
Îñíîâíûå ïîíÿòèÿ ×àñòî èñïîëüçóåìûå ðàñïðåäåëåíèÿ Îñíîâû ïðîâåðêè ãèïîòåç

Ïðèêëàäíàÿ ñòàòèñòèêà 1. Ââåäåíèå.

10 �åâðàëÿ 2014 ã.

ÏÑ-1. Ââåäåíèå.



Îñíîâíûå ïîíÿòèÿ ×àñòî èñïîëüçóåìûå ðàñïðåäåëåíèÿ Îñíîâû ïðîâåðêè ãèïîòåç

Âûáîðêà

�åíåðàëüíàÿ ñîâîêóïíîñòü � ìíîæåñòâî îáúåêòîâ, ñâîéñòâà êîòîðûõ

ïîäëåæàò èçó÷åíèþ â ðàññìàòðèâàåìîé çàäà÷å.

Âûáîðêà � êîíå÷íîå ìíîæåñòâî îáúåêòîâ, îòîáðàííûõ èç ãåíåðàëüíîé

ñîâîêóïíîñòè äëÿ ïðîâåäåíèÿ èçìåðåíèé.

Xn = (X1, . . . , Xn) .

n � îáú¼ì âûáîðêè.

Xn
� ïðîñòàÿ âûáîðêà, åñëè X1, . . . , Xn � íåçàâèñèìûå îäèíàêîâî

ðàñïðåäåë¼ííûå ñëó÷àéíûå âåëè÷èíû (i.i.d.).

Ïóñòü F (x) � �óíêöèÿ ðàñïðåäåëåíèÿ ýëåìåíòà ïðîñòîé âûáîðêè:

F (x) = P (Xi ≤ x) .

Îñíîâíàÿ çàäà÷à ñòàòèñòèêè � îïèñàíèå F (x) ïî ðåàëèçàöèè âûáîðêè.
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Ôóíêöèÿ ðàñïðåäåëåíèÿ

Fn (x) = 1
n

n
∑

i=1

[Xi ≤ x] � ýìïèðè÷åñêàÿ �óíêöèÿ ðàñïðåäåëåíèÿ.
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Ñòàòèñòèêà

Ñòàòèñòèêà T (Xn) � èçìåðèìàÿ �óíêöèÿ âûáîðêè.

Ïðèìåðû:

âûáîðî÷íîå ñðåäíåå:

X̄ =
1

n

n
∑

i=1

Xi;

âûáîðî÷íàÿ äèñïåðñèÿ:

S̃2 =
1

n

n
∑

i=1

(

Xi − X̄
)2

;

íåñìåù¼ííàÿ âûáîðî÷íàÿ äèñïåðñèÿ:

S2 =
1

n− 1

n
∑

i=1

(

Xi − X̄
)2

;
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Ñòàòèñòèêà

Âàðèàöèîííûé ðÿä:

X(1) ≤ X(2) ≤ · · · ≤ X(n).

k-ÿ ïîðÿäêîâàÿ ñòàòèñòèêà: X(k);

Êâàíòèëü ïîðÿäêà α ∈ (0, 1) ñëó÷àéíîé âåëè÷èíû X:

Xα : P (X ≤ Xα) ≥ α, P (X ≥ Xα) ≤ α.

âûáîðî÷íûé α-êâàíòèëü: X([nα]);

âûáîðî÷íàÿ ìåäèàíà:

m =

{

X(k+1), åñëè n = 2k + 1,
X(k)+X(k+1)

2
, åñëè n = 2k;

âûáîðî÷íûé èíòåðêâàðòèëüíûé ðàçìàõ:

IQR = X([3n/4]) −X([n/4]).
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Ñòàòèñòèêà

Êîý��èöèåíò àññèìåòðèè (skewness):

γ1 = E

(

X − EX√
DX

)3

.

âûáîðî÷íûé êîý��èöèåíò àññèìåòðèè:

g1 =

√
n

n
∑

i=1

(

Xi − X̄
)3

(

n
∑

i=1

(

Xi − X̄
)2

)3/2
;
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Ñòàòèñòèêà

Êîý��èöèåíò ýêñöåññà (kurtosis):

γ2 =
E (X − EX)4

(DX)2
− 3.

âûáîðî÷íûé êîý��èöèåíò ýêñöåññà:

g2 =

n
n
∑

i=1

(

Xi − X̄
)4

(

n
∑

i=1

(

Xi − X̄
)2
)2 − 3.
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Îöåíêè öåíòðàëüíîé òåíäåíöèè

Âûáîðî÷íîå ñðåäíåå � ñðåäíåå çíà÷åíèå â âûáîðêå.

