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Ïîñòàíîâêà

1, . . . , n � îáúåêòû;

x1, . . . , xk � ïðåäèêòîðû;

y � îòêëèê, yi ∈ N.

E (y |x1, . . . , xk ) = E (y |x ) =?

Áàçîâûé ìåòîä � ïóàññîíîâñêàÿ ðåãðåññèÿ:

f (y |x ) =
e−µµy

y!
,

µ = E (y |x ) = ex
T β ,

ω ≡ D (y |x ) = ex
T β .
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Íàñòðîéêà ïàðàìåòðîâ

Îöåíêà ìåòîäîì ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ:

L (β) = ln l (β) =
n
∑

i=1

(

yix
T
i β − ex

T
i β − ln (yi!)

)

,

β̂ = argmax

β
L (β) ⇔

n
∑

i=1

(

yi − ex
T
i β
)

xi = 0.

β̂:

ñóùåñòâóåò è åäèíñòâåííà,

íàõîäèòñÿ ìåòîäîì Íüþòîíà-�à�ñîíà,

ÿâëÿåòñÿ ñîñòîÿòåëüíîé è àñèìïòîòè÷åñêè ý��åêòèâíîé îöåíêîé β,

àñèìïòîòè÷åñêè íîðìàëüíà.
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Äèñïåðñèÿ îöåíîê

Äëÿ îöåíêè äèñïåðñèè β̂ ñíîâà èñïîëüçóåòñÿ ìàòðèöà âòîðûõ ïðîèçâîäíûõ

L (β):

I (β) =
∂2L

∂β∂βT
= −

n
∑

i=1

ex
T
i βxix

T
i .

Èç òåîðèè îöåíîê ìàêñèìóìà ïðàâäîïîäîáèÿ:

DML

(

β̂
)

= I−1
(

β̂
)

,

β̂
a
∼ N

(

β,

(

n
∑

i=1

ex
T
i βxix

T
i

)

−1)

≈

≈ N

(

β,

(

n
∑

i=1

ex
T
i β̂xix

T
i

)

−1)

.
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Äîâåðèòåëüíûå èíòåðâàëû

Äëÿ îòäåëüíîãî êîý��èöèåíòà βj :

β̂j ± z1−α/2

√

(

I−1
(

β̂
))

jj
.

Äëÿ lnE (y | x = x0) = xT
0 β:

xT
0 β̂ ± z1−α/2

√

xT
0 I

−1
(

β̂
)

x0.

Äëÿ E (y | x = x0) = ex
T
0
β
:

[

e
xT
0
β̂−z1−α/2

√

xT
0
I−1(β̂)x0 , e

xT
0
β̂+z1−α/2

√

xT
0
I−1(β̂)x0

]

.

Ïðèáëèæ¼ííûé ïðåäñêàçàòåëüíûé èíòåðâàë äëÿ y (x0) � îòêëèêà íà íîâîì

îáúåêòå x0:

ex
T
0
β̂ ± 2

√

ex
T
0
β̂ .
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Êðèòåðèé Âàëüäà

íóëåâàÿ ãèïîòåçà: H0 : βj = 0;
àëüòåðíàòèâà: H1 : βj < 6=> 0;

ñòàòèñòèêà: T =
β̂j

√

(I−1(β̂))
jj

;

T ∼ N(0, 1) ïðè H0;
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Z

p(
Z

)

äîñòèãàåìûé óðîâåíü çíà÷èìîñòè:

p (t) =











1− ncdf(t, 0, 1), H1 : βj > 0,

ncdf(t, 0, 1), H1 : βj < 0,

2 (1− ncdf(|t|, 0, 1)) , H1 : βj 6= 0.
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Êðèòåðèé îòíîøåíèÿ ïðàâäîïîäîáèÿ

X
n×(k+1)

=

(

X1
n×(k+1−k1)

, X2
n×k1

)

; βT

(k+1)×1

=

(

βT
1

(k+1−k1)×1

, βT
2

k1×1

)T

;

íóëåâàÿ ãèïîòåçà: H0 : β2 = 0;
àëüòåðíàòèâà: H1 : H0 íåâåðíà;

ñòàòèñòèêà: G = 2 (Lr − Lur) ;
G ∼ χ2

k1
ïðè H0;
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χ2

p(
χ2 )

äîñòèãàåìûé óðîâåíü çíà÷èìîñòè:

p (g) = 1− chi2cdf(g, k1).
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Overdispersion/underdispersion

Ïóàññîíîâñêàÿ ìîäåëü ïðåäïîëàãàåò, ÷òî ω = µ (equidispersion).

