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�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

Âèäû çàäà÷

Îäíîâûáîðî÷íûå:

Xn

ñðåäíåå âûáîðêè ðàâíî çàäàííîìó ÷èñëó

1 3 8

Äâóõâûáîðî÷íûå:

Xn1
1 , Xn2

2

ñðåäíèå âûáîðîê ðàâíû

X1, X2 ñâÿçíûå

2 4 9

X1, X2 íåçàâèñèìûå

5 10

äèñïåðñèè âûáîðîê ðàâíû

6 7 11
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�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

Âàðèàíòû äâóõâûáîðî÷íûõ ãèïîòåç

Î ïîëîæåíèè:

H0 : medX1 = medX2, H1 : medX1 < 6=> medX2;

H0 : EX1 = EX2, H1 : EX1 < 6=> EX2;

H0 : p (X1 > X2) =
1

2
, H1 : p (X1 > X2) < 6=>

1

2
;

H0 : FX1 (x) = FX2 (x) , H1 : FX1 (x) < 6=> FX2 (x) ;

H0 : FX1 (x) = FX2 (x) , H1 : FX1 (x) = FX2 (x+∆) ,∆ < 6=> 0.

Î ðàññåÿíèè:

H0 : DX1 = DX2, H1 : DX1 < 6=> DX2;

H0 : DX1 = DX2,medX1 = medX2, H1 : DX1 < 6=> DX2;

H0 : FX1 (x) = FX2 (x+∆) , H1 : FX1 (x) = FX2 (σx+∆) , σ < 6=> 1.
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�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

(1)

Îäíîâûáîðî÷íûé êðèòåðèé çíàêîâ

âûáîðêà: Xn = (X1, . . . ,Xn) ,Xi 6= m0;
íóëåâàÿ ãèïîòåçà: H0 : medXi = m0;

àëüòåðíàòèâà: H1 : medXi < 6=> m0;

ñòàòèñòèêà: T (Xn) =























n1 =
n
∑

i=1
[Xi > m0] , H1 : medXi > m0,

n2 =
n
∑

i=1
[Xi < m0] , H1 : medXi < m0,

min (n1, n2) , H1 : medXi 6= m0;

T (Xn) ∼ Bin(n, 1
2
) ïðè H0;
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äîñòèãàåìûé óðîâåíü çíà÷èìîñòè:

p (t) =

{

binocdf(t, n, 0.5), H0 : medXi <> m0,

min (1, 2 ∗ binocdf(t, n, 0.5)) , H0 : medXi 6= m0.
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�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

(1)

Îäíîâûáîðî÷íûé êðèòåðèé çíàêîâ

Ïðèìåð: ïðåäïîëàãàåòñÿ, ÷òî ñòîèìîñòü ìàòåðèàëà, ïîëó÷àåìîãî ïðè

ïåðåðàáîòêå ñòðîèòåëüíîé êîíñòðóêöèè, ñîñòàâëÿåò â ñðåäíåì

0.28 äîëëàðîâ. Âçÿòà ñëó÷àéíàÿ âûáîðêà èç 10 êîíñòðóêöèé, âñå îíè

ïåðåðàáîòàíû; ñòîèìîñòü â äîëëàðàõ ïîëó÷åííîãî èç êàæäîé êîíñòðóêöèè

ìàòåðèàëà ñîñòàâèëà:

{0.28, 0.18, 0.24, 0.30, 0.40, 0.36, 0.15, 0.42, 0.23, 0.48}.

Ïðàâîìåðíî ëè èñïîëüçîâàòü ãèïîòåçó î òîì, ÷òî îíà âçÿòà èç ïîïóëÿöèè

ñ ìåäèàíîé ñòîèìîñòè ïåðåðàáîòàííîãî ìàòåðèàëà 0.28 äîëëàðîâ?

H0 : ìåäèàíà ñòîèìîñòè ïåðåðàáîòàííîãî ìàòåðèàëà ñîñòàâëÿåò

0.28 äîëëàðîâ.

H1 : ìåäèàíà ñòîèìîñòè ïåðåðàáîòàííîãî ìàòåðèàëà îòëè÷àåòñÿ îò

0.28 äîëëàðîâ ⇒ p ≈ 1.
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�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

(2)

Äâóõâûáîðî÷íûé êðèòåðèé çíàêîâ

âûáîðêè: Xn
1 = (X11, . . . , X1n) ,

Xn
2 = (X21, . . . , X2n) , X1i 6= X2i, âûáîðêè ñâÿçíûå;

íóëåâàÿ ãèïîòåçà: H0 : p (X1i > X2i) = 1
2 ;

àëüòåðíàòèâà: H1 : p (X1i > X2i) < 6=> 1
2 ;

ñòàòèñòèêà: T (Xn
1 , Xn

2 ) =























n1 =
n
∑

i=1

[X1i > X2i] , H1 : p (X1i > X2i) > 1
2 ,

n2 =
n
∑

i=1

[X1i < X2i] , H1 : p (X1i > X2i) < 1
2 ,

min (n1, n2) , H1 : p (X1i > X2i) 6= 1
2 ;

T (Xn
1 , Xn

2 ) ∼ Bin(n, 1
2 ) ïðè H0;
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äîñòèãàåìûé óðîâåíü çíà÷èìîñòè:

p (t) =

{

binocdf(t, n, 0.5), H0 : p (X1i > X2i) <> 1
2 ,

min (1, 2 ∗ binocdf(t, n, 0.5)) , H0 : p (X1i > X2i) 6= 1
2 .
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�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

(2)

Äâóõâûáîðî÷íûé êðèòåðèé çíàêîâ

Ïðèìåð: ïîêàçàòåëü êà÷åñòâà ðàáîòû 10 ìàøèí ïðîèçâîäñòâåííîãî öèêëà

áûë èçìåðåí äî è ïîñëå ìîäè�èêàöèè ïðîèçâîäñòâà. Äëÿ òð¼õ ìàøèí

çíà÷åíèå ïîêàçàòåëÿ óïàëî, äëÿ ñåìè � ïîâûñèëîñü. Â ñðåäíåì âëèÿåò ëè

ìîäè�èêàöèÿ íà çíà÷åíèå ïîêàçàòåëÿ êà÷åñòâà?

