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Ïîñòàíîâêà çàäà÷è Íîðìà Ôðîáåíèóñà Äèâåðãåíöèÿ Êóëüáàêà-Ëåéáëåðà Äðóãèå �óíêöèè ïîòåðü Ñïèñîê ëèòåðàòóðû

Íåîòðèöàòåëüíîå ìàòðè÷íîå ðàçëîæåíèå (NMF)

P ≈ AX ≡ Q,

P,Q ∈ R
m×n
+ , A ∈ R

m×k
+ , X ∈ R

k×n
+ , r < min (m,n) .

Îïòèìèçàöèîííàÿ çàäà÷à:

(A∗, X∗) = argmin

A>0, X>0
D (P,AX) . (1)
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Ôóíêöèè ïîòåðü (äèâåðãåíöèè)

D (P,Q) =

m∑

i=1

n∑

j=1

d (pij , qij) ,

d (p, q) > 0,

d (p, q) = 0⇔ p = q.

Íàçâàíèå d (p, q)

íîðìà l1 d1 (p, q) = |p− q|
íîðìà Ôðîáåíèóñà dF (p, q) = (p− q)2

îáîáù¼ííàÿ äèâåðãåíöèÿ

Êóëüáàêà-Ëåéáëåðà

dKL (p, q) = p ln p

q
− p+ q

äèâåðãåíöèÿ Èòàêóðà-Ñàèòî dIS (p, q) = ln q

p
+ p

q
− 1

ðàññòîÿíèå Õåëëèíãåðà dH (p, q) =
(√

p−√q
)2

χ2
Ïèðñîíà dP (p, q) = (p−q)2

q

χ2
Íåéìàíà dN (p, q) = dP (q, p) = (p−q)2

p

Áîëüøå ïðèìåðîâ ìîæíî íàéòè â [Cihoki et al., 2009℄.
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Ôóíêöèè ïîòåðü (äèâåðãåíöèè)

Âî ìíîãèõ ñëó÷àÿõ äèâåðãåíöèÿ � ýòî çàìàñêèðîâàííîå ïðàâäîïîäîáèå:

ñóùåñòâóåò òàêàÿ �óíêöèÿ ïëîòíîñòè p (P |Q) , ÷òî

− ln p (P |Q) = aD (P,Q) + b

äëÿ êàêèõ-òî a è b.

Äèâåðãåíöèÿ Ïîðîæäàþùàÿ ìîäåëü p (P |Q)

Ôðîáåíèóñà àääèòèâíàÿ ãàóññîâñêàÿ

∏

ij

N
(
pij |qij , σ2

)

Êóëüáàêà-Ëåéáëåðà ïóàññîíîâñêàÿ

∏

ij

P (pij |qij)

Èòàêóðà-Ñàèòî ìóëüòèïëèêàòèâíàÿ ãàììà

∏

ij

G (pij |α, α/qij)
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Ôóíêöèè ïîòåðü (äèâåðãåíöèè)

α-äèâåðãåíöèÿ:

dαA (p, q) =







1
α(α−1)

(
pαq1−α − αp+ (α− 1) q

)
, α 6= 0, α 6= 1,

p ln p

q
− p+ q, α = 1,

q ln q

p
− q + p, α = 0.

Íåïðåðûâíî ñîåäèíÿåò õè-êâàäðàò Ïèðñîíà, îáîáù¼ííóþ äèâåðãåíöèþ

Êóëüáàêà-Ëåéáëåðà, ðàññòîÿíèå Õåëëèíãåðà è õè-êâàäðàò Íåéìàíà.

β-äèâåðãåíöèÿ:

dβB (p, q) =







1
β(β+1)

(
pβ+1 − qβ+1 − (β + 1) qβ (p− q)

)
, β 6= 0, β 6= −1,

p ln p

q
− p+ q, β = 0,

ln q

p
+ p

q
− 1, β = −1.