ÌÏ-îöåíêè β îñòàþòñÿ ñîñòîÿòåëüíûìè, äàæå åñëè ðàñïðåäåëåíèå y|x
íå ÿâëÿåòñÿ ïóàññîíîâñêèì � äîñòàòî÷íî òîãî, ÷òî ìîäåëü E (y |x )
îïðåäåëåíà êîððåêòíî.

Îöåíêè äèñïåðñèè β̂ è ñîîòâåòñòâóþùèå êðèòåðèè òðåáóþò âåðíîãî

îïðåäåëåíèÿ è D (y |x ), ïîýòîìó îíè äàþò íåêîððåêòíûå ðåçóëüòàòû,

åñëè ìàòîæèäàíèå è äèñïåðñèÿ íå ðàâíû.

Ïðåäïîëîæåíèå î ðàâåíñòâå ìàòîæèäàíèÿ è äèñïåðñèè ìîæíî

ïðîâåðèòü; åñëè îíî íå âûïîëíÿåòñÿ, ìîæíî èçìåíèòü ìîäåëü. Ýòî

ïîçâîëèò ïîñòðîèòü êîððåêòíûå êðèòåðèè è áîëåå ý��åêòèâíûå

îöåíêè β.
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Overdispersion/underdispersion

Overdispersion � îòðèöàòåëüíàÿ áèíîìèàëüíàÿ ìîäåëü:

ω (α) = µ+ αµ2,

f (y |µ, α ) =
Γ
(

y + α−1
)

Γ (y + 1) Γ (α−1)

(

α−1

α−1 + µ

)α−1
(

µ

α−1 + µ

)y

.

Underdispersion � ïîðîãîâàÿ ìîäåëü (hurdle model):

P (y = j) =

{

f1 (0) , j = 0,
1−f1(0)
1−f2(0)

f2 (j) , j > 0.

Ìîæíî ïîñòðîèòü ÌÏ-îöåíêè äëÿ α è β, à çàòåì ïðîâåðèòü ãèïîòåçó

α = 0 ñ ïîìîùüþ êðèòåðèÿ îòíîøåíèÿ ïðàâäîïîäîáèÿ.
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Óñòîé÷èâàÿ îöåíêà äèñïåðñèè

Äèñïåðñèÿ îöåíêè ìàêñèìàëüíîãî êâàçèïðàâäîïîäîáèÿ:

DQML

(

β̂
)

=

(

n
∑

i=1

µixix
T
i

)

−1( n
∑

i=1

ωixix
T
i

)(

n
∑

i=1

µixix
T
i

)

−1

.

Óñòîé÷èâàÿ ñîñòîÿòåëüíàÿ îöåíêà äèñïåðñèè, ïîäõîäÿùàÿ äëÿ ëþáîãî

âèäà ω:

DR

(

β̂
)

=

(

n
∑

i=1

µixix
T
i

)

−1( n
∑

i=1

(yi − µi)
2 xix

T
i

)(

n
∑

i=1

µixix
T
i

)

−1

.
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Ìåðû êà÷åñòâà ìîäåëè

Îòíîñèòåëüíûå:

àíîìàëüíîñòü:

D = −2L,

DP =

n
∑

i=1

(

yi ln
yi
µ̂i

− (yi − µ̂i)

)

,

DNB =

n
∑

i=1

(

yi ln
yi
µ̂i

−
(

yi + α−1
)

ln
y1 + α−1

µ̂i + α−1

)

;

AIC:

AIC = −2L+ 2 (k + 1) .

Àáñîëþòíàÿ:

ïñåâäî-R2
:

R2
DEV = 1−

D

D0
,

D0 � àíîìàëüíîñòü ìîäåëè ñ îäíîé êîíñòàíòîé.
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×èñëî âèçèòîâ ê äîêòîðó

Cameron, Trivedi, Regression Analysis of Count Data: èçó÷àåòñÿ �óíêöèîíèðîâàíèå

ñèñòåìû çäðàâîîõðàíåíèÿ Àâñòðàëèè. Äëÿ 5190 îäèíîêèõ ñîâåðøåííîëåòíèõ ãðàæäàí

èçâåñòíû çíà÷åíèÿ ñëåäóþùèõ ïîêàçàòåëåé:

ñîöèîýêîíîìè÷åñêèå:

âîçðàñò, ëåò;

ãîäîâîé äîõîä, 10 òûñ. äîëë.;

èíäèêàòîðû íàëè÷èÿ ñòðàõîâêè ðàçëè÷íûõ òèïîâ: ÷àñòíîé, ãîñóäàðñòâåííîé äëÿ

ìàëîèìóùèõ, ãîñóäàðñòâåííîé äëÿ ïîæèëûõ, èíâàëèäîâ è âåòåðàíîâ;

êðàòêîñðî÷íûå õàðàêòåðèñòèêè çäîðîâüÿ:

÷èñëî âèçèòîâ ê äîêòîðó çà ïîñëåäíèå äâå íåäåëè;

÷èñëî çàáîëåâàíèé çà ïîñëåäíèå äâå íåäåëè;

÷èñëî äíåé ñíèæåííîé àêòèâíîñòè â ñâÿçè ñ çàáîëåâàíèåì èëè òðàâìîé çà

ïîñëåäíèå äâå íåäåëè;

äîëãîñðî÷íûå õàðàêòåðèñòèêè çäîðîâüÿ:

îöåíêà ñîñòîÿíèÿ çäîðîâüÿ ïî îïðîñíèêó �îëäáåðãà;

èíäèêàòîðû íàëè÷èÿ õðîíè÷åñêèõ çàáîëåâàíèé, îãðàíè÷èâàþùèõ è íå

îãðàíè÷èâàþùèõ àêòèâíîñòü.

Ïîñòðîèòü ìîäåëü ÷èñëà âèçèòîâ ê äîêòîðó â çàâèñèìîñòè îò îñòàëüíûõ ïðèçíàêîâ.
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Äàííûå
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Ìîäåëü 1

Ñòàíäàðòíàÿ ïóàññîíîâñêàÿ ìîäåëü:

lm1 <- glm(y~., family=poisson(), data=X)

summary(lm1)

Estimate Std. Error z value Pr(>|z|)

(Inter
ept) −2.09782 0.10155 −20.66 < 2× 10−16

SEX 0.15649 0.05614 2.79 0.0053
AGE 0.00279 0.00166 1.68 0.0926
INCOME −0.18742 0.08548 −2.19 0.0283
LEVYPLUS 0.12650 0.07155 1.77 0.0771
FREEPOOR −0.43846 0.17980 −2.44 0.0147
FREEREPA 0.08364 0.09207 0.91 0.3636
ILLNESS 0.18616 0.01826 10.19 < 2× 10−16

ACTDAYS 0.12669 0.00503 25.18 < 2× 10−16

HSCORE 0.03068 0.01007 3.05 0.0023
CHCOND1 0.11730 0.06655 1.76 0.0780
CHCOND2 0.15072 0.08226 1.83 0.0669

D = 4380.1, AIC = 6736, R2
DEV = 0.223.
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Ìîäåëü 1

Ïðîâåðèì ãèïîòåçó ðàâåíñòâà ñðåäíåãî è äèñïåðñèè ïðîòèâ àëüòåðíàòèâû

óâåëè÷åííîé äèñïåðñèè:

library(AER)

dispersiontest(lm1)

p = 3.1× 10−5.
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Ìîäåëü 2

Îòðèöàòåëüíàÿ áèíîìèàëüíàÿ ìîäåëü NB2:

library(MASS)

lm2 <-glm.nb(y~., data=X)

summary(lm2)

Â MASS èñïîëüçóåòñÿ ïàðàìåòð íåëèíåéíîñòè θ = 1/α.

Estimate Std. Error z value Pr(>|z|)

(Inter
ept) −2.276279 0.122946 −18.515 < 2× 10−16

SEX 0.216367 0.069374 3.119 0.0018
AGE 0.003314 0.002088 1.587 0.1125
INCOME −0.156203 0.103176 −1.514 0.1301
LEVYPLUS 0.116382 0.085417 1.363 0.1731
FREEPOOR −0.497302 0.206882 −2.404 0.0163
FREEREPA 0.145755 0.116852 1.247 0.2123
ILLNESS 0.214960 0.024182 8.889 < 2× 10−16

