
Ïîñòðîåíèå ðåãðåññèè Àíàëèç ìîäåëåé

Ïðèêëàäíàÿ ñòàòèñòèêà 10. Ëîãèñòè÷åñêàÿ ðåãðåññèÿ.

8 íîÿáðÿ 2013 ã.

ÏÑ-10. Ëîãèñòè÷åñêàÿ ðåãðåññèÿ.



Ïîñòðîåíèå ðåãðåññèè Àíàëèç ìîäåëåé

Ïîñòàíîâêà

Çàäà÷à: îöåíèòü âëèÿíèå îäíîãî èëè íåñêîëüêèõ ïðèçíàêîâ íà

íàñòóïëåíèå êàêîãî-ëèáî ñîáûòèÿ è îöåíèòü åãî âåðîÿòíîñòü.

(xi, yi) , xi ∈ R
k, yi ∈ {0, 1} , i = 1, . . . , n;

π (x) = P (y = 1 |x ) �?
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Ïðèìåð 1

�àçðàáîòêà ïåñòèöèäîâ: xi � äîçà ïåñòèöèäà, yi � ñìåðòü âðåäèòåëÿ.

Ïîâòîðÿåìûé ýêñïåðèìåíò ñ �èêñèðîâàííûìè óðîâíÿìè �àêòîðà:
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π̂ (x) =

n∑
i=1

yi [x = xi]

n∑
i=1

[x = xi]
.
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Ïðèìåð 2

Ýêîíîìåòðèêà, ïîñòðîåíèå êðèâîé ñïðîñà: xi � öåíà òîâàðà, yi � ñîãëàñèå

êóïèòü òîâàð.

Íåïîâòîðÿåìûé ýêñïåðèìåíò ñî ñëó÷àéíûìè óðîâíÿìè �àêòîðà:

0
x

y

Ìîæíî ïîñòðîèòü íåïàðàìåòðè÷åñêóþ îöåíêó ïðè ïîìîùè ÿäåðíîãî

ñãëàæèâàíèÿ:

π̂ (x) =

n∑
i=1

yiK
(
x−xi

h

)

n∑
i=1

K
(
x−xi

h

) .
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Ïàðàìåòðèçàöèÿ

Ëèíåéíàÿ ðåãðåññèÿ:

π (x) = θ0 + θ1x+ ε.

Îöåíêà âåðîÿòíîñòè ìîæåò âûõîäèòü çà [0, 1].

Â ëèíåéíîé ðåãðåññèè y = E (y |x ) + ε, è ÌÍÊ-îöåíêà θ õîðîøà, êîãäà

ε ∼ N (0, σ). Çäåñü æå, åñëè y = π (x) + ε, òî ε = 1− π(x) èëè
ε = π(x), è ÌÍÊ-îöåíêà áóäåò ïëîõîé.

Íóæíî òàêîå íåëèíåéíîå ïðåîáðàçîâàíèå

g (π (x)) = θ0 + θ1x+ ε,

÷òîáû:

π̂ (x) = g−1
(
θ̂0 + θ̂1x

)
ïðèíèìàëà çíà÷åíèÿ èç [0, 1];

èçìåíåíèÿ íà êðàÿõ äèàïàçîíà çíà÷åíèé x ïðèâîäèëè ê ìåíüøèì

èçìåíåíèÿì π(x) (x � ãîäîâîé äîõîä, y � ïîêóïêà àâòîìîáèëÿ,

π (10000000 + 200000) − π (10000000) <
π (500000 + 200000) − π (500000)).
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Ïàðàìåòðèçàöèÿ

Logit:

g (π (x)) = ln
π (x)

1− π (x)
= θ0 + θ1x+ ε,

π̂ (x) =
eθ̂0+θ̂1x

1 + eθ̂0+θ̂1x
.
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Îòíîñèòåëüíûé ðèñê

Ïóñòü y ∼ Ber(p), òîãäà ðèñê (odds) ñîáûòèÿ y = 1:

ODDS =
p

1− p
.

Åñëè y1 ∼ Ber(p1), y2 ∼ Ber(p2), òî îòíîñèòåëüíûé ðèñê (odds ratio)

ñîáûòèÿ y1 = 1 ïî ñðàâíåíèþ ñ ñîáûòèåì y2 = 1:

OR =
p1/ (1− p1)

p2/ (1− p2)
.

❤❤❤❤❤❤❤❤❤❤❤❤❤❤
Ñåðä. çàáîëåâàíèÿ

Âîçðàñò

≥ 55 ≤ 55

åñòü 21 22

íåò 6 51

OR =
21/6

22/51
≈ 8.1.
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�îëü êîý��èöèåíòîâ ðåãðåññèè

ŷ = θ̂0 + θ̂1x.

Ïóñòü x = [âîçðàñò ≥ 55], y = [åñòü ñåðäå÷íûå çàáîëåâàíèÿ] . Ïî θ̂1 ëåãêî

îöåíèòü îòíîñèòåëüíûé ðèñê ïîëó÷åíèÿ çàáîëåâàíèÿ ïîæèëûìè ëþäüìè:

ÔR = eθ̂1 .