Íåïðåðûâíî ñîåäèíÿåò îáîáù¼ííóþ äèâåðãåíöèþ Êóëüáàêà-Ëåéáëåðà,

äèâåðãåíöèþ Èòàêóðà-Ñàèòî è íîðìó Ôðîáåíèóñà.
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Ôóíêöèè ïîòåðü (äèâåðãåíöèè)

ÀÁ-äèâåðãåíöèÿ:

d
(α,β)
AB (p, q) =







1
αβ

(
α

α+β
pα+β + β

α+β
qα+β − pαqβ

)

, α, β, α+ β 6= 0,

1
α2

(

pα ln pα

qα
− pα + qα

)

, α 6= 0, β = 0,

1
α2

(

ln qα

pα
+
(

qα

pα

)−1

− 1

)

, α = −β 6= 0,

1
β2

(

qβ ln qβ

pβ
− qβ + pβ

)

, α = 0, β 6= 0,

1
2
(ln p− ln q)2 , α = β = 0.

Îáúåäèíÿåò α- è β-äèâåðãåíöèè, ïåðåñåêàþùèåñÿ â îáîáù¼ííîé

äèâåðãåíöèè Êóëüáàêà-Ëåéáëåðà.
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Ôóíêöèè ïîòåðü (äèâåðãåíöèè)

Äèâåðãåíöèÿ Áðåãìàíà:

dφ (p, q) = φ (p)− φ (q)−∇φ (q) (p− q) ,

φ (p) � ïðîèçâîëüíàÿ ñòðîãî âûïóêëàÿ âåùåñòâåííîçíà÷íàÿ �óíêöèÿ,

∇φ (q) � å¼ ïðîèçâîäíàÿ ïî q.

φ (p) Äèâåðãåíöèÿ

p2/2 Ôðîáåíèóñà

p ln p Êóëüáàêà-Ëåéáëåðà

− ln p Èòàêóðà-Ñàèòî











1
β(β+1)

(

pβ+1
− (β + 1) p + β

)

, β > −1,

p ln p− p+ 1, β = 0,

p − ln p− 1, β = −1

β-äèâåðãåíöèÿ
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Ïðîáëåìû NMF

NMF NP-òðóäíà [Vavasis, 2009℄.

NMF íåêîððåêòíî ïîñòàâëåíà: åñëè A0, X0 � ðåøåíèå çàäà÷è (1), òî

ïàðà A = A0D, X = D−1X0 òîæå ÿâëÿåòñÿ ðåøåíèåì (ïðè óñëîâèè,

÷òî ìàòðèöà ïåðåõîäà D íåâûðîæäåíà è ñîõðàíÿåò íåîòðèöàòåëüíîñòü

êîìïîíåíò ðàçëîæåíèÿ).

Âñå D (P,AX) íå âûïóêëû ïî ñîâîêóïíîñòè àðãóìåíòîâ (A,X),
ïîýòîìó ÷àùå âñåãî èñïîëüçóþò áëî÷íî-ïîêîîðäèíàòíûå ìåòîäû

ìèíèìèçàöèè:

Âõîä: A0
> 0, X0

> 0
Öèêë // t = 1, 2, . . .

Xt = f
(
P,At−1, Xt−1

)
;

(
At
)T

= f
(

P T ,
(
Xt
)T

,
(
At−1

)T
)

.

Ëó÷øåå, ÷òî ìîæíî ãàðàíòèðîâàòü � ñõîäèìîñòü ê ñòàöèîíàðíîé

òî÷êå, îïðåäåëÿåìîé óñëîâèÿìè Êàðóøà-Êóíà-Òàêêåðà:

X∗
> 0, ∇XD (P,A∗X∗) > 0, X∗⊗∇XD (P,A∗X∗)= 0,

A∗
> 0, ∇AD (P,A∗X∗) > 0, A∗ ⊗∇AD (P,A∗X∗) = 0.