ACTDAYS 0.143753 0.007809 18.408 < 2× 10−16

HSCORE 0.037541 0.013742 2.732 0.0063
CHCOND1 0.097890 0.078601 1.245 0.2130
CHCOND2 0.183505 0.103180 1.778 0.0754

α̂ = 1.08, D = 3029.8, AIC = 6424, R2
DEV = 0.229.
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Ìîäåëü 3

Ñîêðàù¼ííàÿ îòðèöàòåëüíàÿ áèíîìèàëüíàÿ ìîäåëü NB2:

Estimate Std. Error z value Pr(>|z|)

(Inter
ept) −2.18241 0.06311 −34.58 < 2× 10−16

SEX 0.32114 0.06505 4.94 7.9× 10−7

FREEPOOR −0.60120 0.20070 −3.00 0.0027
ILLNESS 0.24790 0.02204 11.25 < 2× 10−16

ACTDAYS 0.14697 0.00712 20.65 < 2× 10−16

HSCORE 0.03938 0.01338 2.94 0.0032

α̂ = 1.08, D = 3051.5, AIC = 6436, R2
DEV = 0.223.

Êðèòåðèÿ îòíîøåíèÿ ïðàâäîïîäîáèÿ: ìîäåëü 3 çíà÷èìî õóæå ìîäåëè 2

(p = 0.0006).
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Ìîäåëü 4

Ïîïðîáóåì âåðíóòü óäàë¼ííûå ïðèçíàêè. Ëó÷øåé ïîëó÷àåòñÿ ìîäåëü,

â êîòîðóþ âîçâðàù¼í âîçðàñò:

Estimate Std. Error z value Pr(>|z|)

(Inter
ept) −2.39129 0.08374 −28.56 < 2× 10−16

SEX 0.26141 0.06715 3.89 9.9× 10−5

AGE 0.00626 0.00161 3.88 0.0001
FREEPOOR −0.49241 0.20183 −2.44 0.0147
ILLNESS 0.22999 0.02244 10.25 < 2× 10−16

ACTDAYS 0.14499 0.00716 20.26 < 2× 10−16

HSCORE 0.04169 0.01345 3.10 0.0019

α̂ = 1.08, D = 6406.4, AIC = 6422, R2
DEV = 0.227.

Êðèòåðèÿ îòíîøåíèÿ ïðàâäîïîäîáèÿ: ìîäåëü 4 ñóùåñòâåííî ëó÷øå

ìîäåëè 3 (p = 9.9× 10−5
) è íå õóæå ìîäåëè 2 (p = 0.1207).
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Ìîäåëü 4

Äëÿ ñðàâíåíèÿ � ìîäåëü ñ óñòîé÷èâûìè îöåíêàìè äèñïåðñèè:

library(sandwi
h)


ov.robust <- v
ovHC (lm3, type="HC0")

se.robust <- sqrt(diag(
ov.robust))


oeffs <- 
oef(lm3)

t.robust <- 
oeffs / se.robust

summary.robust <- 
bind(
oeffs, se.robust, t.robust,

pvalue=2*(1-pnorm(abs(
oeffs/se.robust))))

print(summary.robust)

Estimate Std. Error z value Pr(>|z|)

(Inter
ept) −2.39129 0.08533 −28.02 < 2× 10−16

SEX 0.26141 0.07180 3.64 0.00027
AGE 0.00626 0.00174 3.60 0.00032
FREEPOOR −0.49241 0.26232 −1.88 0.06050
ILLNESS 0.22999 0.02076 11.08 < 2× 10−16

ACTDAYS 0.14499 0.00734 19.74 < 2× 10−16

HSCORE 0.04169 0.01356 3.07 0.00211
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�åçóëüòàò

Èòîãîâàÿ ìîäåëü ïîñòðîåíà ïî 5190 íàáëþäåíèÿì è îáúÿñíÿåò îêîëî

23% âàðèàöèè îòêëèêà.

