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Íîðìàëüíîå ðàñïðåäåëåíèå Áèíîìèàëüíîå ðàñïðåäåëåíèå

Î íîðìàëüíîì ðàñïðåäåëåíèè

Áëàãîäàðÿ öåíòðàëüíîé ïðåäåëüíîé òåîðåìå è óäîáñòâó âûâîäà êðèòåðèåâ

äëÿ íîðìàëüíî ðàñïðåäåë¼ííûõ âûáîðîê ìåòîäû, îñíîâàííûå íà

ïðåäïîëîæåíèè î íîðìàëüíîñòè äàííûõ, íàèáîëåå øèðîêî

ðàñïðîñòðàíåíû.

Åñëè ïðèíÿòü ïðåäïîëîæåíèå î íîðìàëüíîñòè, òî ìîæíî ïðèìåíÿòü

áîëåå ìîùíûå êðèòåðèè. Çà÷àñòóþ îíè òàêæå ÷óâñòâèòåëüíû

ê íåáîëüøèì îòêëîíåíèÿì îò íîðìàëüíîñòè.

Ïåðåä èñïîëüçîâàíèåì ìåòîäîâ, ïðåäïîëàãàþùèõ íîðìàëüíîñòü,

ñòîèò ïðîâåðèòü íîðìàëüíîñòü.

Åñëè ãèïîòåçà íîðìàëüíîñòè îòâåðãàåòñÿ, ñëåäóåò èñïîëüçîâàòü

íåïàðàìåòðè÷åñêèå ìåòîäû.
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Êðèòåðèé Æàðêà-Áåðà

âûáîðêà: Xn = (X1, . . . , Xn) ;
íóëåâàÿ ãèïîòåçà: H0 : Xi ∼ N

(

µ, σ2
)

;
àëüòåðíàòèâà: H1 : H0 íåâåðíà;

ñòàòèñòèêà: χ2 (Xn) = n
6

(

g21 + 1
4
g22
)

;
χ2 (Xn) ∼ χ2

2 ïðè H0;
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Êðèòåðèé ñîãëàñèÿ Ïèðñîíà (õè-êâàäðàò)

âûáîðêà: Xn = (X1, . . . , Xn) ;
íóëåâàÿ ãèïîòåçà: H0 : Xi ∼ N

(

µ, σ2
)

;
àëüòåðíàòèâà: H1 : H0 íåâåðíà;

ñòàòèñòèêà: χ2 (Xn) =
K
∑

i=1

(ni−npi)
2

npi
;

χ2 (Xn) ∼
{

χ2
K−1, åñëè µ, σ çàäàíû,

χ2
K−3, åñëè µ, σ îöåíèâàþòñÿ ïî âûáîðêå

ïðè H0;

K � ÷èñëî êàðìàíîâ ãèñòîãðàììû,

[ai, ai+1] � i-é èíòåðâàë,

ni � ÷èñëî ýëåìåíòîâ âûáîðêè â i-ì èíòåðâàëå,

pi = Φ(ai+1)−Φ(ai) � òåîðåòè÷åñêàÿ âåðîÿòíîñòü ïîïàäàíèÿ íàáëþäåíèÿ

â i-é èíòåðâàë.
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Êðèòåðèé ñîãëàñèÿ Ïèðñîíà (õè-êâàäðàò)
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äîñòèãàåìûé óðîâåíü çíà÷èìîñòè:

p
(

χ2) =

{

1− chi2cdf
(

χ2, K − 1
)

, åñëè µ, σ çàäàíû,

1− chi2cdf
(

χ2, K − 3
)

, åñëè µ, σ îöåíèâàþòñÿ ïî âûáîðêå

Íåäîñòàòêè:

òðåáóåò áîëüøèõ âûáîðîê;

íåîäíîçíà÷íîñòü ñïîñîáà ðàçáèåíèÿ íà èíòåðâàëû.
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Êðèòåðèé Êîëìîãîðîâà-Ñìèðíîâà (Ëèëëèå�îðñà)

âûáîðêà: Xn = (X1, . . . , Xn) ;
íóëåâàÿ ãèïîòåçà: H0 : Xi ∼ N

(

µ, σ2
)

;
àëüòåðíàòèâà: H1 : H0 íåâåðíà;

ñòàòèñòèêà: D (Xn) = sup
x∈R

|Fn(x)− Φ(x)| =
= max

i=1,...,n

(

i
n
− Φ(Xi),Φ(Xi)− i−1

n

)

=

Fn(x) =
1
n

n
∑

i=1

[Xi < x] ;

D (Xn) ïðè H0 èìååò òàáëè÷íîå ðàñïðåäåëåíèå.

Íåäîñòàòêè:

òðåáóåò êðàéíå áîëüøèõ âûáîðîê (äëÿ ïðîâåðêè ñ α = 0.01 �

n ≈ 2000);

íå ÷óâñòâèòåëåí ê ðàçëè÷èÿì íà õâîñòàõ ðàñïðåäåëåíèé.
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Êðèòåðèé ω
2
Ñìèðíîâà-Êðàìåðà-�îí Ìèçåñà

âûáîðêà: Xn = (X1, . . . , Xn) ;
íóëåâàÿ ãèïîòåçà: H0 : Xi ∼ N

(

µ, σ2
)

;
àëüòåðíàòèâà: H1 : H0 íåâåðíà;

ñòàòèñòèêà: nω2 (Xn) =
∫

(Fn(x)− Φ(x)) dΦ(x) =

= 1
12n

+
n
∑

i=1

(

Φ(Xi)− 2i−1
2n

)2
;

nω2 (Xn) ïðè H0 èìååò ðàñïðåäåëåíèå, âûðàæàåìîå

÷åðåç Γ-�óíêöèè è �óíêöèè Áåññåëÿ.

