿåò ïîëó÷èòü çíà÷åíèÿ êîý��èöèåíòîâ ïðè

âñåõ λ.

Ëàññî ìîæíî ïðèìåíÿòü äàæå ïðè k > n, íî ïîëó÷èòñÿ íå áîëüøå

n íåíóëåâûõ êîý��èöèåíòîâ.

Ïðè n > k è íàëè÷èè âûñîêî êîððåëèðîâàííûõ ïðåäèêòîðîâ ëàññî

ïðîèãðûâàåò ïî îøèáêå ïðåäñêàçàíèÿ ãðåáíåâîé ðåãðåññèè.

Åñëè ñðåäè ïðèçíàêîâ åñòü ãðóïïà âûñîêî êîððåëèðîâàííûõ, ëàññî,

êàê ïðàâèëî, îòáèðàåò òîëüêî îäèí èç íèõ.
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Ýëàñòè÷íàÿ ñåòü

Elasti net:

θ̂en =

(

1 +
λ2

n

)

argmin

θ

(

‖y −Xθ‖2
2
+ λ1 ‖θ‖1 + λ2 ‖θ‖

2

2

)

.

Äðóãàÿ �îðìà çàïèñè:

θ̂en = argmin

θ

(

θT
(

XTX + λ2In
1 + λ2

)

θ − 2yTXθ + λ1 ‖θ‖1

)

.

Ëàññî â àíàëîãè÷íîì âèäå:

θ̂lasso = argmin

θ

(

θTXTXθ − 2yTXθ + λ1 ‖θ‖1

)

.
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�îëü ïàðàìåòðîâ ðåãóëÿðèçàöèè

Ïðè λ1 = 0 ïîëó÷àåì ãðåáíåâóþ ðåãðåññèþ ñ ïàðàìåòðîì λ2.

Ïðè λ2 = 0 ïîëó÷àåì ëàññî ñ ïàðàìåòðîì λ1.

Ïðè λ1 = ∞ ïîëó÷àåì θ̂enj = 0.

Ïðè λ2 = ∞ ïîëó÷àåì univariate soft thresholding:

θ̂UST
j =

(

∣

∣

∣
yTxj

∣

∣

∣
−

λ1

2

)

+

sign
(

yTxj

)

, j = 1, . . . , k.

Çíà÷åíèÿ ïàðàìåòðîâ âûáèðàþòñÿ êðîññ-âàëèäàöèåé, λ2 ïî íåáîëüøîé

ñåòêå (íàïðèìåð, (0.0, 0.01, 0.1, 1, 10, 100)), à λ1 � ïî íåïðåðûâíîé êðèâîé,

ïîëó÷àåìîé àëãîðèòìîì LARS-EN.
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Ïðèìåð

Ïóñòü Z1, Z2 ∼ N(0, 1), y ∼ N (Z1 + 0.1Z2, 1) ,

X1 = Z1 + ε1, X2 = −Z1 + ε2, X3 = Z1 + ε3,

X4 = Z2 + ε4, X5 = −Z2 + ε5, X6 = Z2 + ε6,

εi ∼ N(0, 1/16).

Ñëåâà ëàññî, ñïðàâà ýëàñòè÷íàÿ ñåòü ñ λ2 = 0.5.

ÏÑ-9. �åãðåññèîííûé àíàëèç.



�ðåáíåâàÿ ðåãðåññèÿ Ëàññî Ýëàñòè÷íàÿ ñåòü

Ïðèêëàäíàÿ ñòàòèñòèêà
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