Ìåäèàíà � öåíòðàëüíûé ýëåìåíò âàðèàöèîííîãî ðÿäà.

Ìîäà � ñàìîå ðàñïðîñòðàí¼ííîå çíà÷åíèå â âûáîðêå.
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Îöåíêè öåíòðàëüíîé òåíäåíöèè

How to lie with statistis (Hu�, 1954)
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Îöåíêè öåíòðàëüíîé òåíäåíöèè

Salary Distribution Curve for the lass of 2009 Shows Relatively Few Salaries

Were Close to the Mean (NALP data, 2009)
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Òî÷å÷íûå îöåíêè

Ïóñòü ðàñïðåäåëåíèå ãåíåðàëüíîé ñîâîêóïíîñòè ïàðàìåòðè÷åñêîå:

F (x) = F (x, θ).

θ̂ = θ̂ (Xn) � ñòàòèñòèêà, òî÷å÷íàÿ îöåíêà ïàðàìåòðà.

Êàêàÿ îöåíêà ëó÷øå?

Ñîñòîÿòåëüíîñòü: plim
n→∞

θ̂ = θ.

Íåñìåù¼ííîñòü: Eθ̂ = θ.
Àñèìïòîòè÷åñêàÿ íåñìåù¼ííîñòü: lim

n→∞

Eθ̂ = θ.

Îïòèìàëüíîñòü: Dθ̂∗ = min
θ̂ : Eθ̂=θ

Dθ̂.

�îáàñòíîñòü: óñòîé÷èâîñòü θ̂ îòíîñèòåëüíî ìàëûõ îòêëîíåíèé ðåàëüíîãî

ðàñïðåäåëåíèÿ X îò F (X, θ) (â ÷àñòíîñòè, îòíîñèòåëüíî íàëè÷èÿ

âûáðîñîâ).
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Èíòåðâàëüíûå îöåíêè

Îöåíèì ïàðàìåòð θ äâóìÿ ñòàòèñòèêàìè:

P (θ ∈ [CL, CU ]) ≥ 1− α,

α � óðîâåíü äîâåðèÿ, CL, CU � âåðõíèé è íèæíèé äîâåðèòåëüíûå

ïðåäåëû.

Íåâåðíàÿ èíòåðïðåòàöèÿ: íåèçâåñòíûé ïàðàìåòð ëåæèò â ïðåäåëàõ

ïîñòðîåííîãî äîâåðèòåëüíîãî èíòåðâàëà ñ âåðîÿòíîñòüþ 1− α.
Âåðíàÿ èíòåðïðåòàöèÿ: ïðè áåñêîíå÷íîì ïîâòîðåíèè ïðîöåäóðû

ïîñòðîåíèÿ äîâåðèòåëüíîãî èíòåðâàëà íà àíàëîãè÷íûõ âûáîðêàõ â

100(1 − α)% ñëó÷àåâ îí áóäåò ñîäåðæàòü èñòèííîå çíà÷åíèå ïàðàìåòðà.
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Èíòåðâàëüíûå îöåíêè

Ïðèìåð: äîâåðèòåëüíûé èíòåðâàë äëÿ ñðåäíåãî X ∼ N
(

µ, σ2
)

ïðè

èçâåñòíîé äèñïåðñèè σ2
.

X ∼ N
(

µ, σ2
)

⇒ X̄ ∼ N

(

µ,
σ2

n

)

⇒
√
n
X̄ − µ

σ
∼ N(0, 1) ⇒

P

(

µ ∈
[

X̄ − 1.96
σ√
n
, X̄ + 1.96

σ√
n

])

≈ 0.95.

Ïðàâèëî äâóõ ñèãì: åñëè X ∼ N
(

µ, σ2
)

, òî P (|X − µ| ≤ 2σ) ≈ 0.954.

Åñëè X ðàñïðåäåëåíà íå íîðìàëüíî, òî ìîæíî óòâåðæäàòü òîëüêî

P (|X − EX| ≤ 2DX) ≥ 0.75 (èç íåðàâåíñòâà ×åáûøåâà).
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Èíòåðâàëüíûå îöåíêè

Äîâåðèòåëüíàÿ îáëàñòü äëÿ ïàðû íåèçâåñòíûõ ïàðàìåòðîâ (α, β):
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Èíòåðâàëüíûå îöåíêè

Äîâåðèòåëüíàÿ ëåíòà äëÿ �óíêöèè Y = β0 + β1x:
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Èíòåðâàëüíûå îöåíêè

Äîâåðèòåëüíàÿ ëåíòà äëÿ ROC-êðèâîé:
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Íîðìàëüíîå ðàñïðåäåëåíèå

X ∈ R ∼ N
(

µ, σ2
)