ÏÑ-2. Ïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.
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Êðèòåðèé Øàïèðî-Óèëêà

âûáîðêà: Xn = (X1, . . . , Xn) ;
íóëåâàÿ ãèïîòåçà: H0 : Xi ∼ N

(

µ, σ2
)

;
àëüòåðíàòèâà: H1 : H0 íåâåðíà;

ñòàòèñòèêà: W (Xn) =

(

n
∑

i=1
aiX(i)

)2

n
∑

i=1
(Xi−X̄)2

,

(a1, . . . , an) =
mT V −1

(mT V −1V −1m)
,

m = (m1, . . . ,mn)
T
� ìàòîæèäàíèÿ ïîðÿäêîâûõ

ñòàòèñòèê N(0, 1), V � èõ êîâàðèàöèîííàÿ ìàòðèöà;

W (Xn) ïðè H0 èìååò òàáëè÷íîå ðàñïðåäåëåíèå.

Çíà÷åíèÿ ai òàêæå òàáóëèðîâàíû.
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Èçìåðåíèÿ ñêîðîñòè ñâåòà

Äàííûå êëàññè÷åñêîãî ýêñïåðèìåíòà Ìèõåëüñîíà ïî èçìåðåíèþ ñêîðîñòè

ñâåòà (1879), 100 íàáëþäåíèé.
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Èçìåðåíèÿ ñêîðîñòè ñâåòà
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Èçìåðåíèÿ ñêîðîñòè ñâåòà
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Îöåíêè ïëîòíîñòè âåðîÿòíîñòè
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Èçìåðåíèÿ ñêîðîñòè ñâåòà

Êðèòåðèé õè-êâàäðàò: p = 0.0333.

2.9962 2.9976 2.998 2.9985 2.9989 2.9994 2.9998 3.0007

x 10
5

0

5

10

15

20

25

30

 

 

Observed
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×åìó ðàâíî ÷èñëî ñòåïåíåé ñâîáîäû?

Êðèòåðèé Êîëìîãîðîâà-Ñìèðíîâà (Ëèëëèå�îðñà): p = 0.0860.
Êðèòåðèé Æàðêà-Áåðà: p = 0.5 / p = 0.8533.
Êðèòåðèé Êðàìåðà-�îí Ìèçåñà: p = 0.2227.
Êðèòåðèé Øàïèðî-Óèëêà: p = 0.5138.
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Èòîãî î ïðîâåðêå íîðìàëüíîñòè

î÷åíü ìàëåíüêèå âûáîðêè: ëþáîé êðèòåðèé ìîæåò ïðîïóñòèòü

îòêëîíåíèÿ îò íîðìàëüíîñòè, ãðà�è÷åñêèå ìåòîäû òîæå ÷àñòî

áåñïîëåçíû;

î÷åíü áîëüøèå âûáîðêè: ëþáîé êðèòåðèé ìîæåò âûÿâëÿòü íåáîëüøèå

ñòàòèñòè÷åñêè, íî íå ïðàêòè÷åñêè çíà÷èìûå îòêëîíåíèÿ îò

íîðìàëüíîñòè; çíà÷èòåëüíàÿ ÷àñòü ìåòîäîâ, ïðåäïîëàãàþùèõ

íîðìàëüíîñòü, äåìîíñòðèðóþò óñòîé÷èâîñòü ê îòêëîíåíèÿì;

âûáðîñû: ñèëüíî âëèÿþò íà âûáîðî÷íûå êîý��èöèåíòû àñèììåòðèè

è ýêñöåññà;

êðèòåðèé Êîëìîãîðîâà-Ñìèðíîâà (Ëèëëèå�îðñà): ïðåäñòàâëÿåò

òîëüêî èñòîðè÷åñêèé èíòåðåñ (Agostino, Goodness-of-�t tehniques);

êðèòåðèé õè-êâàäðàò: ñëèøêîì îáùèé, íå ñàìûé ìîùíûé, ïîòåðÿ

èí�îðìàöèè èç-çà ðàçáèåíèÿ íà èíòåðâàëû.
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Èòîãî î ïðîâåðêå íîðìàëüíîñòè

Êîáçàðü, Ïðèêëàäíàÿ ìàòåìàòè÷åñêàÿ ñòàòèñòèêà, 2006.
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Âèäû çàäà÷: îäíîâûáîðî÷íûå

Xn ∼ N(µ, σ2)

H0 : µ = µ0

σ èçâåñòíà

1

σ íåèçâåñòíà

2

H0 : σ = σ0 3
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Âèäû çàäà÷: äâóõâûáîðî÷íûå

Xn1
1 ∼ N(µ1, σ

2
1), Xn2

2 ∼ N(µ2, σ
2
2)

H0 : µ1 = µ2

X1, X2 íåçàâèñèìûå

σ1 = σ2 = σ

σ èçâåñòíà

4

σ íåèçâåñòíà

5

σ1 6= σ2

σ1, σ2 èçâåñòíû

6

σ1, σ2 íåèçâåñòíû

7

X1, X2 ñâÿçíûå

8

H0 : σ1 = σ2 9

ÏÑ-2. Ïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.
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1

Z-êðèòåðèé

âûáîðêà: Xn = (X1, . . . , Xn) , Xi ∼ N
(

µ, σ2
)

, σ èçâåñòíà;

íóëåâàÿ ãèïîòåçà: H0 : µ = µ0;
àëüòåðíàòèâà: H1 : µ < 6=> µ0;

ñòàòèñòèêà: Z (Xn) = X̄−µ0
σ/

√
n
;

Z (Xn) ∼ N(0, 1) ïðè H0;
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Z

p(
Z

)

äîñòèãàåìûé óðîâåíü çíà÷èìîñòè:

p (z) =











1− ncdf(z, 0, 1), H1 : µ > µ0,

ncdf(z, 0, 1), H1 : µ < µ0,

2 (1− ncdf(|z|, 0, 1)) , H1 : µ 6= µ0.
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Íîðìàëüíîå ðàñïðåäåëåíèå Áèíîìèàëüíîå ðàñïðåäåëåíèå

1

Z-êðèòåðèé

Ïðèìåð: ëèíèÿ ïî ïðîèçâîäñòâó ïóäðû äîëæíà îáåñïå÷èâàòü ñðåäíèé âåñ

ïóäðû â óïàêîâêå 4 ãðàììà, çàÿâëåííîå ñòàíäàðòíîå îòêëîíåíèå 1 ãðàìì.