H0 : ìîäè�èêàöèÿ â ñðåäíåì íå âëèÿåò íà çíà÷åíèå ïîêàçàòåëÿ êà÷åñòâà

ðàáîòû ìàøèí.

H1 : ìîäè�èêàöèÿ â ñðåäíåì âëèÿåò íà çíà÷åíèå ïîêàçàòåëÿ êà÷åñòâà

ðàáîòû ìàøèí ⇒ p = 0.3438.
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�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

Çåðêàëà â êëåòêàõ ìûøåé

Shervin, Mirrors as potential environmental enrihment for individually housed

laboratory mie, 2004: 16 ëàáîðàòîðíûõ ìûøåé áûëè ïîìåùåíû

â äâóõêîìíàòíûå êëåòêè, â îäíîé èç êîìíàò âèñåëî çåðêàëî. Èçìåðÿëîñü

äîëÿ âðåìåíè, êîòîðîå êàæäàÿ ìûøü ïðîâîäèëà â êàæäîé èç ñâîèõ äâóõ

êëåòîê.

Îáùàÿ ïîñòàíîâêà:

H0 : ìûøàì âñ¼ ðàâíî, âèñèò â êëåòêå çåðêàëî èëè íåò.

H1 : ó ìûøåé åñòü êàêèå-òî ïðåäïî÷òåíèÿ íàñ÷¼ò çåðêàëà.
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�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

Çåðêàëà â êëåòêàõ ìûøåé

H0 : ìåäèàíà äîëè âðåìåíè, ïðîâîäèìîãî â êëåòêå ñ çåðêàëîì, ðàâíà

1
2
.

H1 : ìåäèàíà äîëè âðåìåíè, ïðîâîäèìîãî â êëåòêå ñ çåðêàëîì, íå ðàâíà

1
2
.

�åäóöèðîâàííûå äàííûå: 0 � ìûøü ïðîâåëà áîëüøå âðåìåíè â êîìíàòå

ñ çåðêàëîì, 1 � â êîìíàòå áåç çåðêàëà.

0000000000000000 0100000000000000 1000000000000000 1100000000000000

0000000000000001 0100000000000001 1000000000000001 1100000000000001

0000000000000010 0100000000000010 1000000000000010 1100000000000010

0000000000000011 0100000000000011 1000000000000011 1100000000000011

0000000000000100 0100000000000100 1000000000000100 1100000000000100

0000000000000101 0100000000000101 1000000000000101 1100000000000101

0000000000000110 0100000000000110 1000000000000110 1100000000000110

. . . . . . . . . . . .

Èñïîëüçóåì êðèòåðèé çíàêîâ.
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�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

Çåðêàëà â êëåòêàõ ìûøåé

Ñòàòèñòèêà: T � ÷èñëî åäèíèö â âûáîðêå.
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13 èç 16 ìûøåé ïðîâåëè áîëüøå âðåìåíè â êîìíàòå áåç çåðêàëà.

Êðèòåðèé çíàêîâ: p = 0.0213.
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�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

Çåðêàëà â êëåòêàõ ìûøåé

�èñòîãðàììà ðàñïðåäåëåíèÿ äîëè âðåìåíè, ïðîâîäèìîãî â êëåòêå ñ

çåðêàëîì.

Ñðåäíÿÿ äîëÿ âðåìåíè, ïðîâîäèìîãî â êëåòêå ñ çåðêàëîì � 47.6± 4.7%.
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�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

Ïðè÷èíû èñïîëüçîâàòü êðèòåðèé çíàêîâ

�àçíîñòè ∆xi ïðè H1 ìîãóò áûòü íåáîëüøèìè ïî ìîäóëþ, íî èìåòü

ñèñòåìàòè÷åñêèé õàðàêòåð ïî çíàêó (ïðèìåð ñ ìûøàìè).

�àçíîñòè ∆xi ïðè H0 ìîãóò áûòü áîëüøèìè ïî ìîäóëþ, íî

ñëó÷àéíûìè íî çíàêó (âëèÿíèå ìåäè íà ÷èñëî ëè÷èíîê êîìàðîâ).

Òî÷íûå ðàçíîñòè ∆xi íåèçâåñòíû, èçâåñòíû òîëüêî èõ çíàêè

(ñðàâíåíèå àãðåññèâíîñòè êîìàðîâ).
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�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

Âàðèàöèîííûé ðÿä, ðàíãè, ñâÿçêè

X1, . . . , Xn ⇒ X(1) ≤ . . . < X(k1) = . . . = X(k2)
︸ ︷︷ ︸

ñâÿçêà ðàçìåðà k2−k1+1

< . . . ≤ X(n)

�àíã èçìåðåíèÿ Xi:

ri = r (Xi) = mean
{
r
∣
∣Xi = X(r)

}

ò. å. åñëè Xi íå â ñâÿçêå, òî ðàíã � íîìåð Xi â âàðèàöèîííîì ðÿäó,

åñëè Xi â ñâÿçêå X(k1), . . . , X(k2), òî ðàíã ri =
k1+k2

2
.
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�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

(3)

Îäíîâûáîðî÷íûé êðèòåðèé çíàêîâûõ ðàíãîâ Óèëêîêñîíà

âûáîðêà: Xn = (X1, . . . , Xn) , Xi 6= m0;
íóëåâàÿ ãèïîòåçà: H0 : medXi = m0;

àëüòåðíàòèâà: H1 : medXi < 6=> m0;

ñòàòèñòèêà: W (Xn) =
n∑

i=1

r (|Xi −m0|) · sign (Xi −m0) ;

W (Xn) èìååò òàáëè÷íîå ðàñïðåäåëåíèå ïðè H0.
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�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

(3)

Îäíîâûáîðî÷íûé êðèòåðèé çíàêîâûõ ðàíãîâ Óèëêîêñîíà

Îòêóäà áåð¼òñÿ òàáëè÷íîå ðàñïðåäåëåíèå?