, σ2 > 0 � ïðåäåëüíîå ðàñïðåäåëåíèå ñóììû ñëàáî

âçàèìîçàâèñèìûõ ñë. â.
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µ=0, σ2=1

µ=0, σ2=0.2

µ=0, σ2=5

µ=−2, σ2=0.5

F (x) = Φ
(x− µ

σ

)

, Φ(x) =
1√
2π

∫ x

−∞

e−
t
2

2 dt,

f (x) =
1

σ
φ
(x− µ

σ

)

, φ (x) =
1√
2π

e−
x
2

2 .
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Íîðìàëüíîå ðàñïðåäåëåíèå

EX = µ,

medX = µ,

modeX = µ,

DX = σ2,

γ1 (X) = 0,

γ2 (X) = 0.

ÏÑ-1. Ââåäåíèå.
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�àñïðåäåëåíèå õè-êâàäðàò

X ∈ R+ ∼ χ2
k, k ∈ N � ðàñïðåäåëåíèå ñóììû êâàäðàòîâ k íåçàâèñèìûõ

ñòàíäàðòíûõ íîðìàëüíûõ ñë. â.
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k=1
k=2
k=5
k=10

F (x) =
1

Γ
(

k
2

)γ

(

k

2
,
x

2

)

,

f (x) =
1

2
k

2 Γ
(

k
2

)

x
k

2
−1e−

x

2 .

Γ (x) =
∫

∞

0
tx−1e−tdt � ãàììà-�óíêöèÿ,

γ (a, x) =
∫ x

0
e−tta−1dt � íèæíÿÿ íåïîëíàÿ ãàììà-�óíêöèÿ.

ÏÑ-1. Ââåäåíèå.



Îñíîâíûå ïîíÿòèÿ ×àñòî èñïîëüçóåìûå ðàñïðåäåëåíèÿ Îñíîâû ïðîâåðêè ãèïîòåç

�àñïðåäåëåíèå õè-êâàäðàò

EX = k,

medX ≈ k

(

1− 2

9k

)3

,

modeX = max (k − 2, 0) ,

DX = 2k,

γ1 (X) =
√

8/k,

γ2 (X) = 12/k.

Ïóñòü Xk = X1, . . . , Xk, Xi ∼ N (0, 1) , òîãäà

k
∑

i=1

X2
i ∼ χ2

k.
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�àñïðåäåëåíèå Ôèøåðà

X ∈ R+ ∼ F (d1, d2) , d1, d2 > 0 � ðàñïðåäåëåíèå îòíîøåíèÿ äâóõ

íåçàâèñèìûõ íîðìèðîâàííûõ õè-êâàäðàò ñë. â.

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x

F
(x

)

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0

0.5

1

1.5

2

2.5

3

x

f(
x)

 

 

d
1
=1, d

2
=1

d
1
=1, d

2
=100

d
1
=100, d

2
=1

d
1
=100, d

2
=100

F (x) = I d1x

d1x+d2

(

d1
2
,
d2
2

)

,

f (x) =

√

(d1x)
d1d

d2
2

(d1x+d2)
d1+d2

xB
(

d1
2
, d2

2

) .

B (a, b) =
∫ 1

0
ta−1 (1− t)b−1 dt � áåòà-�óíêöèÿ,

Ix (a, b) =
B(x;a,b)
B(a,b)

� ðåãóëÿðèçîâàííàÿ íåïîëíàÿ áåòà-�óíêöèÿ,

B (x;a, b) =
∫ x

0
ta−1 (1− t)b−1 dt � íåïîëíàÿ áåòà-�óíêöèÿ.
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�àñïðåäåëåíèå Ôèøåðà

EX =
d2

d2 − 2
ïðè d2 > 2,

modeX =
d1 − 2

d1

d2
d2 + 2

ïðè d1 > 2,

DX =
2d22 (d1 + d2 − 2)

d1 (d2 − 2)2 (d2 − 4)
ïðè d2 > 4,

γ1 (X) =
(2d1 + d2 − 2)

√

8 (d2 − 4)

(d2 − 6)
√

d1 (d1 + d2 − 2)
ïðè d2 > 6,

γ2 (X) = 12
d1(5d2 − 22)(d1 + d2 − 2) + (d2 − 4)(d2 − 2)2

d1(d2 − 6)(d2 − 8)(d1 + d2 − 2)
ïðè d2 > 8.
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�àñïðåäåëåíèå Ôèøåðà

Ïóñòü X1 ∼ χ2
d1
, X2 ∼ χ2

d2
, X1 è X2 íåçàâèñèìû, òîãäà

X1/d1
X2/d2

∼ F (d1, d2) .

Åñëè X ∼ F (d1, d2) , òî

Y = lim
d2→∞

d1X ∼ χ2
d1 .