Â õîäå èíñïåêöèè âûáðàíî 9 óïàêîâîê, ñðåäíèé âåñ ïðîäóêòà â íèõ

ñîñòàâëÿåò 4.6 ãðàììà.

H0 : ñðåäíèé âåñ ïóäðû â óïàêîâêå ñîîòâåòñòâóåò íîðìå.

H1 : ñðåäíèé âåñ ïóäðû â óïàêîâêå íå ñîîòâåòñòâóåò íîðìå ⇒ p = 0.0719.
H1 : ñðåäíèé âåñ ïóäðû â óïàêîâêå ïðåâûøàåò íîðìó ⇒ p = 0.0359.
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Íîðìàëüíîå ðàñïðåäåëåíèå Áèíîìèàëüíîå ðàñïðåäåëåíèå

2

t-êðèòåðèé Ñòüþäåíòà

âûáîðêà: Xn = (X1, . . . , Xn) , Xi ∼ N
(

µ, σ2
)

, σ íåèçâåñòíà;

íóëåâàÿ ãèïîòåçà: H0 : µ = µ0;
àëüòåðíàòèâà: H1 : µ < 6=> µ0;

ñòàòèñòèêà: T (Xn) = X̄−µ0
S/

√
n
;

T (Xn) ∼ St(n− 1) ïðè H0;
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T

p(
T

)

äîñòèãàåìûé óðîâåíü çíà÷èìîñòè:

p (t) =











1− tcdf(t, n− 1), H1 : µ > µ0,

tcdf(t, n− 1), H1 : µ < µ0,

2 (1− tcdf(|t|, n− 1)) , H1 : µ 6= µ0.
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Íîðìàëüíîå ðàñïðåäåëåíèå Áèíîìèàëüíîå ðàñïðåäåëåíèå

2

t-êðèòåðèé Ñòüþäåíòà

Ïðèìåð: â âûáîðêå èç 9 ïëàñòèêîâûõ ãàåê ñðåäíèé äèàìåòð ñîñòàâëÿåò

3.1 ñì, ñòàíäàðòíîå îòêëîíåíèå � 1 ñì. Ïðåäïîëàãàåòñÿ, ÷òî ñòàíäàðòíûé

äèàìåòð äëÿ òàêèõ ãàåê � 4 ñì.

H0 : ñðåäíèé äèàìåòð ãàåê â âûáîðêå ñîîòâåòñòâóåò ñòàíäàðòó.

H1 : ñðåäíèé äèàìåòð ãàåê â âûáîðêå íå ñîîòâåòñòâóåò ñòàíäàðòó

⇒ p = 0.0271.

ÏÑ-2. Ïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.
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Êðèòåðèé õè-êâàäðàò

âûáîðêà: Xn = (X1, . . . , Xn) , Xi ∼ N
(

µ, σ2
)

;
íóëåâàÿ ãèïîòåçà: H0 : σ = σ0;

àëüòåðíàòèâà: H1 : σ < 6=> σ0;

ñòàòèñòèêà: χ2 (Xn) = (n−1)S2

σ2
0

;

χ2 (Xn) ∼ χ2
n−1 ïðè H0;

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

χ2

p(
χ2 )

äîñòèãàåìûé óðîâåíü çíà÷èìîñòè:

p
(

χ2) =











1− chi2cdf(χ2, n− 1), H1 : σ > σ0,

chi2cdf(χ2, n− 1), H1 : σ < σ0,

2min
(

1− chi2cdf(χ2, n− 1), chi2cdf(χ2, n− 1)
)

, H1 : σ 6= σ0.

ÏÑ-2. Ïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.
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3

Êðèòåðèé õè-êâàäðàò

Ïðèìåð: ïðè ïðîèçâîäñòâå ìèêðîãèäðàâëè÷åñêîé ñèñòåìû äåëàåòñÿ

èíúåêöèÿ æèäêîñòè. Äèñïåðñèÿ îáú¼ìà æèäêîñòè êðèòè÷åñêè âàæíûé

ïàðàìåòð, óñòàíîâëåííûé ñòàíäàðòîì íà óðîâíå 9 êâ.ìë. Â âûáîðêå èç

25 ìèêðîãèäðàâëè÷åñêèõ ñèñòåì äèñïåðñèÿ îáú¼ìà æèäêîñòè ñîñòàâëÿåò

12 êâ.ìë.

H0 : äèñïåðñèÿ îáú¼ìà æèäêîñòè â âûáîðêå ñîîòâåòñòâóåò ñòàíäàðòó.

H1 : äèñïåðñèÿ îáú¼ìà æèäêîñòè â âûáîðêå íå ñîîòâåòñòâóåò ñòàíäàðòó

⇒ p = 0.254.
H1 : äèñïåðñèÿ îáú¼ìà æèäêîñòè â âûáîðêå ïðåâûøàåò äîïóñòèìîå

çíà÷åíèå ⇒ p = 0.127.