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 W

- - - - - - - - - - - - - - - -120

+ - - - - - - - - - - - - - - -118

- + - - - - - - - - - - - - - -116

+ + - - - - - - - - - - - - - -114

- - + - - - - - - - - - - - - -114

+ - + - - - - - - - - - - - - -112

- + + - - - - - - - - - - - - -110

+ + + - - - - - - - - - - - - -108

- - - + - - - - - - - - - - - -112

+ - - + - - - - - - - - - - - -110

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

- + + - + + + + + + + + + + + 110

+ + + - + + + + + + + + + + + 112

- - - + + + + + + + + + + + + 108

+ - - + + + + + + + + + + + + 110

- + - + + + + + + + + + + + + 112

+ + - + + + + + + + + + + + + 114

- - + + + + + + + + + + + + + 114

+ - + + + + + + + + + + + + + 116

- + + + + + + + + + + + + + + 118

+ + + + + + + + + + + + + + + 120
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�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

(3)

Îäíîâûáîðî÷íûé êðèòåðèé çíàêîâûõ ðàíãîâ Óèëêîêñîíà

Àïïðîêñèìàöèÿ äëÿ n > 20:

W ∼ N

(

0,
n(n+ 1)(2n+ 1)

6

)

.

Îáðàáîòêà ñâÿçîê: çàâèñèò îò ðåàëèçàöèè.
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�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

(3)

Îäíîâûáîðî÷íûé êðèòåðèé çíàêîâûõ ðàíãîâ Óèëêîêñîíà

Ïðèìåð: çíà÷åíèå äåïîçèòíîé ñòàâêè èçìåðÿåòñÿ íà âûáîðêå èç

10 èíâåñòîðîâ ïîñëå ðåêëàìíîé êàìïàíèè; ñðåäíåå çíà÷åíèå ñòàâêè äî

íà÷àëà êàìïàíèè � 0.28. Çíà÷åíèÿ äåïîçèòíîé ñòàâêè ïîñëå êàìïàíèè:

{0.28, 0.18, 0.24, 0.30, 0.40, 0.36, 0.15, 0.42, 0.23, 0.48}.

Èçìåíèëîñü ëè ñðåäíåå çíà÷åíèå äåïîçèòíîé ñòàâêè?

H0 : ñðåäíåå çíà÷åíèå äåïîçèòíîé ñòàâêè ïîñëå êàìïàíèè îñòàëîñü

ïðåæíèì.

H1 : ñðåäíåå çíà÷åíèå äåïîçèòíîé ñòàâêè ïîñëå êàìïàíèè èçìåíèëîñü

⇒ p = 0.5536.
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�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

Çåðêàëà â êëåòêàõ ìûøåé

H0 : ìåäèàíà äîëè âðåìåíè, ïðîâîäèìîãî â êëåòêå ñ çåðêàëîì, ðàâíà

1
2
.

H1 : ìåäèàíà äîëè âðåìåíè, ïðîâîäèìîãî â êëåòêå ñ çåðêàëîì, íå ðàâíà

1
2
.

Êðèòåðèé çíàêîâûõ ðàíãîâ: p = 0.0703.

ÏÑ-3. Íåïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

(4)

Êðèòåðèé çíàêîâûõ ðàíãîâ Óèëêîêñîíà äëÿ ñâÿçíûõ âûáîðîê

âûáîðêè: Xn
1 = (X11, . . . , X1n) ,

Xn
2 = (X21, . . . , X2n) , X1i 6= X2i, âûáîðêè ñâÿçíûå;

íóëåâàÿ ãèïîòåçà: H0 : med (X1i −X2i) = 0;
àëüòåðíàòèâà: H1 : med (X1i −X2i) < 6=> 0;

ñòàòèñòèêà: W (Xn
1 , X

n
2 ) =

n∑

i=1

r (|X1i −X2i|) · sign (X1i −X2i) ;

W (Xn
1 , X

n
2 ) èìååò òàáëè÷íîå ðàñïðåäåëåíèå ïðè H0.
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ÏÑ-3. Íåïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

(4)

Êðèòåðèé çíàêîâûõ ðàíãîâ Óèëêîêñîíà äëÿ ñâÿçíûõ âûáîðîê

Ïðèìåð: óïðàâëÿåìûé âðó÷íóþ ñòàíîê íà êàæäîì øàãå ïðîöåññà

ïðîèçâîäèò ïàðó ïðóæèí. Äëÿ 14 ïàð èçìåðåíà ïðî÷íîñòü:

X1 : {1.38, 0.39, 1.42, 0.54, 5.94, 0.59, 2.67, 2.44, 0.56, 0.69, 0.71, 0.95, 0.50, 9.69},
X2 : {1.42, 0.39, 1.46, 0.55, 6.15, 0.61, 2.69, 2.68, 0.53, 0.72, 0.72, 0.93, 0.53, 10.37}.

Îäèíàêîâà ëè ïðî÷íîñòü ïðóæèí â ïàðå?

H0 : ñðåäíèå çíà÷åíèå ïðî÷íîñòè ïðóæèí â ïàðå ðàâíû.

H1 : ñðåäíèå çíà÷åíèå ïðî÷íîñòè ïðóæèí â ïàðå íå ðàâíû ⇒ p = 0.0142.