F (x, d1, d2) = F (1/x, d2, d1) .
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�àñïðåäåëåíèå Ñòüþäåíòà

X ∈ R ∼ St (ν) , ν > 0 �ðàñïðåäåëåíèå îòíîøåíèÿ íåçàâèñèìûõ

ñòàíäàðòíîé íîðìàëüíîé ñë. â. è êîðíÿ èç íîðìèðîâàííîé õè-êâàäðàò ñë. â.
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ν=1
ν=2
ν=5
ν=∞

F (x) =
1

2
+ xΓ

(

ν + 1

2

)

,

f (x) =
Γ
(

ν+1
2

)

√
νπΓ

(

ν
2

)

(

1 +
x2

ν

)

−
ν+1
2

.

ÏÑ-1. Ââåäåíèå.
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�àñïðåäåëåíèå Ñòüþäåíòà

EX = 0 ïðè ν > 1,

medX = 0,

modeX = 0,

DX =

{

ν
ν−2

, ν > 2,

∞, 1 < ν ≤ 2,
,

γ1 (X) = 0 ïðè ν > 3,

γ2 (X) =

{

6
ν−4

, ν > 4,

∞, 2 < ν ≤ 4.
.

Ïóñòü Z ∼ N (0, 1) , V ∼ χ2
ν , òîãäà

T =
Z

√

V/ν
∼ St (ν) .

Åñëè X ∼ St (ν) , òî

Y = lim
ν→∞

X ∼ N (0, 1) .

ÏÑ-1. Ââåäåíèå.
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�àñïðåäåëåíèå Áåðíóëëè

X ∈ {0, 1} ∼ Ber (p) , p ∈ (0, 1) � ðàñïðåäåëåíèå, ìîäåëèðóþùåå

èñïûòàíèå Áåðíóëëè.

0 1
0

p

1−p

1

x

F
(x

)

0 1
0

p

1−p

1

x

f(
x)

F (x) =











0, x < 0,

1− p, 0 ≤ x < 1,

1, x ≥ 1,

f (x) =

{

1− p, x = 0,

p, x = 1.

ÏÑ-1. Ââåäåíèå.
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�àñïðåäåëåíèå Áåðíóëëè

EX = p,

medX =











0, 1− p > p,

0.5, 1− p = p,

1, 1− p < p,

modeX =











0, 1− p > p,

{0, 1} , 1− p = p,

1, 1− p < p,

DX = p (1− p) ,

γ1 (X) =
1− 2p

√

p (1− p)
,

γ2 (X) =
1− 6p (1− p)

p (1− p)
.

ÏÑ-1. Ââåäåíèå.
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Áèíîìèàëüíîå ðàñïðåäåëåíèå

X ∈ {0, . . . , N} ∼ Bin (N, p) , N ∈ N, p ∈ [0, 1] � ðàñïðåäåëåíèå ÷èñëà

óñïåõîâ â N íåçàâèñèìûõ èñïûòàíèÿõ Áåðíóëëè.
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N=20, p=0.5
N=20, p=0.2
N=40, p=0.5
N=40, p=0.8

F (x) = I1−p (N − x, 1 + x) ,

f (x) = Cx
Npx (1− p)N−x .

ÏÑ-1. Ââåäåíèå.



Îñíîâíûå ïîíÿòèÿ ×àñòî èñïîëüçóåìûå ðàñïðåäåëåíèÿ Îñíîâû ïðîâåðêè ãèïîòåç

Áèíîìèàëüíîå ðàñïðåäåëåíèå

EX = Np,

medX = ⌊Np⌋ èëè ⌈Np⌉,
modeX = ⌊(N + 1) p⌋ èëè ⌈(N + 1) p⌉ − 1,

DX = Np (1− p) ,

γ1 (X) =
1− 2p

√

Np (1− p)
,

γ2 (X) =
1−Np (1− p)

Np (1− p)
.

X ∼ Bin (1, p) ⇔ X ∼ Ber (p) .

Åñëè N > 20 è p íå ñëèøêîì áëèçêî ê íóëþ èëè åäèíèöå, òî äëÿ

X ∼ Bin (N, p) ñïðàâåäëèâî ïðèáëèæåíèå

FX (x) ≈ Φ

(

x−Np
√

Np (1− p)

)

.

ÏÑ-1. Ââåäåíèå.
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�èïåðãåîìåòðè÷åñêîå ðàñïðåäåëåíèå

X ∼ Hyp (K,N, n) , N ∈ N0, K, n ∈ {0, . . . , N} ,
X ∈ {max (0, n+K −N) , . . . ,min (K,n)} � ðàñïðåäåëåíèå ÷èñëà óñïåõîâ

â âûáîðêå áåç âîçâðàùåíèÿ ðàçìåðà n èç ïîïóëÿöèè N ñ îáùèì ÷èñëîì

óñïåõîâ K.