Ê (y |x ) = exp (−2.3 + 0.26 ∗ SEX + 0.006 ∗ AGE − 0.49 ∗ FREEPOOR+

+0.23 ∗ ILLNESS + 0.14 ∗ ACTDAY S + 0.04 ∗HSCORE) .
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�åçóëüòàò

Äëÿ ñðàâíåíèÿ � ëèíåéíàÿ ìîäåëü, íå ó÷èòûâàþùàÿ äèñêðåòíîñòü

îòêëèêà y (R2
DEV = 0.191):

Ê (y |x ) = exp (0.007 + 0.03 ∗ SEX + 0.001 ∗ AGE − 0.07 ∗ FREEPOOR+

+0.04 ∗ ILLNESS + 0.04 ∗ ACTDAY S + 0.01 ∗HSCORE)− 1.
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�åçóëüòàò

Ìîäåëü ïîçâîëÿåò ñäåëàòü ñëåäóþùèå âûâîäû:

æåíùèíû ïîñåùàþò âðà÷à â 1.3 ðàçà ÷àùå ìóæ÷èí (äîâåðèòåëüíûé

èíòåðâàë (1.14, 1.48));

îáëàäàòåëè ãîñóäàðñòâåííîé ñòðàõîâêè äëÿ ìàëîèìóùèõ ïîñåùàþò

âðà÷à â 1.6 ðàç ðåæå (äîâåðèòåëüíûé èíòåðâàë (1.1, 2.4));

êàæäàÿ áîëåçíü óâåëè÷èâàåò ÷èñëî ïîñåùåíèé âðà÷à â 1.3 ðàçà

(äîâåðèòåëüíûé èíòåðâàë (1.2, 1.3));

êàæäûé äåíü ñíèæåííîé àêòèâíîñòè óâåëè÷èâàåò ÷èñëî ïîñåùåíèé

âðà÷à â 1.16 ðàçà (äîâåðèòåëüíûé èíòåðâàë (1.13, 1.17));

êàæäûå 10 ëåò ÷èñëî ïîñåùåíèé âðà÷à â âîçðàñòàåò â 1.06 ðàçà

(äîâåðèòåëüíûé èíòåðâàë (1.03, 1.10));

êàæäûé áàëë îöåíêè çäîðîâüÿ ïî îïðîñíèêó �îëäáåðãà óâåëè÷èâàåò

÷èñëî ïîñåùåíèé âðà÷à â 1.04 ðàçà (äîâåðèòåëüíûé èíòåðâàë

(1.02, 1.07)).
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Varian
e-bias tradeo�

Ìîäåëü:

y = f (x) + ε, Eε = 0, Dε = σ2.

Îøèáêà ïðåäñêàçàíèÿ y0 ïî âåêòîðó x0 ñ ïîìîùüþ ìîäåëè f̂ :

PE
(

f̂ (x0)
)

= E

(

y0 − f̂ (x0)
)2

= σ2 +MSE
(

f̂ (x0)
)

.

Ñðåäíåêâàäðàòè÷íàÿ îøèáêà îöåíêè f̂ :

MSE
(

f̂ (x0)
)

= E

(

f (x0)− f̂ (x0)
)2

=

= (E (f (x0))− f (x0))
2 + E

(

f̂ (x0)− Ef̂ (x0)
)2

=

= bias2
(

f̂ (x0)
)

+ variance
(

f̂ (x0)
)

.
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Varian
e-bias tradeo�

Â ëèíåéíîé ðåãðåññèè:

y = xβ + ε,

MSE
(

x0β̂
)

= bias2
(

xT
0 β̂
)

+ variance
(

xT
0 β̂
)

.

ÌÍÊ-îöåíêà

β̂OLS =
(

XTX
)

−1

XT y

ÿâëÿåòñÿ íåñìåù¼ííîé (bias = 0) è èìååò íàèìåíüøóþ äèñïåðñèþ ñðåäè

âñåõ íåñìåù¼ííûõ îöåíîê (variance = σ2
(

XTX
)−1

).

Åñëè ìàòðèöà XTX ïëîõî îáóñëîâëåíà, òî:

ÌÍÊ-îöåíêà èìååò áîëüøóþ äèñïåðñèþ;

ìîæåò âîçíèêàòü ÷èñëåííàÿ íåóñòîé÷èâîñòü ïðè îáðàùåíèè XTX.
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�ðåáíåâàÿ ðåãðåññèÿ

Äëÿ óìåíüøåíèÿ äèñïåðñèè îöåíêè è ïîâûøåíèÿ âû÷èñëèòåëüíîé

óñòîé÷èâîñòè äîáàâèì ê XTX äèàãîíàëüíóþ ìàòðèöó:

β̂ridge =
(

XTX + λIn
)

−1

XT y.

Òàêàÿ îöåíêà ÿâëÿåòñÿ ðåøåíèåì ðåãóëÿðèçîâàííîé çàäà÷è íàèìåíüøèõ

êâàäðàòîâ:

β̂ridge = argmin

β

(

‖y −Xβ‖22 + λ ‖β‖22
)

.