ÏÑ-2. Ïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.
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Z-êðèòåðèé

âûáîðêè: Xn1
1 = (X11, . . . , X1n1 ) , X1i ∼ N

(

µ1, σ
2
)

,
Xn2

2 = (X21, . . . , X2n2 ) , X2i ∼ N
(

µ2, σ
2
)

, σ èçâåñòíà;

íóëåâàÿ ãèïîòåçà: H0 : µ1 = µ2;
àëüòåðíàòèâà: H1 : µ1 < 6=> µ2;

ñòàòèñòèêà: Z (Xn1
1 , Xn2

2 ) = X̄1−X̄2

σ
√

1
n1

+ 1
n2

;

Z (Xn1
1 , Xn2

2 ) ∼ N(0, 1) ïðè H0;

−4 −3 −2 −1 0 1 2 3 4
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

Z

p(
Z

)

äîñòèãàåìûé óðîâåíü çíà÷èìîñòè:

p (z) =











1− ncdf(z, 0, 1), H1 : µ1 > µ2,

ncdf(z, 0, 1), H1 : µ1 < µ2,

2 (1− ncdf(|z|, 0, 1)) , H1 : µ1 6= µ2.
ÏÑ-2. Ïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.
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Z-êðèòåðèé

Ïðèìåð: äâà îòäåëà ñáûòà ñðàâíèâàþòñÿ ïî êîý��èöèåíòó

ðåçóëüòàòèâíîñòè ïðè âûïîëíåíèè ñõîæèõ îïåðàöèé. Â ïåðâîì îòäåëå íà

9 îïåðàöèÿõ ñðåäíåå çíà÷åíèå êîý��èöèåíòà ðåçóëüòàòèâíîñòè

ñîñòàâèëî 1.2, âî âòîðîì íà 16 îïåðàöèÿõ � 1.7. Äèñïåðñèè êîý��èöèåíòà

ðåçóëüòàòèâíîñòè â îáîèõ îòäåëàõ ðàâíû 2.075.

H0 : ñðåäíÿÿ ðåçóëüòàòèâíîñòü â îáîèõ îòäåëàõ îäèíàêîâà.

H1 : ñðåäíÿÿ ðåçóëüòàòèâíîñòü â äâóõ îòäåëàõ ðàçëè÷àåòñÿ ⇒ p = 0.405.
H1 : ñðåäíÿÿ ðåçóëüòàòèâíîñòü âòîðîãî îòäåëà âûøå ⇒ p = 0.202.

ÏÑ-2. Ïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.
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t-êðèòåðèé Ñòüþäåíòà

âûáîðêè: Xn1
1 = (X11, . . . , X1n1 ) , X1i ∼ N

(

µ1, σ
2
)

,
Xn2

2 = (X21, . . . , X2n2 ) , X2i ∼ N
(

µ2, σ
2
)

, σ íåèçâåñòíà;

íóëåâàÿ ãèïîòåçà: H0 : µ1 = µ2;
àëüòåðíàòèâà: H1 : µ1 < 6=> µ2;

ñòàòèñòèêà: T (Xn1
1 , Xn2

2 ) = X̄1−X̄2

S
√

1
n1

+ 1
n2

, S =

√

(n1−1)S2
1+(n2−1)S2

2
n1+n2−2

;

T (Xn1
1 , Xn2

2 ) ∼ St(n1 + n2 − 2) ïðè H0;
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p(
T

)

äîñòèãàåìûé óðîâåíü çíà÷èìîñòè:

p (t) =











1− tcdf(t, n1 + n2 − 2), H1 : µ1 > µ2,

tcdf(t, n1 + n2 − 2), H1 : µ1 < µ2,

2 (1− tcdf(|t|, n1 + n2 − 2)) , H1 : µ1 6= µ2.

ÏÑ-2. Ïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.
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t-êðèòåðèé Ñòüþäåíòà

Ïðèìåð: ÷èïñû ïðîäàþòñÿ â òðèäöàòèãðàììîâûõ ïàêåòàõ äâóõ

ðàçíîâèäíîñòåé. Â âûáîðêå èç 12 ïà÷åê êàæäîãî âèäà ñðåäíèå âåñà ðàâíû

31.75 ã è 28.67 ã, äèñïåðñèè � 112.25 ã

2
è 66.64 ã

2
.

H0 : êîëè÷åñòâî ÷èïñîâ â óïàêîâêàõ äâóõ ðàçíîâèäíîñòåé ñîâïàäàåò.

H1 : êîëè÷åñòâî ÷èïñîâ â óïàêîâêàõ äâóõ ðàçíîâèäíîñòåé ðàçëè÷àåòñÿ

⇒ p = 0.433.

ÏÑ-2. Ïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.
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Z-êðèòåðèé

âûáîðêè: Xn1
1 = (X11, . . . , X1n1 ) , X1i ∼ N

(

µ1, σ
2
1

)

, σ1 èçâåñòíà,

Xn2
2 = (X21, . . . , X2n2 ) , X2i ∼ N

(

µ2, σ
2
2

)

, σ2 èçâåñòíà;

íóëåâàÿ ãèïîòåçà: H0 : µ1 = µ2;
àëüòåðíàòèâà: H1 : µ1 < 6=> µ2;

ñòàòèñòèêà: Z (Xn1
1 , Xn2

2 ) = X̄1−X̄2
√

σ2
1

n1
+

σ2
2

n2

;

Z (Xn1
1 , Xn2

2 ) ∼ N(0, 1) ïðè H0;
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Z

)

äîñòèãàåìûé óðîâåíü çíà÷èìîñòè:

p (z) =











1− ncdf(z, 0, 1), H1 : µ1 > µ2,

ncdf(z, 0, 1), H1 : µ1 < µ2,

2 (1− ncdf(|z|, 0, 1)) , H1 : µ1 6= µ2.
ÏÑ-2. Ïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



Íîðìàëüíîå ðàñïðåäåëåíèå Áèíîìèàëüíîå ðàñïðåäåëåíèå

6

Z-êðèòåðèé

Ïðèìåð: èçâåñòíî, ÷òî îäíà èç ëèíèé ïî ðàñ�àñîâêå ÷èïñîâ äà¼ò óïàêîâêè

ñ áîëåå âàðèàáåëüíûì âåñîì ïðîäóêòà, ÷åì âòîðàÿ. Äèñïåðñèè ðàâíû

0.000576 ã

2
è 0.001089 ã

2
ñîîòâåòñòâåííî, ñðåäíèå çíà÷åíèÿ âåñà

â âûáîðêàõ èç 13 è 8 ýëåìåíòîâ � 80.02 ã è 79.98 ã.