0 5 10 15 20 25 30
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x

F
(x

)

0 5 10 15 20 25 30
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

x

f(
x)

 

 

N=40, K=20, n=10
N=40, K=20, n=30
N=40, K=30, n=30
N=40, K=35, n=10

F (x) =

x
∑

i=1

Ci
KCn−i

N−K

Cn
N

,

f (x) =
Cx

KCn−x
N−K

Cn
N

.

ÏÑ-1. Ââåäåíèå.
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�èïåðãåîìåòðè÷åñêîå ðàñïðåäåëåíèå

EX =
nK

N
,

modeX =

⌊

(n+ 1) (N + 1)

N + 2

⌋

,

DX =
nK (N −K) (N − n)

N2 (N − 1)
,

γ1 (X) =
(N − 2K) (N − 2n)

√
N − 1

(N − 2)
√

nK (N −K) (N − n)
,

γ2 (X) =

(

(N − 1)N2 (N (N + 1) − 6K (N −K) − 6n (N − n))+

nK (N −K) (N − n) (N − 2) (N − 3)

+6nK (N −K) (N − n) (5N − 6))
.

ÏÑ-1. Ââåäåíèå.
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�èïåðãåîìåòðè÷åñêîå ðàñïðåäåëåíèå

X ∼ Hyp (K,N, 1) ⇔ X ∼ Ber
(

K
N

)

.

Ïóñòü X ∼ Hyp (K,N, n) , Y ∼ Bin
(

n, K
N

)

; åñëè K
N

íå áëèçêî ê íóëþ

èëè åäèíèöå, à N è K âåëèêè ïî ñðàâíåíèþ ñ n è

K
N
, òî

FX (x) ≈ FY (x) ≈ Φ





x− nK
N

√

nK
N

(

1− K
N

)



 .

ÏÑ-1. Ââåäåíèå.
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Ïðîâåðêà ãèïîòåç

âûáîðêà: Xn = (X1, . . . , Xn) ∼ P ∈ Ω;
íóëåâàÿ ãèïîòåçà: H0 : P ∈ ω, ω ∈ Ω;

àëüòåðíàòèâà: H1 : P /∈ ω;
ñòàòèñòèêà: T (Xn) , T (Xn) ∼ F (x) ïðè P ∈ ω;

T (Xn) 6∼ F (x) ïðè P /∈ ω;

ðåàëèçàöèÿ âûáîðêè: xn = (x1, . . . , xn) ;
ðåàëèçàöèÿ ñòàòèñòèêè: t = T (xn) ;

äîñòèãàåìûé óðîâåíü çíà÷èìîñòè: p (xn)� âåðîÿòíîñòü ïðè H0 ïîëó÷èòü

T (Xn) = t èëè åù¼ áîëåå ýêñòðåìàëüíîå;

p

t

p (xn) = P (T ≥ t |H0 )
�èïîòåçà îòâåðãàåòñÿ ïðè p (xn) ≤ α, α� óðîâåíü çíà÷èìîñòè.

ÏÑ-1. Ââåäåíèå.
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Ïðîâåðêà ãèïîòåç

ÏÑ-1. Ââåäåíèå.



Îñíîâíûå ïîíÿòèÿ ×àñòî èñïîëüçóåìûå ðàñïðåäåëåíèÿ Îñíîâû ïðîâåðêè ãèïîòåç

Îøèáêè I è II ðîäà

Çàäà÷à ïðîâåðêè ãèïîòåç íåñèììåòðè÷íà îòíîñèòåëüíî ïàðû (H0,H1) .

H0 âåðíà H0 íåâåðíà

H0 ïðèíèìàåòñÿ H0 âåðíî ïðèíÿòà Îøèáêà âòîðîãî ðîäà

H0 îòâåðãàåòñÿ Îøèáêà ïåðâîãî ðîäà H0 âåðíî îòâåðãíóòà

Âåðîÿòíîñòü îøèáêè ïåðâîãî ðîäà îãðàíè÷èâàåòñÿ ìàëîé âåëè÷èíîé α.
Âåðîÿòíîñòü îøèáêè âòîðîãî ðîäà ìèíèìèçèðóåòñÿ ïóò¼ì âûáîðà

êðèòåðèÿ.

Ìîùíîñòü: pow = P (p (T ) ≤ α |H1 ) .
Ñîñòîÿòåëüíûé êðèòåðèé: pow → 1 äëÿ âñåõ àëüòåðíàòèâ H1 ïðè n → ∞.