(2)
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Óñëîâèÿ åäèíñòâåííîñòè ðàçëîæåíèÿ

Áåñïîëåçíûå

Äîñòàòî÷íîå: ïóñòü ìàòðèöà P èìååò ðàíã r è ó íå¼ åñòü òî÷íîå

íåîòðèöàòåëüíîå ðàçëîæåíèå, òîãäà îíî åäèíñòâåííî, åñëè P
ñîäåðæèò r íåíóëåâûõ ñòîëáöîâ, â êàæäîì èç êîòîðûõ åñòü r− 1 íîëü,

è ïðî�èëè ðàçðåæåííîñòè âñåõ r − 1 ñòðîê, ñîäåðæàùèõ íóëè,

ðàçëè÷íû [Gillis, 2012℄.

Äîñòàòî÷íîå: îïðåäåëèì

C ≡
{

y ∈ R
r
∣
∣
∣y

T 1 >
√
r − 1 ‖y‖2

}

,

bdC∗ ≡
{

y ∈ R
r
∣
∣
∣y

T 1 = ‖y‖2
}

,

cone
(

XT
)

≡
{

y = XTλ |λ > 0
}

,

cone
(

XT
)∗

≡
{

x
∣
∣
∣y

Tx > 0 ∀y ∈ cone
(

XT
)}

.

Åñëè cone
(
XT
)
⊇ C è

bdC ∗ ∩ cone
(

XT
)∗

= {λek |λ > 0, k = 1, . . . , r } ,

è àíàëîãè÷íîå âåðíî äëÿ AT
, òî ðàçëîæåíèå åäèíñòâåííî [Huang

et al., 2014℄. Ïðîâåðêà ýòîãî óñëîâèÿ � NP-òðóäíàÿ çàäà÷à.
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Óñëîâèÿ åäèíñòâåííîñòè ðàçëîæåíèÿ

Îòíîñèòåëüíî ïîëåçíûå

Íåîáõîäèìîå: íîñèòåëü êàæäîãî ñòîëáöà X (è ñòðîêè A) íå ìîæåò
ÿâëÿòüñÿ ïîäìíîæåñòâîì íîñèòåëÿ ëþáîãî äðóãîãî ñòîëáöà X
(ñòðîêè A) [Laurberg, Christensen, 2008℄.

Äîñòàòî÷íîå: îäíà èç äâóõ ìàòðèö A è X ñîäåðæèò äèàãîíàëüíóþ

ïîäìàòðèöó ðàçìåðà r [Donoho, Stodden, 2004, Laurberg, Christensen,
2008℄.
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NMF ñ íîðìîé Ôðîáåíèóñà

Îïòèìèçàöèîííàÿ çàäà÷à:

(A∗, X∗) = argmin

A>0, X>0
‖P − AX‖2

F
. (3)

Áåç îãðàíè÷åíèÿ íåîòðèöàòåëüíîñòè ðåøåíèå ìîæíî áûëî áû ïîëó÷èòü

ñ ïîìîùüþ SVD.

Áàçîâûé ìåòîä � ïîî÷åð¼äíûé ãðàäèåíòíûé ñïóñê:

xkj ← xkj − νkj
∂D (P,AX)

∂xkj

,

aik ← aik − ηik
∂D (P,AX)

∂aik

.

k = 1, . . . , r, i = 1, . . . ,m, j = 1, . . . , n.
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Ìóëüòèïëèêàòèâíûå îáíîâëåíèÿ

Îäèí èç ïåðâûõ ìåòîäîâ áûë ïðåäëîæåí â [Lee, Seung, 1999, 2001℄. Èäåÿ:

âûáðàòü øàãè ãðàäèåíòíîãî ñïóñêà òàê, ÷òîáû îáíîâëåíèÿ ñòàëè

ìóëüòèïëèêàòèâíûìè, òîãäà áóäåò ñîõðàíÿòüñÿ íåîòðèöàòåëüíîñòü

ýëåìåíòîâ ìàòðèö.