ÏÑ-3. Íåïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

(5)

Êðèòåðèé Ìàííà-Óèòíè-Óèëêîêñîíà

âûáîðêè: Xn1
1 = (X11, . . . , X1n1 ) ,

Xn2
2 = (X21, . . . , X2n2 ) , âûáîðêè íåçàâèñèìûå;

íóëåâàÿ ãèïîòåçà: H0 : p (X1i > X2j) =
1
2
;

àëüòåðíàòèâà: H1 : p (X1i > X2j) < 6=> 1
2
;

ñòàòèñòèêà: X(1) ≤ . . . ≤ X(n1+n2) � âàðèàöèîííûé ðÿä

îáúåäèí¼ííîé âûáîðêè X = Xn1
1

⋃
Xn2

2 ,

R1 (X
n1
1 , Xn2

2 ) =
n1∑

i=1

r (X1i) ;

R1 (X
n1
1 , Xn2

2 ) èìååò òàáëè÷íîå ðàñïðåäåëåíèå ïðè H0.
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ÏÑ-3. Íåïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

(5)

Êðèòåðèé Ìàííà-Óèòíè-Óèëêîêñîíà

Îòêóäà áåð¼òñÿ òàáëè÷íîå ðàñïðåäåëåíèå?

Ïåðâàÿ âûáîðêà Âòîðàÿ âûáîðêà R1
{1,2,3} {4,5,6,7} 6

{1,2,4} {3,5,6,7} 8

{1,2,5} {3,4,6,7} 8

{1,2,6} {3,4,5,7} 9

{1,2,7} {3,4,5,6} 10

{1,3,4} {2,5,6,7} 8

{1,3,5} {2,4,6,7} 9

{1,3,6} {2,4,5,7} 10

{1,3,7} {2,4,5,6} 11

{1,4,5} {2,3,6,7} 6

. . . . . . . . .

{3,4,5} {1,2,6,7} 12

{3,4,6} {1,2,5,7} 13

{3,4,7} {1,2,5,6} 14

{3,5,6} {1,2,4,7} 14

{3,5,7} {1,2,4,6} 15

{3,6,7} {1,2,4,5} 16

{4,5,6} {1,2,3,7} 15

{4,5,7} {1,2,3,6} 16

{4,6,7} {1,2,3,5} 17

{5,6,7} {1,2,3,4} 18

ÏÑ-3. Íåïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

(5)

Êðèòåðèé Ìàííà-Óèòíè-Óèëêîêñîíà

Àïïðîêñèìàöèÿ äëÿ n1, n2 > 10:

R1 ∼ N

(
n1(n1 + n2 + 1)

2
,
n1n2(n1 + n2 + 1)

12

)

.

Îáðàáîòêà ñâÿçîê: çàâèñèò îò ðåàëèçàöèè.

p (X1i > X2j) =
1

2
⇒ med (X1i −X2j) = 0 6⇒ medX1i = medX2j .

ÏÑ-3. Íåïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

(5)

Êðèòåðèé Ìàííà-Óèòíè-Óèëêîêñîíà

Ïðèìåð: ñîòðóäíèê íàëîãîâîé ñëóæáû õî÷åò ñðàâíèòü ñðåäíèå çíà÷åíèÿ

â äâóõ âûáîðêàõ çàÿâëåííûõ òðàò íà êîìïåíñàöèþ êîìàíäèðîâî÷íûõ

ðàñõîäîâ â îäíîé è òîé æå êîìïàíèè â äâóõ ðàçíûõ ïåðèîäàõ (ðàñõîäû

ñêîððåêòèðîâàíû íà èí�ëÿöèþ).

X1 : {50.5, 37.5, 49.8, 56.0, 42.0, 56.0, 50.0, 54.0, 48.0},
X2 : {57.0, 52.0, 51.0, 44.2, 55.0, 62.0, 59.0, 45.2, 53.5, 44.4}.

�àâíû ëè ñðåäíèå ðàñõîäû?

H0 : ñðåäíèå ðàñõîäû ðàâíû.

H1 : ñðåäíèå ðàñõîäû íå ðàâíû ⇒ p = 0.3072.

ÏÑ-3. Íåïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

Êî�åèí è ðåñïèðàòîðíûé îáìåí

RER (ðåñïèðàòîðíûé îáìåí)� ñîîòíîøåíèå ÷èñëà ìîëåêóë CO2 è O2

â âûäûõàåìîì âîçäóõå. ßâëÿåòñÿ êîñâåííûì ïðèçíàêîì òîãî, èç æèðîâ

èëè óãëåâîäîâ âûðàáàòûâàåòñÿ ýíåðãèÿ â ìîìåíò èçìåðåíèÿ.

Èçó÷àëîñü âëèÿíèå êî�åèíà íà ìûøå÷íûé ìåòàáîëèçì. Â ýêñïåðèìåíòå

ïðèíèìàëî ó÷àñòèå 18 èñïûòóåìûõ, ðåñïèðàòîðíûé îáìåí êîòîðûõ

èçìåðÿëñÿ â ïðîöåññå �èçè÷åñêèõ óïðàæíåíèé. Çà ÷àñ äî ýòîãî 9 èç íèõ

ïîëó÷èëè òàáëåòêó êî�åèíà, îñòàâøèåñÿ 9� ïëàöåáî.

Ïîâëèÿë ëè êî�åèí íà çíà÷åíèå ïîêàçàòåëÿ ðåñïèðàòîðíîãî îáìåíà?

ÏÑ-3. Íåïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

Êî�åèí è ðåñïèðàòîðíûé îáìåí

85 90 95 100 105 110 115 120
RER

 

 

Placebo
Caffeine

Çíà÷åíèå ïîêàçàòåëÿ ðåñïèðàòîðíîãî îáìåíà â äâóõ ãðóïïàõ.

H0 : ñðåäíåå çíà÷åíèå ïîêàçàòåëÿ ðåñïèðàòîðíîãî îáìåíà íå îòëè÷àåòñÿ

â äâóõ ãðóïïàõ.