T1 � ðàâíîìåðíî íàèáîëåå ìîùíûé êðèòåðèé, åñëè ∀T2

P (p (T1) ≤ α |H1 ) ≥ P (p (T2) ≤ α |H1 ) ∀H1 6= H0,

P (p (T1) ≤ α |H0 ) = P (p (T2) ≤ α |H0 ) ,

ïðè÷¼ì õîòÿ áû äëÿ îäíîé H1 íåðàâåíñòâî ñòðîãîå.

ÏÑ-1. Ââåäåíèå.



Îñíîâíûå ïîíÿòèÿ ×àñòî èñïîëüçóåìûå ðàñïðåäåëåíèÿ Îñíîâû ïðîâåðêè ãèïîòåç

Èíòåðïðåòàöèÿ ðåçóëüòàòà

Åñëè âåëè÷èíà p äîñòàòî÷íî ìàëà, òî äàííûå ñâèäåòåëüñòâóþò ïðîòèâ

íóëåâîé ãèïîòåçû â ïîëüçó àëüòåðíàòèâû.

Åñëè âåëè÷èíà p íåäîñòàòî÷íî ìàëà, òî äàííûå íå ñâèäåòåëüñòâóþò

ïðîòèâ íóëåâîé ãèïîòåçû â ïîëüçó àëüòåðíàòèâû.

Ïðè ïîìîùè èíñòðóìåíòà ïðîâåðêè ãèïîòåç íåëüçÿ äîêàçàòü

ñïðàâåäëèâîñòü íóëåâîé ãèïîòåçû!

Absene of evidene ; evidene of absene.

ÏÑ-1. Ââåäåíèå.
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Äðóãèå îñîáåííîñòè

Ïî ìåðå óâåëè÷åíèÿ n íóëåâàÿ ãèïîòåçà ìîæåò ñíà÷àëà ïðèíèìàòüñÿ,

íî ïîòîì âûÿâÿòñÿ áîëåå òîíêèå íåñîîòâåòñòâèÿ âûáîðêè ãèïîòåçå

H0, è îíà áóäåò îòâåðãíóòà (Statistial vs. linial signi�ane:

http://youtu.be/oqDZO-mfN4Q).

Âûáðàííàÿ ñòàòèñòèêà ìîæåò îòðàæàòü íå âñþ èí�îðìàöèþ,

ñîäåðæàùóþñÿ â âûáîðêå. Ïðèìåð:

H0 : X ∼ N
(

µ, σ2
)

, H1 : H0 íåâåðíà;

T (Xn) = g1.

Âñå ñèììåòðè÷íûå ðàñïðåäåëåíèÿ áóäóò ïðèçíàíû íîðìàëüíûìè!

�èïîòåçû âèäà H0 : θ = θ0 ìîæíî ïðîâåðÿòü ïðè ïîìîùè

äîâåðèòåëüíûõ èíòåðâàëîâ äëÿ θ: åñëè θ0 íå ïîïàäàåò â 100 (1− α)%
äîâåðèòåëüíûé èíòåðâàë äëÿ θ, òî H0 îòâåðãàåòñÿ íà óðîâíå

çíà÷èìîñòè α.

ÏÑ-1. Ââåäåíèå.

http://youtu.be/oqDZO-mfN4Q
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Shaken, not stirred

Äæåéìñ Áîíä ãîâîðèò, ÷òî ïðåäïî÷èòàåò ìàðòèíè ñìåøàííûì, íî íå

âçáîëòàííûì. Ïðîâåä¼ì ñëåïîé òåñò: n ðàç ïðåäëîæèì åìó ïàðó íàïèòêîâ

è âûÿñíèì, êàêîé èç äâóõ îí ïðåäïî÷èòàåò.

Âûáîðêà: áèíàðíûé âåêòîð äëèíû n, 1 � Äæåéìñ Áîíä ïðåäïî÷¼ò

ñìåøàííûé, 0 � âçáîëòàííûé.

Íóëåâàÿ ãèïîòåçà: Äæåéìñ Áîíä íå ðàçëè÷àåò äâà âèäà ìàðòèíè, ò. å.,

âûáèðàåò íàóãàä.

Ñòàòèñòèêà t � ÷èñëî åäèíèö â âûáîðêå.

ÏÑ-1. Ââåäåíèå.
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Íóëåâîå ðàñïðåäåëåíèå

Åñëè íóëåâàÿ ãèïîòåçà ñïðàâåäëèâà è Äæåéìñ Áîíä íå ðàçëè÷àåò äâà âèäà

ìàðòèíè, òî ðàâíîâåðîÿòíû âñå âûáîðêè äëèíû n èç íóëåé è åäèíèö.