H0 : ñðåäíèé âåñ ïðîäóêòà â óïàêîâêàõ, ïðîèçâåä¼ííûõ íà äâóõ ëèíèÿõ,

ñîâïàäàåò.

H1 : ñðåäíèå âåñà ïðîäóêòà â óïàêîâêàõ, ïðîèçâåä¼ííûõ íà äâóõ ëèíèÿõ,

ðàçëè÷àþòñÿ ⇒ p = 0.001.

ÏÑ-2. Ïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.
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t-êðèòåðèé Ñòüþäåíòà / Àñïèíà-Óýëøà (ïðîáëåìà Áåðåíöà-Ôèøåðà)

âûáîðêè: Xn1
1 = (X11, . . . , X1n1 ) , X1i ∼ N

(

µ1, σ
2
1

)

, σ1 íåèçâåñòíà,

Xn2
2 = (X21, . . . , X2n2 ) , X2i ∼ N

(

µ2, σ
2
2

)

, σ2 íåèçâåñòíà;

íóëåâàÿ ãèïîòåçà: H0 : µ1 = µ2;
àëüòåðíàòèâà: H1 : µ1 < 6=> µ2;

ñòàòèñòèêà: T (Xn1
1 , Xn2

2 ) = X̄1−X̄2
√

S2
1

n1
+

S2
2

n2

, ν =

(

S2
1

n1
+

S2
2

n2

)2

S4
1

n2
1
(n1−1)

+
S4
2

n2
2
(n2−1)

;

T (Xn1
1 , Xn2

2 ) ≈∼ St(ν) ïðè H0;
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)

äîñòèãàåìûé óðîâåíü çíà÷èìîñòè:

p (t) =











1− tcdf(t, ν), H1 : µ1 > µ2,

tcdf(t, ν), H1 : µ1 < µ2,

2 (1− tcdf(|t|, ν)) , H1 : µ1 6= µ2.

ÏÑ-2. Ïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.
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t-êðèòåðèé Ñòüþäåíòà / Àñïèíà-Óýëøà (ïðîáëåìà Áåðåíöà-Ôèøåðà)

Ïðèìåð: (Walford and Weindruh, 1988, The Retardation of Aging and

Disease by Dietary Restrition) â èññëåäîâàíèè ïðèíèìàëî ó÷àñòèå

194 êðûñû. 105 èç íèõ äåðæàëè íà ñòðîãîé äèåòå, îñòàâøèåñÿ 89 �

íà äèåòå ad libitum.

Èìåþùèåñÿ äàííûå: ïðîäîëæèòåëüíîñòü æèçíè êðûñ â êàæäîé èç ãðóïï.

Âîïðîñ: âëèÿåò ëè äèåòà íà ïðîäîëæèòåëüíîñòü æèçíè?

ÏÑ-2. Ïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.
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t-êðèòåðèé Ñòüþäåíòà / Àñïèíà-Óýëøà (ïðîáëåìà Áåðåíöà-Ôèøåðà)

Ïðîäîëæèòåëüíîñòü æèçíè êðûñ íà äèåòå ad libitum (n = 89)

Ïðîäîëæèòåëüíîñòü æèçíè êðûñ íà ñòðîãîé äèåòå (n = 105)

ÏÑ-2. Ïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.
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t-êðèòåðèé Ñòüþäåíòà / Àñïèíà-Óýëøà (ïðîáëåìà Áåðåíöà-Ôèøåðà)

ßùèê ñ óñàìè

Îò öåíòðà ê êðàÿì:

ìåäèàíà;

95% äîâåðèòåëüíûé èíòåðâàë äëÿ ìåäèàíû;

êâàðòèëè;

òî÷êè äàííûõ, áëèæàéøèå (èçíóòðè) ê êîíöó îòðåçêà äëèíîé

1.5× IQR;

òî÷êè, íå ïîïàäàþùèå â ýòîò èíòåðâàë.

ÏÑ-2. Ïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.
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t-êðèòåðèé Ñòüþäåíòà / Àñïèíà-Óýëøà (ïðîáëåìà Áåðåíöà-Ôèøåðà)

H0 : ïðîäîëæèòåëüíîñòü æèçíè êðûñ íå ìåíÿåòñÿ ïðè îãðàíè÷åíèè äèåòû.

H1 : êðûñû íà ñòðîãîé äèåòå æèâóò äîëüøå.

Ïðèìåíÿåì êðèòåðèé Ñòüþäåíòà äëÿ äâóõ âûáîðîê ñ íåèçâåñòíûìè

íåðàâíûìè äèñïåðñèÿìè: p = 2× 10−15; íèæíèé 95% äîâåðèòåëüíûé

ïðåäåë äëÿ óâåëè÷åíèÿ ïðîäîëæèòåëüíîñòè æèçíè � CL = 227.

H1 : ñðåäíÿÿ ïðîäîëæèòåëüíîñòü æèçíè êðûñ ìåíÿåòñÿ ïðè îãðàíè÷åíèè

äèåòû.

Ïðèìåíÿåì êðèòåðèé Ñòüþäåíòà äëÿ äâóõ âûáîðîê ñ íåèçâåñòíûìè

íåðàâíûìè äèñïåðñèÿìè: p = 4× 10−15; 95% äîâåðèòåëüíûé èíòåðâàë äëÿ

èçìåíåíèÿ ïðîäîëæèòåëüíîñòè æèçíè � CI = [217, 344] .