[∇X ]
kj

=
∂D (P,AX)

∂xkj

=
[
∇+

X

]

kj
−
[
∇−

X

]

kj
,

νkj =
xkj

[
∇+

X

]

kj

,

xkj ← xkj −
xkj

[
∇+

X

]

kj

([
∇+

X

]

kj
−
[
∇−

X

]

kj

)

=

= xkj

[
∇−

X

]

kj
[
∇+

X

]

kj

;

â ìàòðè÷íîì âèäå:

X ← X ⊗∇−
X ⊘∇+

X .

⊗ � ïîýëåìåíòíîå óìíîæåíèå ìàòðèö, ⊘ � ïîýëåìåíòíîå äåëåíèå.
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Ìóëüòèïëèêàòèâíûå îáíîâëåíèÿ

MU äëÿ íîðìû Ôðîáåíèóñà:

∇X = ATAX − ATX,

X ← X ⊗
(

ATP
)

⊘
(

ATAX
)

,

xkj ← xkj

[
ATP

]

kj

[ATAX]
kj

.

Ïðàâàÿ ÷àñòü � ãëîáàëüíûé ìèíèìóì äîïîëíèòåëüíîé �óíêöèè

(êâàäðàòè÷íîé �óíêöèè, ìàæîðèðóþùåé DF (P,AX) íà òåêóùåé
èòåðàöèè) [Lee, Seung, 2001℄. Ñëåäîâàòåëüíî, �óíêöèÿ ïîòåðü ìîíîòîííî

íåâîçðàñòàåò.

ßâëÿåòñÿ ëè ïðåäåëüíàÿ òî÷êà ìóëüòèïëèêàòèâíîãî àëãîðèòìà

ñòàöèîíàðíîé òî÷êîé çàäà÷è (3)?

Àëãîðèòì ìîæåò çàñòðåâàòü â íåñòàöèîíàðíûõ òî÷êàõ âáëèçè íóëåé: åñëè

xkj = 0, òî îí îñòàíåòñÿ ðàâíûì íóëþ, äàæå åñëè [∇X ]
kj

< 0.
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Ìóëüòèïëèêàòèâíûå îáíîâëåíèÿ

Âàðèàíòû ìîäè�èêàöèè ìóëüòèïëèêàòèâíîãî àëãîðèòìà.

Îòäåëÿòü ýëåìåíòû A è X íåáîëüøîé ïîëîæèòåëüíîé

êîíñòàíòîé ε [Gillis, Glineur, 2012, Hibi, Takahashi, 2011℄:

X ← max
(

ε,X ⊗
(

ATP
)

⊘
(

ATAX
))

.

Ïîêàçàíî, ÷òî àëãîðèòì ñ òàêèìè îáíîâëåíèÿìè ñõîäèòñÿ

ê ñòàöèîíàðíîé òî÷êå ìîäè�èöèðîâàííîé çàäà÷è:

(A∗
ε , X

∗
ε ) = argmin

A>ε, X>ε

‖P − AX‖2F , (4)

Äëÿ A = A∗
ε ⊗ [A∗

ε > ε] , X = X∗
ε ⊗ [X∗

ε > ε] óñëîâèÿ ñòàöèîíàðíîñòè

èñõîäíîé çàäà÷è âûïîëíÿþòñÿ ñ òî÷íîñòüþ äî O (ε):

∀k, j





xkj = 0, [∇X ]
kj
> −O (ε) ,

xkj > 0,
∣
∣
∣[∇X ]

kj

∣
∣
∣ 6 O (ε) .
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Ìóëüòèïëèêàòèâíûå îáíîâëåíèÿ

Èñïîëüçîâàòü îðèãèíàëüíûå ìóëüòèïëèêàòèâíûå îáíîâëåíèÿ, íî ïîñëå

êàæäîãî øàãà ðåèíèöèàëèçèðîâàòü íåáîëüøîé ïîëîæèòåëüíîé

êîíñòàíòîé ε òîëüêî òå ýëåìåíòû, äëÿ êîòîðûõ ñîîòâåòñòâóþùàÿ

êîìïîíåíòà ãðàäèåíòà îòðèöàòåëüíà [Chi, Kolda, 2012℄.
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Ìóëüòèïëèêàòèâíûå îáíîâëåíèÿ

et =
∥
∥P −AtXt

∥
∥
F
,

Et =
et − emin

e0 − emin
,

emin � íàèìåíüøàÿ èòîãîâàÿ îøèáêà ïðè ìíîãîêðàòíîé èíèöèàëèçàöèè.