λ � ïàðàìåòð ðåãóëÿðèçàöèè:

ïðè λ = 0 β̂ridge = β̂OLS, ñìåùåíèÿ íåò;

ïðè λ = ∞ β̂ridge = 0, äèñïåðñèè íåò;

â ïðîìåæóòêå � áàëàíñ ìåæäó ñìåùåíèåì è äèñïåðñèåé.
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Âàæíûå äåòàëè

Êîý��èöèåíò β0 íå âõîäèò â ðåãóëÿðèçàòîð:

(

β̂0, β̂
ridge

)

= argmin

β0∈R,β∈Rk

(

‖y − β0In −Xβ‖22 + λ ‖β‖22
)

.

Åñëè ïåðåä ïðèìåíåíèåì ìåòîäà öåíòðèðîâàòü âñå ïðèçíàêè X
(âû÷åñòü âûáîðî÷íîå ñðåäíåå), òî ìîæíî ïîëîæèòü β̂0 = ȳ
è èñêëþ÷èòü β0 èç çàäà÷è ìèíèìèçàöèè.

Åñëè öåíòðèðîâàòü åù¼ è y, òî β̂0 = 0.

Øòðà� ‖β‖22 =
k
∑

j=1

β2
j íåðàâíîìåðíî ðàñïðåäåëÿåòñÿ ìåæäó

ïðèçíàêàìè, åñëè îíè èçìåðåíû â ðàçíûõ øêàëàõ. Ïîýòîìó ïåðåä

ïðèìåíåíèåì ìåòîäà ïðèçíàêè X äîïîëíèòåëüíî ñòàíäàðòèçèðóþò,

÷òîáû âûáîðî÷íàÿ äèñïåðñèÿ êàæäîãî ðàâíÿëàñü åäèíèöå.

Ïîñëå ïîñòðîåíèÿ ìîäåëè íåîáõîäèìî ïðèâåñòè å¼ ê çàïèñè

â òåðìèíàõ èñõîäíûõ ïðèçíàêîâ.
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Ïðèìåð 1

Ïóñòü n = 50, k = 30, Xij ∼ N (0, 1) , σ2 = 1.
Ñãåíåðèðóåì y ñîãëàñíî ëèíåéíîé ìîäåëè ñ 10 áîëüøèìè

êîý��èöèåíòàìè (ìåæäó 0.5 è 1) è 20 ìàëåíüêèìè (ìåæäó 0 è 0.3).

Ëèíåéíàÿ ðåãðåññèÿ:

PE = 1 +MSE ≈ 1 + 0.006 + 0.627 = 1.633.

Ëó÷øàÿ ãðåáíåâàÿ ðåãðåññèÿ:

PE = 1 +MSE ≈ 1 + 0.077 + 0.403 = 1.48.
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Ïðèìåð 2

Ñãåíåðèðóåì y ñîãëàñíî ëèíåéíîé ìîäåëè ñ 30 áîëüøèìè

êîý��èöèåíòàìè (ìåæäó 0.5 è 1).
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Ïðèìåð 3

Ñãåíåðèðóåì y ñîãëàñíî ëèíåéíîé ìîäåëè ñ 10 áîëüøèìè

êîý��èöèåíòàìè (ìåæäó 0.5 è 1) è 20 íóëåâûìè.
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Ïðèìåð 3

Îöåíêè íóëåâûõ êîý��èöèåíòîâ íå ñòàíîâÿòñÿ ðàâíû íóëþ, à òîëüêî

óìåíüøàþòñÿ.
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Âûáîð λ

Ýìïèðè÷åñêèé ñïîñîá: âûáèðàåòñÿ òàêîå λ, íà÷èíàÿ ñ êîòîðîãî

êîý��èöèåíòû ìîäåëè ìåíÿþòñÿ íåçíà÷èòåëüíî.

Êðîññ-âàëèäàöèÿ: âûáèðàåòñÿ λ, äîñòàâëÿþùåå ìèíèìóì ñðåäíåé îøèáêå

íà êîíòðîëå; ìîäåëü çàòåì íàñòðàèâàåòñÿ ïî ïîëíûì äàííûì.
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Ëàññî

Lasso (Least Absolute Sele
tion and Shrinkage Operator):

β̂lasso = argmin

β

(

‖y −Xβ‖22 + λ ‖β‖1
)

.