Ïóñòü n = 16, òîãäà ñóùåñòâóåò 216 = 65536 ðàâíîâåðîÿòíûõ âàðèàíòà.

Ñòàòèñòèêà t ïðèíèìàåò çíà÷åíèÿ îò 0 äî 16:
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ÏÑ-1. Ââåäåíèå.
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Îäíîñòîðîííÿÿ àëüòåðíàòèâà

H1 : Äæåéìñ Áîíä ïðåäïî÷èòàåò ñìåøàííûé ìàðòèíè.

Ïðè ñïðàâåäëèâîñòè òàêîé àëüòåðíàòèâû áîëåå âåðîÿòíû áîëüøèå

çíà÷åíèÿ t (ò.å., áîëüøèå t ñâèäåòåëüñòâóþò ïðîòèâ H0 â ïîëüçó H1).

Âåðîÿòíîñòü òîãî, ÷òî Äæåéìñ Áîíä ïðåäïî÷ò¼ò ñìåøàííûé ìàðòèíè â 12
èëè áîëåå ñëó÷àÿõ èç 16 ïðè ñïðàâåäëèâîñòè H0, ðàâíà

2517
65536

≈ 0.0384.
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0.0384 � äîñòèãàåìûé óðîâåíü çíà÷èìîñòè ïðè ðåàëèçàöèè t = 12.

ÏÑ-1. Ââåäåíèå.
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Äâóñòîðîííÿÿ àëüòåðíàòèâà

H1 : Äæåéìñ Áîíä ïðåäïî÷èòàåò êàêîé-òî îïðåäåë¼ííûé âèä ìàðòèíè.

Ïðè ñïðàâåäëèâîñòè òàêîé àëüòåðíàòèâû è î÷åíü áîëüøèå, è î÷åíü

ìàëåíüêèå çíà÷åíèÿ t ñâèäåòåëüñòâóþò ïðîòèâ H0 â ïîëüçó H1).

Âåðîÿòíîñòü òîãî, ÷òî Äæåéìñ Áîíä ïðåäïî÷ò¼ò ñìåøàííûé ìàðòèíè â 12
èëè áîëåå ñëó÷àÿõ èç 16 ïðè ñïðàâåäëèâîñòè H0, ðàâíà

5034
65536

≈ 0.0768.
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0.0768 � äîñòèãàåìûé óðîâåíü çíà÷èìîñòè ïðè ðåàëèçàöèè t = 12.

ÏÑ-1. Ââåäåíèå.
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Äîñòèãàåìûé óðîâåíü çíà÷èìîñòè

×åì íèæå äîñòèãàåìûé óðîâåíü çíà÷èìîñòè, òåì ñèëüíåå äàííûå

ñâèäåòåëüñòâóþò ïðîòèâ íóëåâîé ãèïîòåçû â ïîëüçó àëüòåðíàòèâû.

0.0384 � âåðîÿòíîñòü ðåàëèçàöèè t ≥ 12 ïðè óñëîâèè, ÷òî íóëåâàÿ

ãèïîòåçà ñïðàâåäëèâà, ò. å. Äæåéìñ Áîíä âûáèðàåò ìàðòèíè íàóãàä.

Äîñòèãàåìûé óðîâåíü çíà÷èìîñòè íåëüçÿ èíòåðïðåòèðîâàòü êàê

âåðîÿòíîñòü ñïðàâåäëèâîñòè íóëåâîé ãèïîòåçû!

ÏÑ-1. Ââåäåíèå.
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Äîñòèãàåìûé óðîâåíü çíà÷èìîñòè

Ïðèìåð: óòâåðæäàåòñÿ, ÷òî îñüìèíîã ïðåäñêàçûâàåò ðåçóëüòàòû ìàò÷åé

÷åìïèîíàòà ìèðà ïî �óòáîëó ñ ó÷àñòèåì ñáîðíîé �åðìàíèè, âûáèðàÿ

êîðìóøêó ñ �ëàãîì ñòðàíû-ïîáåäèòåëÿ. Ïî ðåçóëüòàòàì 13 èñïûòàíèé åìó

óäà¼òñÿ âåðíî óãàäàòü ðåçóëüòàòû 11 ìàò÷åé. Àíàëîãè÷íûé ïðåäûäóùåìó

êðèòåðèé äà¼ò äîñòèãàåìûé óðîâåíü çíà÷èìîñòè p ≈ 0.0112.

0.0112 � íå âåðîÿòíîñòü òîãî, ÷òî îñüìèíîã âûáèðàåò êîðìóøêó íàóãàä!

Ýòà âåðîÿòíîñòü ðàâíà åäèíèöå.

p = P (T ≥ t |H0 ) 6= P (H0 |T ≥ t ) .