H1 : ñðåäíåå çíà÷åíèå ïîêàçàòåëÿ ðåñïèðàòîðíîãî îáìåíà îòëè÷àåòñÿ

â äâóõ ãðóïïàõ.

ÏÑ-3. Íåïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

Êî�åèí è ðåñïèðàòîðíûé îáìåí

�àíã Íàáëþäåíèå Íîìåð íàáëþäåíèÿ Íàáëþäåíèå �àíã

16.5 105 1 96 9

18 119 2 99 13

14 100 3 94 5.5

11 97 4 89 3

9 96 5 96 9

15 101 6 93 4

5.5 94 7 88 1.5

7 95 8 105 16.5

12 98 9 88 1.5

Ñòàòèñòèêà R1 � ñóììà ðàíãîâ â îäíîé èç ãðóïï.

R: p = 0.0521.
Matlab: p = 0.0468.
Matlab ïðè èñêëþ÷åíèè íàáëþäåíèÿ RER=119: p = 0.0865.

ÏÑ-3. Íåïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

(6)

Êðèòåðèé Çèãåëÿ-Òüþêè

âûáîðêè: X
n1
1 = (X11, . . . ,X1n1 ) ,

X
n2
2 = (X21, . . . ,X2n2 ) , âûáîðêè íåçàâèñèìûå;

medX1i = medX2j ;
íóëåâàÿ ãèïîòåçà: H0 : DX1i = DX2j ;

àëüòåðíàòèâà: H1 : DX1i < 6=> DX2j ;
ñòàòèñòèêà: X(1) ≤ . . . ≤ X(N) � âàðèàöèîííûé ðÿä

îáúåäèí¼ííîé âûáîðêè XN = X
n1
1

⋃

X
n2
2 , N = n1 + n2,

R1

(

X
n1
1 , X

n2
2

)

=
n1
∑

i=1
r̃ (X1i) ;

R1
(

X
n1
1 , X

n2
2

)

èìååò òàáëè÷íîå ðàñïðåäåëåíèå ïðè H0.
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�àíãè ïðèñâàèâàþòñÿ íåîáû÷íûì îáðàçîì:

X(i) X(1) ≤ X(2) ≤ X(3) ≤ . . . ≤ X(N−2) ≤ X(N−1) ≤ X(N)

r̃
(

X(i)

)

1 4 5 6 3 2

ÏÑ-3. Íåïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

(6)

Êðèòåðèé Çèãåëÿ-Òüþêè

Ïðèìåð: ìåíåäæåð ïî êåéòåðèíãó õî÷åò ïðîâåðèòü, îäèíàêîâà ëè

äèñïåðñèÿ êîëè÷åñòâà ñîóñà â óïàêîâêå ïðè ðàñ�àñîâêå ñ ïîìîùüþ äâóõ

äèñïåíñåðîâ. Êàæäûì èç äèñïåíñåðîâ îí íàïîëíèë 10 óïàêîâîê.

X1 : {2.4, 6.1, 7.3, 8.5, 8.8, 9.4, 9.8, 10.1, 10.1, 12.6},
X2 : {2.9, 3.3, 3.6, 4.2, 4.9, 7.3, 11.7, 13.1, 15.3, 16.5}.

Ïðåäïîëàãàåòñÿ, ÷òî îáà äèñïåíñåðà õîðîøî îòêàëèáðîâàíû, òî åñòü, äàþò

îäèíàêîâîå ñðåäíåå êîëè÷åñòâî ñîóñà â óïàêîâêå.

H0 : äèñïåðñèÿ êîëè÷åñòâà ñîóñà â óïàêîâêå íå îòëè÷àåòñÿ äëÿ äâóõ

äèñïåíñåðîâ.

H1 : äèñïåðñèÿ êîëè÷åñòâà ñîóñà â óïàêîâêå äëÿ äâóõ äèñïåíñåðîâ

îòëè÷àåòñÿ ⇒ p = 0.0288.

ÏÑ-3. Íåïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

(7)

WM-êðèòåðèé

âûáîðêè: Xn1
1 = (X11, . . . , X1n1 ) ,

Xn2
2 = (X21, . . . , X2n2 ) , X1i 6= X2j , âûáîðêè íåçàâèñèìûå;

íóëåâàÿ ãèïîòåçà: H0 : DX1i = DX2j ;
àëüòåðíàòèâà: H1 : DX1i < 6=> DX2j ;

ñòàòèñòèêà: DN1
1 = (|X1i −X1j |) , N1 = ⌊n1

2
⌋,

DN2
2 = (|X2i −X2j |) , N2 = ⌊n2

2
⌋,

D(1) ≤ . . . ≤ D(N1+N2) � âàðèàöèîííûé ðÿä

îáúåäèí¼ííîé âûáîðêè D = DN1
1

⋃
DN2

2 ,

R1 (X
n1
1 , Xn2

2 ) =
N1∑

i=1

r (D1i) ;

R1 (X
n1
1 , Xn2

2 ) èìååò òàáëè÷íîå ðàñïðåäåëåíèå ïðè H0.
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ÏÑ-3. Íåïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

(7)

WM-êðèòåðèé

Ïðèìåð: ìåíåäæåð ïî êåéòåðèíãó õî÷åò ïðîâåðèòü, îäèíàêîâà ëè

äèñïåðñèÿ êîëè÷åñòâà ñîóñà â óïàêîâêå ïðè ðàñ�àñîâêå ñ ïîìîùüþ äâóõ

äèñïåíñåðîâ. Êàæäûì èç äèñïåíñåðîâ îí íàïîëíèë 10 óïàêîâîê.

Âîçìîæíî, äèñïåíñåðû îòêàëèáðîâàíû ïî-ðàçíîìó.

H0 : äèñïåðñèÿ êîëè÷åñòâà ñîóñà â óïàêîâêå íå îòëè÷àåòñÿ äëÿ äâóõ

äèñïåíñåðîâ.