ÏÑ-2. Ïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.
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t-êðèòåðèé Ñòüþäåíòà / Àñïèíà-Óýëøà (ïðîáëåìà Áåðåíöà-Ôèøåðà)

�ðà�èê Q-Q (êâàíòèëü-êâàíòèëü)

Êðèòåðèé Øàïèðî-Óèëêà îòêëîíÿåò ãèïîòåçó íîðìàëüíîñòè:

p1 = 1.7× 10−6, p2 = 1.5× 10−7.

ÏÑ-2. Ïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.
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t-êðèòåðèé Ñòüþäåíòà / Àñïèíà-Óýëøà (ïðîáëåìà Áåðåíöà-Ôèøåðà)

Âîçüì¼ì óñå÷¼ííóþ âûáîðêó:

n1 = 96, n2 = 86.

Êðèòåðèé Øàïèðî-Óèëêà: p1 = 0.0443, p2 = 0.0960.
Êðèòåðèé Ñòüþäåíòà:

äëÿ îäíîñòîðîííåé àëüòåðíàòèâû p = 4× 10−32, CL = 298;

äëÿ äâóñòîðîííåé àëüòåðíàòèâû p = 9× 10−32, CI = [290, 382] .

ÏÑ-2. Ïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.
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t-êðèòåðèé Ñòüþäåíòà äëÿ ñâÿçíûõ âûáîðîê

âûáîðêè: Xn
1 = (X11, . . . , X1n) , X1i ∼ N

(

µ1, σ
2
1

)

,
Xn

2 = (X21, . . . , X2n) , X2i ∼ N
(

µ2, σ
2
2

)

, âûáîðêè ñâÿçíûå;

íóëåâàÿ ãèïîòåçà: H0 : µ1 = µ2;
àëüòåðíàòèâà: H1 : µ1 < 6=> µ2;

ñòàòèñòèêà: T (Xn
1 , X

n
2 ) =

X̄1−X̄2
S/

√
n

, S =

√

1
n−1

n
∑

i=1

(

Di − D̄
)2
,

Di = X1i −X2i;
T (Xn

1 , X
n
2 ) ∼ St(n− 1) ïðè H0;
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)

äîñòèãàåìûé óðîâåíü çíà÷èìîñòè:

p (t) =











1− tcdf(t, n− 1), H1 : µ1 > µ2,

tcdf(t, n− 1), H1 : µ1 < µ2,

2 (1− tcdf(|t|, n− 1)) , H1 : µ1 6= µ2.

ÏÑ-2. Ïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



Íîðìàëüíîå ðàñïðåäåëåíèå Áèíîìèàëüíîå ðàñïðåäåëåíèå

8

t-êðèòåðèé Ñòüþäåíòà äëÿ ñâÿçíûõ âûáîðîê

Ïðèìåð:(Pearson et al, 2003, Treatment e�ets of methylphenidate on

behavioral adjustment in hildren with mental retardation and ADHD)

èññëåäîâàëîñü âëèÿíèå ìåòèë�åíèäàòà íà ñïîñîáíîñòü ê ïîäàâëåíèþ

èìïóëüñèâíûõ ïîâåäåí÷åñêèõ ðåàêöèé óìñòâåííî îòñòàëûõ äåòåé ñ

ñèíäðîìîì äå�èöèòà âíèìàíèÿ è ãèïåðàêòèâíîñòè. Êàæäûé èñïûòóåìûé

â òå÷åíèå íåäåëè ïðèíèìàë ëèáî ïðåïàðàò, ëèáî ïëàöåáî, à â êîíöå íåäåëè

ïðîõîäèë òåñò. Íà âòîðîì ýòàïå ïëàöåáî è ïðåïàðàò ìåíÿëèñü, ïîñëå

íåäåëüíîãî êóðñà êàæäûé èñïûòóåìûé ïðîõîäèë âòîðîé òåñò.

Äëÿ 24 èñïûòóåìûõ èçâåñòíû ðåçóëüòàòû â íîðìå è ïîñëå íåäåëüíîãî

êóðñà ïðåïàðàòà.

Ý��åêòèâåí ëè ïðåïàðàò? Êàêîâ åãî ý��åêò?

ÏÑ-2. Ïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



Íîðìàëüíîå ðàñïðåäåëåíèå Áèíîìèàëüíîå ðàñïðåäåëåíèå

8

t-êðèòåðèé Ñòüþäåíòà äëÿ ñâÿçíûõ âûáîðîê

ÏÑ-2. Ïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



Íîðìàëüíîå ðàñïðåäåëåíèå Áèíîìèàëüíîå ðàñïðåäåëåíèå

8

t-êðèòåðèé Ñòüþäåíòà äëÿ ñâÿçíûõ âûáîðîê

H0 : òåðàïèÿ íåý��åêòèâíà, ñïîñîáíîñòü ê ïîäàâëåíèþ èìïóëüñèâíûõ

ïîâåäåí÷åñêèõ ðåàêöèé íå ìåíÿåòñÿ.

H1 : â ðåçóëüòàòå òåðàïèè ñïîñîáíîñòü ê ïîäàâëåíèþ èìïóëüñèâíûõ

ïîâåäåí÷åñêèõ ðåàêöèé óâåëè÷èâàåòñÿ.

Ïðèìåíÿåì ïàðíûé êðèòåðèé Ñòüþäåíòà: p = 0.0019; âåðõíèé 95%

äîâåðèòåëüíûé ïðåäåë äëÿ óâåëè÷åíèÿ � CU = −2.3212.

H1 : â ðåçóëüòàòå òåðàïèè ñïîñîáíîñòü ê ïîäàâëåíèþ èìïóëüñèâíûõ

ïîâåäåí÷åñêèõ ðåàêöèé ìåíÿåòñÿ.