[Gillis, Glineur, 2012℄: Et
äëÿ îáû÷íîãî (delta=0) è ìîäè�èöèðîâàííîãî

(delta=10−16
) ìóëüòèïëèêàòèâíûõ àëãîðèòìîâ íà ïëîòíûõ (ñëåâà)

è ðàçðåæåííûõ (ñïðàâà) äàííûõ.
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Ìóëüòèïëèêàòèâíûå îáíîâëåíèÿ

Ïóñòü Z � ÷èñëî íåíóëåâûõ ýëåìåíòîâ ìàòðèöû P , òîãäà íà îáíîâëåíèå X
òðåáóåòñÿ:

øàã �ëîï

M1 = ATP 2Zr
M2 = ATA 2mr2

M3 = M2X 2nr2

X ← X ⊗M1 ⊘M3 2nr

r (2Z + 2mr + 2nr + 2n) �ëîï.

Áîëüøå âñåãî îïåðàöèé (2Zr + 2mr2) òðåáóåòñÿ äëÿ âû÷èñëåíèÿ ATP
è ATA; ý��åêòèâíåå âû÷èñëèòü èõ îäèí ðàç è ñäåëàòü íåñêîëüêî

èòåðàöèé ïî X.

Îòíîñèòåëüíàÿ ñòîèìîñòü ïåðâîãî îáíîâëåíèÿ:

ρX =
2r (Z +mr + nr + n)

2nr (r + 1)
= 1 +

Z +mr

n (r + 1)
;

ïðè Z > r (m+ n) ρX > 2 r
r+1

.

�ÿáåíêî Åâãåíèé Íåîòðèöàòåëüíûå ìàòðè÷íûå ðàçëîæåíèÿ



Ïîñòàíîâêà çàäà÷è Íîðìà Ôðîáåíèóñà Äèâåðãåíöèÿ Êóëüáàêà-Ëåéáëåðà Äðóãèå �óíêöèè ïîòåðü Ñïèñîê ëèòåðàòóðû

Ìóëüòèïëèêàòèâíûå îáíîâëåíèÿ

×èñëî âíóòðåííèõ èòåðàöèé l ìîæíî îïðåäåëÿòü â ñîîòâåòñòâèè
ñ äèíàìè÷åñêèì êðèòåðèåì:

∥
∥
∥X

t,l −Xt,l−1
∥
∥
∥
F
6 ǫ

∥
∥Xt,1 −Xt,0

∥
∥
F
,

èëè áðàòü l = 1 + αρX , ïîäáèðàÿ α > 0.

Íà ïðàêòèêå õîðîøî ðàáîòàåò êîìáèíàöèÿ ýòèõ äâóõ ìåòîäîâ [Gillis,

Glineur, 2012℄.
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Ìóëüòèïëèêàòèâíûå îáíîâëåíèÿ

Ìåòîäû ñ ìóëüòèïëèêàòèâíûìè îáíîâëåíèÿìè î÷åíü ïîïóëÿðíû, ïîòîìó

÷òî îíè:

ïðîñòû â ðåàëèçàöèè;

õîðîøî ìàñøòàáèðóþòñÿ è ëåãêî ïðèñïîñàáëèâàþòñÿ ê ðàáîòå

ñ ðàçðåæåííûìè ìàòðèöàìè;

áûëè ïðåäëîæåíû â ñàìîé ïåðâîé ðàáîòå ïî NMF.