H1 : äèñïåðñèÿ êîëè÷åñòâà ñîóñà â óïàêîâêå äëÿ äâóõ äèñïåíñåðîâ

îòëè÷àåòñÿ ⇒ p = 0.2222.

ÏÑ-3. Íåïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

Ïåðåñòàíîâî÷íûå êðèòåðèè

Èäåÿ: íàéòè òàêóþ ãðóïïó ïåðåñòàíîâîê G èñõîäíîé âûáîðêè Xn, ÷òî
ðàñïðåäåëåíèå Xn

ïðè ñïðàâåäëèâîñòè íóëåâîé ãèïîòåçû íå îòëè÷àåòñÿ îò

ðàñïðåäåëåíèÿ gXn, g ∈ G.

Íàïðèìåð, åñëè â îäíîâûáîðî÷íîé çàäà÷å ñïðàâåäëèâà ãèïîòåçà

H0 : EXi = 0, òî ñ òîé æå âåðîÿòíîñòüþ, ÷òî è Xn, ìîãëà ðåàëèçîâàòüñÿ
âûáîðêà

gXn = Xn · (s1, . . . , sn) , si ∈ {−1, 1} .
Åñëè íóëåâàÿ ãèïîòåçà çàêëþ÷àåòñÿ â òîì, ÷òî âûáîðêè â ïàðå

(Xn1
1 , Xn2

2 ) ≡ (X1, . . . , XN ) îäèíàêîâî ðàñïðåäåëåíû, òî ñ òîé æå

âåðîÿòíîñòüþ ìîãëà ðåàëèçîâàòüñÿ ïàðà

g (Xn1
1 , Xn2

2 ) =
(
Xπ11 , . . . , Xπ1n1

, Xπ21 , . . . , Xπ2n2

)
= (gXn1

1 , gXn2
2 ) ,

ãäå π11, . . . , π1n1 � ñî÷åòàíèå èç N = n1 + n2 ïî n1, π21, . . . , π2n2 � åãî

äîïîëíåíèå äî ìíîæåñòâà {1, . . . , N}.

ÏÑ-3. Íåïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

(8)

Îäíîâûáîðî÷íûé ïåðåñòàíîâî÷íûé êðèòåðèé, ãèïîòåçà î ñðåäíåì

âûáîðêà: Xn
1 = (X1, . . . , Xn) , F (EX −X) = 1− F (EX +X) ;

íóëåâàÿ ãèïîòåçà: H0 : EX = 0;
àëüòåðíàòèâà: H1 : EX < 6=> 0;

ñòàòèñòèêà: T (Xn) =
n∑

i=1

Xi.

�àñïðåäåëåíèå T (Xn) ïðè H0 ïîðîæäàåòñÿ ãðóïïîé ïåðåñòàíîâîê

G = {g = (s1, . . . , sn)} , si ∈ {−1, 1},

|G| = 2n.

Äëÿ ïðîâåðêè ãèïîòåçû H0 : EX = µ0 ãðóïïà ñòðîèòñÿ ïî àíàëîãèè.

Äîñòèãàåìûé óðîâåíü çíà÷èìîñòè:

p (t) =







∑

g∈G

[t(gxn)≤≥t(xn)]

2n
, H1 : EX <> 0,

∑

g∈G

[|t(gxn)|≥|t(xn)|]

2n
, H1 : EX 6= 0.

ÏÑ-3. Íåïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

Çåðêàëà â êëåòêàõ ìûøåé

H0 : â êëåòêå ñ çåðêàëîì ìûøè ïðîâîäÿò â ñðåäíåì ïîëîâèíó âðåìåíè.

H1 : â êëåòêå ñ çåðêàëîì ìûøè ïðîâîäÿò â ñðåäíåì íå ïîëîâèíó âðåìåíè.

Ñòàòèñòèêà: T =
n∑

i=1

(Xi − 0.5) ; t = −0.3784.

p = #[|T |≥|t|]
2n

.
p = 0.2292.

ÏÑ-3. Íåïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

(9)

Äâóõâûáîðî÷íûé ïåðåñòàíîâî÷íûé êðèòåðèé, ãèïîòåçà î ñðåäíèõ,

ñâÿçíûå âûáîðêè

âûáîðêè: Xn
1 = (X11, . . . , X1n) ,

Xn
2 = (X21, . . . , X2n) , âûáîðêè ñâÿçíûå;

íóëåâàÿ ãèïîòåçà: H0 : FX1(x) = FX2(x);
àëüòåðíàòèâà: H1 : FX1(x) < 6=> FX2(x);
ñòàòèñòèêà: Dn = (X1i −X2i) ,

T (Xn
1 , X

n
2 ) = T (Dn) =

n∑

i=1

Di.

�àñïðåäåëåíèå T (Dn) ïðè H0 ïîðîæäàåòñÿ ãðóïïîé ïåðåñòàíîâîê

G = {g = (s1, . . . , sn)} , si ∈ {−1, 1},

|G| = 2n.

Äîñòèãàåìûé óðîâåíü çíà÷èìîñòè:

p (t) =







∑

g∈G

[t(gdn)≤≥t(dn)]

2n
, H1 : FX1(x) <> FX2(x),

∑

g∈G

[|t(gdn)|≥|t(dn)|]

2n
, H1 : FX1(x) 6= FX2(x).

ÏÑ-3. Íåïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

(10)

Äâóõâûáîðî÷íûé ïåðåñòàíîâî÷íûé êðèòåðèé, ãèïîòåçà î ñðåäíèõ,

íåçàâèñèìûå âûáîðêè

âûáîðêè: X
n1
1 = (X11, . . . ,X1n1 ) ,

X
n2
2 = (X21, . . . ,X2n2 ) , âûáîðêè íåçàâèñèìûå;

íóëåâàÿ ãèïîòåçà: H0 : FX1
(x) = FX2

(x);
àëüòåðíàòèâà: H1 : FX1

(x) = FX2
(x+∆),∆ < 6=> 0;

ñòàòèñòèêà: T
(

X
n1
1 ,X

n2
2

)

= 1
n1

n1
∑

i=1
X1i −

1
n2

n2
∑

i=1
X2i.