Ïðèìåíÿåì ïàðíûé êðèòåðèé Ñòüþäåíòà: p = 0.0038; 95% äîâåðèòåëüíûé

èíòåðâàë äëÿ èçìåíåíèÿ � CI = [−8.1414,−1.7752] .

Èãíîðèðóåì ñâÿçü ìåæäó âûáîðêàìè è ïðèìåíèì îáû÷íûé

äâóõâûáîðî÷íûé êðèòåðèé Ñòüþäåíòà:

äëÿ îäíîñòîðîííåé àëüòåðíàòèâû p = 0.0766, CU = 0.7734;

äëÿ äâóñòîðîííåé àëüòåðíàòèâû p = 0.1532, CI = [−11.8313, 1.9146] .

ÏÑ-2. Ïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.
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9

F-êðèòåðèé Ôèøåðà

âûáîðêè: Xn1
1 = (X11, . . . , X1n1 ) , X1i ∼ N

(

µ1, σ
2
1

)

,
Xn2

2 = (X21, . . . , X2n2 ) , X2i ∼ N
(

µ2, σ
2
2

)

;
íóëåâàÿ ãèïîòåçà: H0 : σ1 = σ2;

àëüòåðíàòèâà: H1 : σ1 < 6=> σ2;

ñòàòèñòèêà: F (Xn1
1 , Xn2

2 ) =
S2
1

S2
2
;

F (Xn1
1 , Xn2

2 ) ∼ F (n1 − 1, n2 − 1) ïðè H0;
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F

p(
F

)

äîñòèãàåìûé óðîâåíü çíà÷èìîñòè:

p (f) =











fcdf(1/f, n2 − 1, n1 − 1), H1 : σ1 > σ2,

fcdf(f, n1 − 1, n2 − 1), H1 : σ1 < σ2,

2min (fcdf(1/f, n2 − 1, n1 − 1), fcdf(f, n1 − 1, n2 − 1)) , H1 : σ1 6= σ2.

ÏÑ-2. Ïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.
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9

F-êðèòåðèé Ôèøåðà

Ïðèìåð: (NIST industry eramis onsortium for strength optimization of

erami strength, 1996) ñîáðàíû äàííûå î ïðî÷íîñòè ìàòåðèàëà

440 êåðàìè÷åñêèõ èçäåëèé èç äâóõ ïàðòèé ïî 220 â êàæäîé. Öåëü �

ïðîâåðèòü, îäèíàêîâà ëè äèñïåðñèÿ ïðî÷íîñòè â ðàçíûõ ïàðòèÿõ.

�èïîòåçû íîðìàëüíîñòè íå îòêëîíÿþòñÿ êðèòåðèåì Øàïèðî-Óèëêà

(p1 = 0.2062, p2 = 0.7028).
Êðèòåðèé Ôèøåðà: p = 0.1721, CI = [0.9225, 1.5690] .

ÏÑ-2. Ïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



Íîðìàëüíîå ðàñïðåäåëåíèå Áèíîìèàëüíîå ðàñïðåäåëåíèå

Z-êðèòåðèé äëÿ äîëè

âûáîðêà: Xn = (X1, . . . , Xn) , Xi ∼ Ber (p) ;
íóëåâàÿ ãèïîòåçà: H0 : p = p0;

àëüòåðíàòèâà: H1 : p < 6=> p0;

ñòàòèñòèêà: Z (Xn) =
p̂−p0−

1
2n

√

p0(1−p0)
n

, p̂ = 1
n

n
∑

i=1

Xi;

Z (Xn) ∼ N(0, 1) ïðè H0;
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Z

)

äîñòèãàåìûé óðîâåíü çíà÷èìîñòè:

p (z) =











1− ncdf(z, 0, 1), H1 : p > p0,

ncdf(z, 0, 1), H1 : p < p0,

2 (1− ncdf(|z|, 0, 1)) , H1 : p 6= p0.

ÏÑ-2. Ïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



Íîðìàëüíîå ðàñïðåäåëåíèå Áèíîìèàëüíîå ðàñïðåäåëåíèå

Z-êðèòåðèé äëÿ äîëè

Ïðèìåð: (Êîáçàðü, 2006, Ïðèêëàäíàÿ ìàòåìàòè÷åñêàÿ ñòàòèñòèêà, çàäà÷à

227) íîðìèðóåìûé óðîâåíü äå�åêòíûõ èçäåëèé â ïàðòèè p0 = 0.05. Èç
ïàðòèè èçâëå÷åíà âûáîðêà n = 20 èçäåëèé, â êîòîðîé îáíàðóæåíû ïðè

ïðîâåðêå t = 2 äå�åêòíûõ.

H0 : äîëÿ äå�åêòíûõ èçäåëèé â ïàðòèè íå ïðåâîñõîäèò íîðìèðóåìîãî

çíà÷åíèÿ.

H1 : äîëÿ äå�åêòíûõ èçäåëèé â ïàðòèè ïðåâûøàåò íîðìèðóåìîå çíà÷åíèå

⇒ p = 0.15.

ÏÑ-2. Ïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



Íîðìàëüíîå ðàñïðåäåëåíèå Áèíîìèàëüíîå ðàñïðåäåëåíèå

Òî÷íûé êðèòåðèé äëÿ äîëè

âûáîðêà: Xn = (X1, . . . , Xn) , Xi ∼ Ber (p) ;
íóëåâàÿ ãèïîòåçà: H0 : p = p0;

àëüòåðíàòèâà: H1 : p < 6=> p0;

ñòàòèñòèêà: T (Xn) =
n
∑

i=1

Xi;

T (Xn) ∼ Bin(n, p0) ïðè H0;
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T

p(
T

)

äîñòèãàåìûé óðîâåíü çíà÷èìîñòè:

p (t) =











1− binocdf(t, n, p0), H1 : p > p0,

binocdf(t − 1, n, p0), H1 : p < p0,

. . . , H1 : p 6= p0.