Âûðàæåíèÿ â çàìêíóòîì âèäå íå ñóùåñòâóåò.

l1-ðåãóëÿðèçàöèÿ ïîçâîëÿåò îáíóëÿòü êîý��èöèåíòû.

Âñ¼ îñòàëüíûå äåòàëè òå æå, ÷òî ó ãðåáíåâîé ðåãðåññèè: λ îïðåäåëÿåò

áàëàíñ ìåæäó ñìåùåíèåì è äèñïåðñèåé, β0 íå âõîäèò â ðåãóëÿðèçàòîð,

ïðèçíàêè íóæíî ñòàíäàðòèçèðîâàòü, èòîãîâóþ ìîäåëü íåîáõîäèìî

ïðèâîäèòü ê çàïèñè â èñõîäíûõ âåëè÷èíàõ, λ âûáèðàåòñÿ ïî

êðîññ-âàëèäàöèè.
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Ïðèìåð 1

10 áîëüøèõ êîý��èöèåíòîâ (ìåæäó 0.5 è 1) è 20 ìàëåíüêèõ (ìåæäó 0 è

0.3).
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Ïðèìåð 2

30 áîëüøèõ êîý��èöèåíòîâ (ìåæäó 0.5 è 1).
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Ïðèìåð 3

10 áîëüøèõ êîý��èöèåíòîâ (ìåæäó 0.5 è 1) è 20 íóëåâûõ.
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Îñîáåííîñòè

Àëãîðèòì LARS ïîçâîëÿåò ïîëó÷èòü çíà÷åíèÿ êîý��èöèåíòîâ ïðè

âñåõ λ.

Ëàññî ìîæíî ïðèìåíÿòü äàæå ïðè k > n, íî ïîëó÷èòñÿ íå áîëüøå

n íåíóëåâûõ êîý��èöèåíòîâ.

Ïðè n > k è íàëè÷èè âûñîêî êîððåëèðîâàííûõ ïðåäèêòîðîâ ëàññî

ïðîèãðûâàåò ïî îøèáêå ïðåäñêàçàíèÿ ãðåáíåâîé ðåãðåññèè.

Åñëè ñðåäè ïðèçíàêîâ åñòü ãðóïïà âûñîêî êîððåëèðîâàííûõ, ëàññî,

êàê ïðàâèëî, îòáèðàåò òîëüêî îäèí èç íèõ.
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Ýëàñòè÷íàÿ ñåòü

Elasti
 net:

β̂en =

(

1 +
λ2

n

)

argmin

β

(

‖y −Xβ‖22 + λ1 ‖β‖1 + λ2 ‖β‖
2
2

)

.

Äðóãàÿ �îðìà çàïèñè:

β̂en = argmin

β

(

βT

(

XTX + λ2In
1 + λ2

)

β − 2yTXβ + λ1 ‖β‖1

)

.

Ëàññî â àíàëîãè÷íîì âèäå:

β̂lasso = argmin

β

(

βTXTXβ − 2yTXβ + λ1 ‖β‖1

)

.
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�îëü ïàðàìåòðîâ ðåãóëÿðèçàöèè

Ïðè λ1 = 0 ïîëó÷àåì ãðåáíåâóþ ðåãðåññèþ ñ ïàðàìåòðîì λ2.

Ïðè λ2 = 0 ïîëó÷àåì ëàññî ñ ïàðàìåòðîì λ1.

Ïðè λ1 = ∞ ïîëó÷àåì β̂en
j = 0.

Ïðè λ2 = ∞ ïîëó÷àåì univariate soft thresholding:

β̂UST
j =

(

∣

∣

∣
yTxj

∣

∣

∣
−

λ1

2

)

+

sign
(

yTxj

)

, j = 1, . . . , k.

Çíà÷åíèÿ ïàðàìåòðîâ âûáèðàþòñÿ êðîññ-âàëèäàöèåé, λ2 ïî íåáîëüøîé

ñåòêå (íàïðèìåð, (0.0, 0.01, 0.1, 1, 10, 100)), à λ1 � ïî íåïðåðûâíîé êðèâîé,

ïîëó÷àåìîé àëãîðèòìîì LARS-EN.
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Ïðèìåð

Ïóñòü Z1, Z2 ∼ N(0, 1), y ∼ N (Z1 + 0.1Z2, 1) ,

X1 = Z1 + ε1, X2 = −Z1 + ε2, X3 = Z1 + ε3,

X4 = Z2 + ε4, X5 = −Z2 + ε5, X6 = Z2 + ε6,

εi ∼ N(0, 1/16).