�àñïðåäåëåíèå T
(

X
n1
1 , X

n2
2

)

ïðè H0 ïîðîæäàåòñÿ ãðóïïîé ïåðåñòàíîâîê G :

g
(

X
n1
1 ,X

n2
2

)

=
(

Xπ11 , . . . , Xπ1n1
, Xπ21 , . . . , Xπ2n2

)

=
(

gX
n1
1 , gX

n2
2

)

,

ãäå π11, . . . , π1n1 � ñî÷åòàíèå èç N = n1 + n2 ïî n1, π21, . . . , π2n2 � åãî

äîïîëíåíèå äî ìíîæåñòâà {1, . . . , N}.

|G| = C
n1
N

= C
n2
N

.

Äîñòèãàåìûé óðîâåíü çíà÷èìîñòè:

p (t) =



















∑

g∈G
[t(gx

n1
1 ,gx

n2
2 )≤≥t(x

n1
1 ,x

n2
2 )]

C
n1
N

, H1 : ∆ <> 0,
∑

g∈G
[|t(gx

n1
1 ,gx

n2
2 )|≥|t(x

n1
1 ,x

n2
2 )|]

C
n1
N

, H1 : ∆ 6= 0.

ÏÑ-3. Íåïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

Êî�åèí è ðåñïèðàòîðíûé îáìåí

H0 : ñðåäíåå çíà÷åíèå ïîêàçàòåëÿ ðåñïèðàòîðíîãî îáìåíà íå îòëè÷àåòñÿ

â äâóõ ãðóïïàõ.

H1 : ñðåäíåå çíà÷åíèå ïîêàçàòåëÿ ðåñïèðàòîðíîãî îáìåíà îòëè÷àåòñÿ

â äâóõ ãðóïïàõ.

Ñòàòèñòèêà: T = 1
n1

n1∑

i=1

X1i − 1
n2

n2∑

i=1

X2i; t = 6.33.

p =
#[|T−T |≥|t−T |]

C
n1
n1+n2

.

p = 0.0578.

ÏÑ-3. Íåïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

(11)

Äâóõâûáîðî÷íûé ïåðåñòàíîâî÷íûé êðèòåðèé, ãèïîòåçà î

äèñïåðñèÿõ, ñòàòèñòèêà Àëè

âûáîðêè: Xn
1 = (X11, . . . , X1n) ,

Xn
2 = (X21, . . . , X2n) , âûáîðêè íåçàâèñèìûå;

íóëåâàÿ ãèïîòåçà: H0 : DX1i = DX2j ;
àëüòåðíàòèâà: H1 : DX1i < 6=> DX2j ;

ñòàòèñòèêà: X1(1) ≤ . . . ≤ X1(n), X2(1) ≤ . . . ≤ X2(n) �

âàðèàöèîííûå ðÿäû âûáîðîê,

D1i = X1(i+1) − X1(i), D2i = X2(i+1) − X2(i),

δ
(

D
n−1
1

)

=
n−1
∑

i=1

i(n − i)D1i.

�àñïðåäåëåíèå δ
(

D
n−1
1

)

ïðè H0 ïîðîæäàåòñÿ ãðóïïîé G ïîïàðíûõ ïåðåñòàíîâîê D1i è

D2i:

g
(

D
n−1
1 , D

n−1
2

)

=

(

Dπ11, . . . , Dπn−1(n−1), Dπ′
11, . . . , Dπ′

n−1
(n−1)

)

=
(

gD
n−1
1 , gD

n−1
2

)

,

ãäå ∀i = 1, . . . , n − 1 ëèáî πi = 1, π′
i = 2, ëèáî πi = 2, π′

i = 1.

|G| = 2n−1
.

Äîñòèãàåìûé óðîâåíü çíà÷èìîñòè:

p (δ) =



























p1 =

∑

g∈G

[

δ
(

gd
n−1
1

)

≥δ
(

d
n−1
1

)]

2n−1 , H1 : DX1i > DX2j ,

p2 =

∑

g∈G

[

δ
(

gd
n−1
1

)

≤δ
(

d
n−1
1

)]

2n−1 , H1 : DX1i < DX2j ,

2 · min (p1, p2) , H1 : DX1i 6= DX2j .

ÏÑ-3. Íåïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

Îñîáåííîñòè ïåðåñòàíîâî÷íûõ êðèòåðèåâ

Ñòàòèñòèêó êðèòåðèÿ ìîæíî âûáðàòü ðàçíûìè ñïîñîáàìè.

Â íåêîòîðûõ ñëó÷àÿõ ðàçíûå ñòàòèñòèêè ïðèâåäóò ê îäíîìó è òîìó æå

äîñòèãàåìîìó óðîâíþ çíà÷èìîñòè:

Xn, H0 : EXi = 0, H1 : EXi 6= 0,

T1 (X
n) =

n∑

i=1

Xi ∼ T2 (X
n) = X̄.

Â äðóãèõ ñëó÷àÿõ äîñòèãàåìûé óðîâåíü çíà÷èìîñòè áóäåò çàâèñåòü îò

âûáîðà ñòàòèñòèêè:

T2 (X
n) = X̄ ≁ T3 (X

n) =
X̄

S/
√
n
.

Åñëè |G| ñëèøêîì âåëèêî, äëÿ îöåíêè íóëåâîãî ðàñïðåäåëåíèÿ T
äîñòàòî÷íî âçÿòü ñëó÷àéíîå ïîäìíîæåñòâî G′ ∈ G.

ÏÑ-3. Íåïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

�àçëè÷èÿ ìåæäó ìîìåíòàìè âûñîêîãî ïîðÿäêà
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;

EX1 = EX2, DX1 = DX2.