ÏÑ-2. Ïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



Íîðìàëüíîå ðàñïðåäåëåíèå Áèíîìèàëüíîå ðàñïðåäåëåíèå

Òî÷íûé êðèòåðèé äëÿ äîëè

Òîò æå ïðèìåð:
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H0 : äîëÿ äå�åêòíûõ èçäåëèé â ïàðòèè íå ïðåâîñõîäèò íîðìèðóåìîãî

çíà÷åíèÿ.

H1 : äîëÿ äå�åêòíûõ èçäåëèé â ïàðòèè ïðåâûøàåò íîðìèðóåìîå çíà÷åíèå

⇒ p = 0.26.

ÏÑ-2. Ïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



Íîðìàëüíîå ðàñïðåäåëåíèå Áèíîìèàëüíîå ðàñïðåäåëåíèå

Äîâåðèòåëüíûå èíòåðâàëû

t−np√
np(1−p)

≈ N (0, 1) .

P

(

−z1−α
2
≤ t− np
√

np (1− p)
≤ z1−α

2

)

≈ 1− α,

P

(

t

n
− z1−α

2

√

p (1− p)

n
≤ p ≤ t

n
− z1−α

2

√

p (1− p)

n

)

≈ 1− α;

ïîäñòàâèì âìåñòî p îöåíêó p̂ = t
n
, ïîëó÷èì

p̂± z1−α
2

√

p̂ (1− p̂)

n

� 100 (1− α)% äîâåðèòåëüíûé èíòåðâàë Âàëüäà (ïðèáëèæ¼ííûé).

Â ïðèìåðå 95% äîâåðèòåëüíûé èíòåðâàë Âàëüäà

CIWald = [−0.0315, 0.2315].

ÏÑ-2. Ïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



Íîðìàëüíîå ðàñïðåäåëåíèå Áèíîìèàëüíîå ðàñïðåäåëåíèå

Äîâåðèòåëüíûå èíòåðâàëû

Áîëåå òî÷íûé äîâåðèòåëüíûé èíòåðâàë Óèëñîíà:

p̂+ 1
2n

z21−α
2
± z1−α

2

√

p̂(1−p̂)
n

+
z2
1−α

2
4n2

1 + 1
n
z2
1−α

2

.

Â ïðèìåðå 95% äîâåðèòåëüíûé èíòåðâàë Óèëñîíà

CIWilson = [0.0279, 0.3010].

ÏÑ-2. Ïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



Íîðìàëüíîå ðàñïðåäåëåíèå Áèíîìèàëüíîå ðàñïðåäåëåíèå

Z-êðèòåðèé äëÿ äâóõ äîëåé

âûáîðêè: Xn1
1 = (X11, . . . , X1n1 ) , X1i ∼ Ber (p1) ;

Xn2
2 = (X21, . . . , X2n2 ) , X2i ∼ Ber (p2) ;

íóëåâàÿ ãèïîòåçà: H0 : p1 = p2;
àëüòåðíàòèâà: H1 : p1 < 6=> p2;

ñòàòèñòèêà: Z (Xn1
1 , Xn2

2 ) = p̂1−p̂2
√

P (1−P )
(

1
n1

+ 1
n2

)

, P = p̂1n1+p̂2n2
n1+n2

;

Z (Xn1
1 , Xn2

2 ) ∼ N(0, 1) ïðè H0;
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Z

p(
Z

)

äîñòèãàåìûé óðîâåíü çíà÷èìîñòè:

p (z) =











1− ncdf(z, 0, 1), H1 : p1 > p2,

ncdf(z, 0, 1), H1 : p1 < p2,

2 (1− ncdf(|z|, 0, 1)) , H1 : p1 6= p2.

ÏÑ-2. Ïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



Íîðìàëüíîå ðàñïðåäåëåíèå Áèíîìèàëüíîå ðàñïðåäåëåíèå

Z-êðèòåðèé äëÿ äâóõ äîëåé

Ïðèìåð: (Êîáçàðü, 2006, Ïðèêëàäíàÿ ìàòåìàòè÷åñêàÿ ñòàòèñòèêà, çàäà÷à

226) â äâóõ ïàðòèÿõ îáú¼ìàìè n1 = 100 øò. è n2 = 200 øò. îáíàðóæåíî

ñîîòâåòñòâåííî t1 = 3 è t2 = 5 äå�åêòíûõ ïðèáîðîâ. Íåîáõîäèìî

ïðîâåðèòü ãèïîòåçó î ðàâåíñòâå äîëåé äå�åêòíûõ ïðèáîðîâ â ïàðòèÿõ.

H0 : äîëè äå�åêòíûõ èçäåëèé â ïàðòèÿõ ðàâíû.

H1 : äîëè äå�åêòíûõ èçäåëèé â ïàðòèÿõ ðàçëè÷àþòñÿ ⇒ p = 0.8.
H1 : äîëÿ äå�åêòíûõ èçäåëèé â ïåðâîé ïàðòèè âûøå ⇒ p = 0.4.
H1 : äîëÿ äå�åêòíûõ èçäåëèé â ïåðâîé ïàðòèè íèæå ⇒ p = 0.6.

ÏÑ-2. Ïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



Íîðìàëüíîå ðàñïðåäåëåíèå Áèíîìèàëüíîå ðàñïðåäåëåíèå

Òî÷íûé êðèòåðèé äëÿ äâóõ äîëåé

Áóäåò ðàññìîòðåí ïîçæå.

ÏÑ-2. Ïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.
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Ïðèêëàäíàÿ ñòàòèñòèêà

2. Ïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.

�ÿáåíêî Åâãåíèé

riabenko.e�gmail.om

ÏÑ-2. Ïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.
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