Èçâåñòíî, ÷òî ñêîðîñòü èõ ñõîäèìîñòè íåâåëèêà [Han et al., 2009℄; îäíàêî

å¼ ìîæíî ñóùåñòâåííî óâåëè÷èòü, åñëè îáíîâëÿòü A è X ïî íåñêîëüêî ðàç

ïîäðÿä [Gillis, Glineur, 2012℄.
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Ìåòîä ïîïåðåìåííûõ íàèìåíüøèõ êâàäðàòîâ

Alternating Least Squares (ALS): íà êàæäîì øàãå íàõîäèòñÿ ðåøåíèå

çàäà÷è íàèìåíüøèõ êâàäðàòîâ ïî îäíîé èç êîìïîíåíò, à çàòåì

ïðîåöèðóåòñÿ íà íåîòðèöàòåëüíóþ îáëàñòü.

X ←max

(

argmin

Y ∈Rk×n

‖P − AY ‖
F
, 0

)

=

=max

((

ATA
)−1

ATP, 0

)

.

Ïðîåöèðîâàíèå ïîðòèò ðåøåíèå; åãî ìîæíî óëó÷øèòü, åñëè íà êàæäîì

øàãå óìíîæàòü îáíîâëÿåìóþ êîìïîíåíòó íà

α∗ = argmin

α>0
‖P − αAX‖F =

〈
PXT , A

〉

〈ATA,XXT 〉 . (5)

Ìåòîä î÷åíü ãðóáûé: èòåðàöèîííûé ïðîöåññ íå ñõîäèòñÿ, �óíêöèÿ ïîòåðü

îñöèëëèðóåò [Gillis, 2014℄. Ìîæíî èñïîëüçîâàòü äëÿ èíèöèàëèçàöèè äðóãèõ

ìåòîäîâ.
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Ìåòîä ïîïåðåìåííûõ íåîòðèöàòåëüíûõ íàèìåíüøèõ êâàäðàòîâ

Alternating Nonnegative Least Squares (ANLS) [Berry et al., 2007℄:

íà êàæäîì øàãå òî÷íî íàõîäèòñÿ ïîêîìïîíåíòíûé ìèíèìóì â

íåîòðèöàòåëüíîé îáëàñòè.

X ← argmin

X>0
‖P − AX‖

F
.

Ïîêîìïîíåíòíûå ìèíèìóìû ìîæíî íàõîäèòü ñ ïîìîùüþ ìåòîäîâ

àêòèâíûõ îãðàíè÷åíèé [Kim, Park, 2007, 2008, 2011℄, ïðîåêöèè

ãðàäèåíòà [Lin, 2007℄, êâàçèíüþòîíîâñêèõ ìåòîäîâ [Zdunek, Cihoki, 2006℄,

îïòèìàëüíîãî ãðàäèåíòíîãî ìåòîäà Íåñòåðîâà [Guan et al., 2012℄.

Äëÿ ñõîäèìîñòè ìåòîäà áëî÷íî-ïîêîîðäèíàòíîãî ñïóñêà ñ äâóìÿ áëîêàìè

ê ñòàöèîíàðíîé òî÷êå äîñòàòî÷íî, ÷òîáû D áûëà íåïðåðûâíî

äè��åðåíöèðóåìîé, à äîïóñòèìîå ìíîæåñòâî � äåêàðòîâûì

ïðîèçâåäåíèåì çàìêíóòûõ âûïóêëûõ ìíîæåñòâ [Grippo, Siandrone, 2000℄.