Ïóñòü x = âîçðàñò, y = [åñòü ñåðäå÷íûå çàáîëåâàíèÿ] . eθ̂1 èìååò ñìûñë

ìóëüòèïëèêàòèâíîãî ïðèðîñòà ðèñêà ïîëó÷åíèÿ çàáîëåâàíèÿ ïðè

óâåëè÷åíèè âîçðàñòà íà 1 ãîä.
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Íàñòðîéêà ïàðàìåòðîâ

π (x) îöåíèâàåò P (y = 1 |x ),
1− π (x) îöåíèâàåò P (y = 0 |x ) ⇒
Âåðîÿòíîñòü (xi, 1) � π (xi), (xi, 0) � 1− π (xi).

L (θ) =

n∏

i=1

π (xi)
yi (1− π (xi))

1−yi ,

LL (θ) = −
n∑

i=1

(yi ln π (xi) + (1− yi) ln (1− π (xi))) ,

θ̂ = argmax

θ
LL (θ) .

θ̂ ñóùåñòâóåò è åäèíñòâåííà, íàõîäèòñÿ ìåòîäîì Íüþòîíà-�à�ñîíà,

ÿâëÿåòñÿ ñîñòîÿòåëüíîé è àñèìïòîòè÷åñêè ý��åêòèâíîé îöåíêîé θ,
à òàêæå àñèìïòîòè÷åñêè íîðìàëüíà.
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Ïðîáëåìû ÌÏ-îöåíêè

θ̂ ìîæåò íå ñóùåñòâîâàòü èëè íå áûòü êîíå÷íîé, åñëè:

íàáëþäåíèÿ y = 0 è y = 1 ëèíåéíî ðàçäåëèìû â ïðîñòðàíñòâå

ïðèçíàêîâ X;

ìàòðèöà X âûðîæäåíà.

Èòåðàöèîííûé ïðîöåññ ìîæåò íå ñîéòèñü, åñëè ÷èñëî ïðèçíàêîâ k
ñëèøêîì âåëèêî îòíîñèòåëüíî ÷èñëà íàáëþäåíèé n.
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Äèñïåðñèÿ îöåíîê

Ïóñòü I (θ) ∈ R
(k+1)×(k+1)

� ìàòðèöà âòîðûõ ïðîèçâîäíûõ LL (θ):

∂2LL

∂θ2j
= −

n∑

i=1

x2
ijπ (xi) (1− π (xi)) ,

∂2LL

∂θjθl
= −

n∑

i=1

xijxilπ (xi) (1− π (xi)) .

Äðóãàÿ �îðìà çàïèñè:

I (θ) = XTV X,

V = diag (π (x1) (1− π (x1)) , . . . , π (xn) (1− π (xn))) .

Èç òåîðèè îöåíîê ìàêñèìóìà ïðàâäîïîäîáèÿ: Dθ̂ = I−1
(
θ̂
)
.
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Äîâåðèòåëüíûå èíòåðâàëû

Äëÿ îòäåëüíîãî êîý��èöèåíòà θj :

θ̂j ± z1−α/2

√(
I−1

(
θ̂
))

jj
.

Äëÿ g(x0) � ëîãèòà íîâîãî íàáëþäåíèÿ x0:

x0θ̂ ± z1−α/2

√
xT
0 I

−1
(
θ̂
)
x0.

Äëÿ âåðîÿòíîñòè y = 1 ïðè x = x0:


 e

x0θ̂−z1−α/2

√

xT
0
I−1(θ̂)x0

1 + ex0θ̂−z1−α/2

√

xT
0
I−1(θ̂)x0

,
e
x0θ̂+z1−α/2

√

xT
0
I−1(θ̂)x0

1 + ex0θ̂+z1−α/2

√

xT
0
I−1(θ̂)x0


 .
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Êðèòåðèé Âàëüäà

íóëåâàÿ ãèïîòåçà: H0 : θj = 0;
àëüòåðíàòèâà: H1 : θj < 6=> 0;

ñòàòèñòèêà: T =
θ̂j

√

(I−1(θ̂))
jj

;

T ∼ N(0, 1) ïðè H0;
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äîñòèãàåìûé óðîâåíü çíà÷èìîñòè:

p (t) =





1− ncdf(t, 0, 1), H1 : θj > 0,

ncdf(t, 0, 1), H1 : θj < 0,

2 (1− ncdf(|t|, 0, 1)) , H1 : θj 6= 0.
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Êðèòåðèé, îñíîâàííûé íà ïðàâäîïîäîáèè

X
n×(k+1)

=

(
X1

n×(k+1−k1)
, X2
n×k1

)
; θT

(k+1)×1
=

(
θT1

(k+1−k1)×1

, θT2
k1×1

)T

;

íóëåâàÿ ãèïîòåçà: H0 : θ2 = 0;
àëüòåðíàòèâà: H1 : H0 íåâåðíà;

ñòàòèñòèêà: G = 2 (LLur − LLr) ;
G ∼ χ2

k1
ïðè H0;
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p(
χ2 )

äîñòèãàåìûé óðîâåíü çíà÷èìîñòè:

p (g) = 1− chi2cdf(g, k1).