Ñëåâà ëàññî, ñïðàâà ýëàñòè÷íàÿ ñåòü ñ λ2 = 0.5.
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Íåëèíåéíàÿ ðåãðåññèÿ

Ïðèìåð: (Smith, Some reliability problems in the 
hemi
al industry, 1964)

èññëåäîâàíèå êîìïàíèè Pro
ter & Gamble. Èññëåäóåòñÿ ïðîäóêò À,

â ìîìåíò ïðîèçâîäñòâà äîëÿ ñâîáîäíîãî õëîðà â í¼ì äîëæíà

ñîñòàâëÿòü 0.5. Èçâåñòíî, ÷òî ñî âðåìåíåì ñîäåðæàíèå õëîðà â ïðîäóêòå

ñíèæàåòñÿ. Çà ïåðâûå 8 íåäåëü ñîäåðæàíèå õëîðà ñíèçèòñÿ äî 0.49, íî
â áîëåå ïîçäíèå ñðîêè èç-çà âëèÿíèÿ áîëüøîãî êîëè÷åñòâà

íåêîíòðîëèðóåìûõ �àêòîðîâ �èçè÷åñêèå ìîäåëè íå ìîãóò äîñòàòî÷íî

òî÷íî ïðåäñêàçàòü ñîäåðæàíèå ñâîáîäíîãî õëîðà. Äëÿ îïðåäåëåíèÿ çàêîíà

óáûâàíèÿ êîíöåíòðàöèè ñâîáîäíîãî õëîðà (y) îíà áûëà èçìåðåíà
â 44 îáðàçöàõ íà ðàçíûõ ñðîêàõ õðàíåíèÿ (x).

Áûëà âûäâèíóòà ãèïîòåçà, ÷òî ñîäåðæàíèå õëîðà â ïðîäóêòå ïðè x ≥ 8
îïèñûâàåòñÿ óðàâíåíèåì âèäà

y = α+ (0.49 − α) e−β(x−8) + ε ≡ f (x) + ε.

Òðåáóåòñÿ îöåíèòü ïàðàìåòðû α è β ïî íàáëþäåíèÿì (xi, yi) , i = 1, . . . , n.
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Äàííûå
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Ìîäåëü

α̂ = 0.3901, β̂ = 0.1016, RSS = 0.00500168.

×òî äàëüøå?
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Ñðàâíåíèå RSS ñ ÷èñòîé îøèáêîé

×èñòàÿ îøèáêà σ2
� äèñïåðñèÿ ε, ìîæåò áûòü îöåíåíà ïî ïîâòîðÿþùèìñÿ

íàáëþäåíèÿì.

y11, . . . , y1n1
� n1 ïîâòîðÿþùèõñÿ íàáëþäåíèé ïðè x = x1,

. . .
ym1, . . . , ymnm � nm ïîâòîðÿþùèõñÿ íàáëþäåíèé ïðè x = xm.

σ̂2 =
Spe

ne
=

m
∑

j=1

nj
∑

u=1

(yju − ȳj)
2

m
∑

j=1

nj −m
.

Â ïðèìåðå Spe = 0.0024, ne = 26 ⇒

RSS − Spe

44− 2− ne
= 0.00016,

Spe

ne
= 0.00009.

Èñïîëüçóåì êðèòåðèé Ôèøåðà: F (16, 26, 0.95) = 2.8, 0.00016
0.00009

= 1.8 �

ìîæíî íàäåÿòüñÿ, ÷òî ìîäåëü ïîäîáðàíà õîðîøî.
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Äîâåðèòåëüíûå îáëàñòè

Ïðèáëèçèòåëüíûå 100 (1− q)% äîâåðèòåëüíûå îáëàñòè äëÿ çíà÷åíèé

ïàðàìåòðîâ α è β:
n
∑

i=1

(yi − f (α, β, xi))
2 = RSS

(

α̂, β̂
)

×

(

1 +
k

n− k
F1−q (k, n− k)

)

.

Ñèíèé êîíòóð � q = 0.005, êðàñíûé � q = 0.01, çåë¼íûé � q = 0.05,
÷¼ðíûé � q = 0.25.
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