Êàæäàÿ èòåðàöèÿ òðåáóåò ñóùåñòâåííûõ âû÷èñëèòåëüíûõ çàòðàò:

ëó÷øèé � ìåòîä Íåñòåðîâà � íà Kr2 (m+ n) �ëîï áîëüøå MU. Ìîæíî

èñïîëüçîâàòü äëÿ óòî÷íåíèÿ ðåøåíèÿ, íàéäåííîãî áîëåå ïðîñòûìè

ìåòîäàìè.
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Ìåòîä èåðàðõè÷åñêèõ ïîïåðåìåííûõ íàèìåíüøèõ êâàäðàòîâ

Hierarhial alternating least squares (HALS) [Cihoki et al., 2007, Cihoki,

Phan, 2009℄, à òàêæå [Ho, 2008, Gillis, Glineur, 2010, Li, Zhang, 2009℄:

íà êàæäîì øàãå íàõîäèòñÿ òî÷íûé ìèíèìóì â íåîòðèöàòåëüíîé îáëàñòè

ïî ñòîëáöó A èëè ñòðîêå X.

Ïóñòü �èêñèðîâàíû âñå ïåðåìåííûå, êðîìå xkj .

xkj ← argmin

xkj>0
‖P − AX‖

F
= max

(

0,
AT

:kP:j −
∑

l 6=k
AT

:lA:lxlj

AT
:kA:k

)

.

Ýòî ðåøåíèå íå çàâèñèò îò äðóãèõ x â k-é ñòðîêå, ïîýòîìó ìîæíî íàõîäèòü

òî÷íûé ìèíèìóì ñðàçó äëÿ âñåé ñòðîêè:

Xk: ← argmin

Xk:>0
‖P − AX‖

F
= max

(

0,
AT

:kP −
∑

l 6=k
AT

:kA:lXl:

AT
:kA:k

)

.

�ÿáåíêî Åâãåíèé Íåîòðèöàòåëüíûå ìàòðè÷íûå ðàçëîæåíèÿ



Ïîñòàíîâêà çàäà÷è Íîðìà Ôðîáåíèóñà Äèâåðãåíöèÿ Êóëüáàêà-Ëåéáëåðà Äðóãèå �óíêöèè ïîòåðü Ñïèñîê ëèòåðàòóðû

Ìåòîä èåðàðõè÷åñêèõ ïîïåðåìåííûõ íàèìåíüøèõ êâàäðàòîâ

Óäîáíî çàïèñàòü îáíîâëåíèÿ ÷åðåç ìàòðèöó ÷àñòè÷íûõ îñòàòêîâ:

P (k) ≡ P −
∑

l 6=k

A:lXl:,

Xk: ← max

(

0,
AT

:kP
(k)

AT
:kA:k

)

.
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Ìåòîä èåðàðõè÷åñêèõ ïîïåðåìåííûõ íàèìåíüøèõ êâàäðàòîâ

Îñîáåííîñòè ìåòîäà.

Êàê è MU, HALS ìîæåò çàñòðåâàòü â íåñòàöèîíàðíûõ òî÷êàõ

íà ãðàíèöå. Ìîæíî èñïîëüçîâàòü àíàëîãè÷íûå ìîäè�èêàöèè:

Xk: ← max

(

ε,
AT

:kP −
∑

l 6=k
AT

:kA:lXl:

AT
:kA:k

)

.

Ëþáàÿ ïðåäåëüíàÿ òî÷êà òàêîãî àëãîðèòìà ÿâëÿåòñÿ ñòàöèîíàðíîé

òî÷êîé ìîäè�èöèðîâàííîé çàäà÷è (4) [Gillis, Glineur, 2012℄.

Ìåòîä ÷óâñòâèòåëåí ê íà÷àëüíîìó ïðèáëèæåíèþ, îñîáåííî ê ïëîõîé

íîðìèðîâêå: ëó÷øå èñïîëüçîâàòü (5).

Îáíîâëåíèå X òðåáóåò ïî÷òè òîãî æå ÷èñëà îïåðàöèé, ÷òî è MU

(r (2Z + 2mr + 2nr + n) �ëîï), íî HALS ñõîäèòñÿ áûñòðåå.