ÏÑ-10. Ëîãèñòè÷åñêàÿ ðåãðåññèÿ.



Ïîñòðîåíèå ðåãðåññèè Àíàëèç ìîäåëåé

Çíà÷èìîñòü ïðèçíàêîâ

Ïîñêîëüêó ðàñïðåäåëåíèå θ̂ íîðìàëüíî òîëüêî àñèìïòîòè÷åñêè, òî÷íîñòü

êðèòåðèåâ íåâûñîêà.

Ïîýòîìó çíà÷èìîñòü ïðèçíàêîâ ðåêîìåíäóåòñÿ ïðîâåðÿòü íà óðîâíå

α = 0.25.
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Ïîøàãîâàÿ ëîãèñòè÷åñêàÿ ðåãðåññèÿ

Øàã 0. Íàñòðàèâàåòñÿ ìîäåëü ñ îäíîé òîëüêî êîíñòàíòîé, à òàêæå âñå

ìîäåëè ñ îäíîé ïåðåìåííîé. �àññ÷èòûâàåòñÿ ñòàòèñòèêà Âàëüäà

êàæäîé ìîäåëè è äîñòèãàåìûé óðîâåíü çíà÷èìîñòè. Âûáèðàåòñÿ

ìîäåëü ñ íàèìåíüøèì äîñòèãàåìûì óðîâíåì çíà÷èìîñòè.

Ñîîòâåòñòâóþùàÿ ïåðåìåííàÿ Xe1 âêëþ÷àåòñÿ â ìîäåëü, åñëè ýòîò

äîñòèãàåìûé óðîâåíü çíà÷èìîñòè ìåíüøå ïîðîãîâîãî çíà÷åíèÿ

pE = 0.15.

Øàã 1. �àññ÷èòûâàåòñÿ ñòàòèñòèêà Âàëüäà è äîñòèãàåìûé óðîâåíü

çíà÷èìîñòè äëÿ âñåõ ìîäåëåé, ñîäåðæàùèõ äâå ïåðåìåííûå, îäíà èç

êîòîðûõ Xe1. Àíàëîãè÷íî ïðèíèìàåòñÿ ðåøåíèå î âêëþ÷åíèè Xe2.

Øàã 2. Åñëè áûëà äîáàâëåíà ïåðåìåííàÿ Xe2, âîçìîæíî, Xe1 óæå íå

íóæíà. Â îáùåì ñëó÷àå ïðîñ÷èòûâàþòñÿ âñå âîçìîæíûå âàðèàíòû

èñêëþ÷åíèÿ îäíîé ïåðåìåííîé, ðàññìàòðèâàåòñÿ âàðèàíò

ñ íàèáîëüøèì äîñòèãàåìûì óðîâíåì çíà÷èìîñòè, ñîîòâåòñòâóþùàÿ

ïåðåìåííàÿ èñêëþ÷àåòñÿ, åñëè îí ïðåâîñõîäèò ïîðîãîâîå çíà÷åíèå

pR = 0.2.

. . .
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Ìóëüòèêîëëèíåàðíîñòü

Ïðèçíàêè ìóëüòèêîëëèíåàðíîñòè:

ïðàâäîïîäîáèå ìîäåëè âûñîêî, íî îöåíêè ìíîãèõ êîý��èöèåíòîâ

áëèçêè ê ñâîèì ñòàíäàðòíûì îòêëîíåíèÿì;

êîý��èöèåíòû ñèëüíî ìåíÿþòñÿ ïðè âêëþ÷åíèè è èñêëþ÷åíèè

äðóãèõ ïðèçíàêîâ.
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Ïîðîã êëàññè�èêàöèè

Êàê ïî π (x) îöåíèòü y?

y = [π (x) ≥ p0] .

×àùå âñåãî áåðóò p0 = 0.5, íî ìîæíî âûáèðàòü ïî äðóãèì êðèòåðèÿì,

íàïðèìåð, äëÿ äîñòèæåíèÿ çàäàííûõ ïîêàçàòåëåé ÷óâñòâèòåëüíîñòè èëè

ñïåöè�è÷íîñòè.
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Ïðèìåð

Ý��åêòèâíîñòü òåðàïèè äëÿ íàðêîçàâèñèìûõ, p0 = 0.5:

❍
❍
❍
❍❍

ŷ
y

1 0

1 16 11

0 131 417

×óâñòâèòåëüíîñòü:

16
16+131

≈ 10.9%.

Ñïåöè�è÷íîñòü:

417
11+417

≈ 97.4%.
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Ïðèêëàäíàÿ ñòàòèñòèêà

10. Ëîãèñòè÷åñêàÿ ðåãðåññèÿ.
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