ÏÑ-1. Ââåäåíèå.
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Äîñòèãàåìûé óðîâåíü çíà÷èìîñòè

Ïðèìåð: ïóñòü Äæåéìñ Áîíä âûáèðàåò ñìåøàííûé ìàðòèíè â 51%
ñëó÷àåâ (íåíàáëþäàåìàÿ âåðîÿòíîñòü).

Ïóñòü ïî èòîãàì 100 èñïûòàíèé ñìåøàííûé ìàðòèíè áûë âûáðàí 49 ðàç.

Äîñòèãàåìûé óðîâåíü çíà÷èìîñòè ïðîòèâ îäíîñòîðîííåé àëüòåðíàòèâû �

p ≈ 0.6178. Íóëåâàÿ ãèïîòåçà íå îòâåðãàåòñÿ, ïðè ýòîì ñêàçàòü, ÷òî îíà

âåðíà, áûëî áû îøèáêîé � Äæåéìñ Áîíä âûáèðàåò ñìåøàííûé è

âçáîëòàííûé ìàðòèíè íå ñ îäèíàêîâûìè âåðîÿòíîñòÿìè!

ÏÑ-1. Ââåäåíèå.
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Ìîùíîñòü

Ïðîâåðÿÿ íóëåâóþ ãèïîòåçó ïðîòèâ îäíîñòîðîííåé àëüòåðíàòèâû, ìû

îòâåðãàåì H0 ïðè t ≥ 12, ÷òî îáåñïå÷èâàåò äîñòèãàåìûé óðîâåíü

çíà÷èìîñòè p ≤ α = 0.05.
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Ïóñòü Äæåéìñ Áîíä âûáèðàåò ñìåøàííûé ìàðòèíè â 75% ñëó÷àåâ.
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pow ≈ 0.6302, ò. å., ïðè ìíîãîêðàòíîì ïîâòîðåíèè ýêñïåðèìåíòà ãèïîòåçà

áóäåò îòêëîíåíà òîëüêî â 63% ñëó÷àåâ.

ÏÑ-1. Ââåäåíèå.
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Ìîùíîñòü

Ìîùíîñòü êðèòåðèÿ çàâèñèò îò ñëåäóþùèõ �àêòîðîâ:

ðàçìåð âûáîðêè;

ðàçìåð îòêëîíåíèÿ îò íóëåâîé ãèïîòåçû;

÷óâñòâèòåëüíîñòü ñòàòèñòèêè êðèòåðèÿ;

òèï àëüòåðíàòèâû.

ÏÑ-1. Ââåäåíèå.
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�àçìåð âûáîðêè

Îñîáåííîñòè ïðèêëàäíîé çàäà÷è: 1 ïîðöèÿ ìàðòèíè ñîäåðæèò 55 ìë

äæèíà è 15 ìë âåðìóòà � ñóììàðíî îêîëî 25 ìë ñïèðòà. Ñìåðòåëüíàÿ

äîçà àëêîãîëÿ ïðè ìàññå òåëà 80 êã ñîñòàâëÿåò îò 320 äî 960 ìë ñïèðòà

â çàâèñèìîñòè îò òîëåðàíòíîñòè (îò 13 äî 38 ìàðòèíè).

Îáåñïå÷åíèå òðåáóåìîé ìîùíîñòè: ðàçìåðû âûáîðêè ïîäáèðàåòñÿ òàê,

÷òîáû ïðè ðàçìåðå îòêëîíåíèÿ îò íóëåâîé ãèïîòåçû íå ìåíüøå çàäàííîãî

(íàïðèìåð, âåðîÿòíîñòü âûáîðà ñìåøàííîãî ìàðòèíè íå ìåíüøå 0.75)
ìîùíîñòü áûëà íå ìåíüøå çàäàííîé.

ÏÑ-1. Ââåäåíèå.
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Ïàäåíèå ìîùíîñòè: îáúÿñíåíèå

0 1 2 3 4 5
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

t

f 0(t
),

 n
=

5

0 1 2 3 4 5
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

t

f 1(t
),

 n
=

5

0 1 2 3 4 5 6
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

t

f 0(t
),

 n
=

6

0 1 2 3 4 5 6
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

t

f 1(t
),

 n
=

6

0.031

0.237

0.016

0.178

ÏÑ-1. Ââåäåíèå.



Îñíîâíûå ïîíÿòèÿ ×àñòî èñïîëüçóåìûå ðàñïðåäåëåíèÿ Îñíîâû ïðîâåðêè ãèïîòåç

Ïðèêëàäíàÿ ñòàòèñòèêà

1. Ââåäåíèå.

�ÿáåíêî Åâãåíèé

riabenko.e�gmail.om

ÏÑ-1. Ââåäåíèå.
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