ÏÑ-3. Íåïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

Äâóõâûáîðî÷íûå êðèòåðèè ñîãëàñèÿ

âûáîðêè: Xn1
1 = (X11, . . . , X1n1 ) ,

Xn2
2 = (X21, . . . , X2n2 ) , âûáîðêè íåçàâèñèìûå;

íóëåâàÿ ãèïîòåçà: H0 : FX1 (x) = FX2 (x) ∀x;
àëüòåðíàòèâà: H1 : H0 íåâåðíà.

Êðèòåðèé Êîëìîãîðîâà-Ñìèðíîâà:

ñòàòèñòèêà: D (Xn1
1 , Xn2

2 ) = sup
−∞<x<∞

|Fn1X1 (x)− Fn2X2 (x)| .

Êðèòåðèé Àíäåðñîíà (ìîäè�èêàöèÿ êðèòåðèÿ Ñìèðíîâà-Êðàìåðà-

�îí Ìèçåñà):

ñòàòèñòèêà: T (Xn1
1 , Xn2

2 ) = 1
n1n2(n1+n2)

(

n1

n1∑

i=1

(r (X1i)− i)2 +

+n2

n1∑

j=1

(r (X2j)− j)2
)

− 4n1n2−1
6(n1+n2)

.

Ñòàòèñòèêè èìåþò òàáëè÷íûå ðàñïðåäåëåíèÿ ïðè H0.

ÏÑ-3. Íåïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

Ôóíêöèÿ ñäâèãà

Âìåñòî ðàâíîìåðíîãî ñäâèãà

FX1 (x) = FX2 (x+∆)

ìîæíî ïðåäïîëîæèòü, ÷òî ñäâèã çàâèñèò îò x:

FX1 (x) = FX2 (x+∆(x)) .

Òàêàÿ ìîäåëü ïîçâîëÿåò îöåíèòü ý��åêò îòäåëüíî äëÿ ðàçíûõ ãðóïï

ïîïóëÿöèè. Ïðèìåðû:

óäîáðåíèå óâåëè÷èâàåò êðóïíûå ýêçåìïëÿðû ðàñòåíèÿ è íå âëèÿåò íà

ðîñò ìåëêèõ;

ãàììà-îáëó÷åíèå ñåìÿí óâåëè÷èâàåò âàðèàáåëüíîñòü

ñåëüñêîõîçÿéñòâåííûõ ðàñòåíèé.

ÏÑ-3. Íåïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

Ôóíêöèÿ ñäâèãà

Íà îñíîâå èíâåðòèðîâàííîãî ðàñïðåäåëåíèÿ äâóõâûáîðî÷íîãî êðèòåðèÿ

Êîëìîãîðîâà-Ñìèðíîâà ìîæíî ïîñòðîèòü äîâåðèòåëüíóþ ëåíòó.

�åàëèçàöèÿ â R:

> install.pakages("akima")

> install.pakages("WRS repos="http://R-Forge.R-projet.org")

> library("WRS")

> sband(x1,x2)

ÏÑ-3. Íåïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

Ôóíêöèÿ ñäâèãà

Ïðèìåð: (Doksum, Sievers, Plotting with on�dene: graphial omparisons of

two populations, 1976) èç äâóõ ãðóïï ëàáîðàòîðíûõ ìûøåé îäíà æèâ¼ò

â îáû÷íûõ óñëîâèÿõ, à âòîðàÿ � â ñðåäå, îáîãàù¼ííîé îçîíîì. Èçâåñòåí

ïðèðîñò âåñà äëÿ êàæäîé îñîáè çà �èêñèðîâàííûé êîíòðîëüíûé ïåðèîä.

Åñòü ëè ðàçëè÷èÿ ìåæäó ãðóïïàìè?

ÏÑ-3. Íåïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

Ôóíêöèÿ ñäâèãà

ÏÑ-3. Íåïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

Ôóíêöèÿ ñäâèãà

Êðèòåðèé Óýëøà: p = 0.005, êðèòåðèé Ìàííà-Óèòíè: p = 0.001.

Ôóíêöèÿ ñäâèãà:

ÏÑ-3. Íåïàðàìåòðè÷åñêàÿ ïðîâåðêà ãèïîòåç.



�åäóêöèÿ äî çíàêîâ �åäóêöèÿ äî ðàíãîâ Ïåðåñòàíîâî÷íûå êðèòåðèè Ñðàâíåíèå ðàñïðåäåëåíèé

Ëèòåðàòóðà

Êðèòåðèè çíàêîâ (sign tests) � Kanji, �� 45, 46.

Êðèòåðèè çíàêîâûõ ðàíãîâ (signed-rank tests) � Kanji, �� 47, 48.

Êðèòåðèé Ìàííà-Óèòíè-Óèëêîêñîíà (Mann-Whitney-Wiloxon test) �

Êîáçàðü, 4.2.1.1.2.2.

Ïåðåñòàíîâî÷íûå êðèòåðèè (permutation tests) � Good, 3.2.1, 3.6.4,

3.7.2 (ñ îøèáêîé, èñïðàâëåíî â Ramsey).

Äâóõâûáîðî÷íûå êðèòåðèè ñîãëàñèÿ (two-sample goodness-of-�t

tests) � Êîáçàðü, 3.1.2.8.

Ôóíêöèÿ ñäâèãà (shift funtion) � Wilox, 5.1.

Êîáçàðü À.È. Ïðèêëàäíàÿ ìàòåìàòè÷åñêàÿ ñòàòèñòèêà. � Ì.: Ôèçìàòëèò, 2006.

Kanji G.K. 100 statistial tests. � London: SAGE Publiations, 2006.

Good P. Permutation, Parametri and Bootstrap Tests of Hypotheses: A Pratial

Guide to Resampling Methods for Testing Hypotheses. � New York: Springer, 2005.
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