Êàê è MU, HALS ìîæíî óñêîðèòü, îáíîâëÿÿ X ïî íåñêîëüêî

ðàç [Gillis, Glineur, 2012℄, íî åù¼ âûãîäíåå âûáèðàòü ñòðîêè X
ïî ïðàâèëó òèïà �àóññà-Ñàóòâåëëà (ñòðîêè ñ ìèíèìàëüíûì

ãðàäèåíòîì) [Hsieh, Dhillon, 2011℄.
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Ñðàâíåíèå àëãîðèòìîâ

[Gillis, 2014℄: çàâèñèìîñòü îòíîñèòåëüíîé òî÷íîñòè ïðèáëèæåíèÿ

‖P−AX‖F
‖P‖F

îò âðåìåíè ðàáîòû ðàññìîòðåííûõ àëãîðèòìîâ íà ïëîòíûõ (ñëåâà)

è ðàçðåæåííûõ (ñïðàâà) äàííûõ.
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Ñðàâíåíèå àëãîðèòìîâ

[Ho, 2008℄: çàâèñèìîñòü àáñîëþòíîé òî÷íîñòè ïðèáëèæåíèÿ îò âðåìåíè

ðàáîòû ðàññìîòðåííûõ àëãîðèòìîâ íà ïëîòíûõ äàííûõ. Mult �

ìóëüòèïëèêàòèâíûå îáíîâëåíèÿ, FLine, CLine, FFO, FCO � ðàçëè÷íûå

ìåòîäû âòîðîãî ïîðÿäêà, RRI � HALS.
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Èíèöèàëèçàöèÿ

Ïîñêîëüêó ìåòîäû ñõîäÿòñÿ ëîêàëüíî, íà÷àëüíîå ïðèáëèæåíèå èãðàåò

áîëüøóþ ðîëü. Ñëåäóþùèå ìåòîäû èñïîëüçóþòñÿ äëÿ ïîñòðîåíèÿ

íà÷àëüíîãî ïðèáëèæåíèÿ.

Ñëó÷àéíàÿ èíèöèàëèçàöèÿ.

Êëàñòåðèçàöèÿ [Casalino et al., 2014℄: öåíòðîèäû, ïîëó÷åííûå ïðè

êëàñòåðèçàöèè ñòîëáöîâ P , èíèöèàëèçèðóþò ñòîëáöû A, à X
èíèöèàëèçèðóåòñÿ ñ ïîìîùüþ ìàòðèöû ïðèíàäëåæíîñòè ê êëàñòåðàì

(xkj 6= 0 ⇔ P:j ïðèíàäëåæèò êëàñòåðó k).

SVD [Boutsidis, Gallopoulos, 2008℄: äëÿ P íàõîäÿòñÿ r íàèáîëüøèõ
ñèíãóëÿðíûõ òðîåê (uk, sk, vk).

A0
:1 = u1

√
s1, X0

1: = v1
√
s1;

Öèêë // k = 2, . . . , r

Åñëè

∥
∥u+

k

∥
∥ ·
∥
∥v+k

∥
∥ >

∥
∥u−

k

∥
∥ ·
∥
∥v−k

∥
∥
, òî

A0
:k = u+

k

√

sk
‖v+

k ‖
‖u+

k ‖
, X0

k: = v+k

√

sk
‖u+

k ‖
‖v+

k ‖
,

èíà÷å

A0
:k = u−

k

√

sk
‖v−

k ‖
‖u−

k ‖
, X0

k: = v−k

√

sk
‖u−

k ‖
‖v−

k ‖
.
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Èíèöèàëèçàöèÿ

ALS [Cihoki et al., 2009℄:

Ìóëüòèñòàðò [Cihoki et al., 2009℄:

1

ñ ïîìîùüþ ALS ãåíåðèðóþòñÿ 10-20 ïàð ìàòðèö;

2

äåëàþòñÿ 10-20 èòåðàöèé öåëåâîãî ìåòîäà íà êàæäîé ïàðå;

3

â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ âûáèðàåòñÿ ïàðà ñ íàèìåíüøèì

çíà÷åíèåì �óíêöèîíàëà.

Äëÿ ìåòîäîâ, òðåáóþùèõ îòäåëåíèÿ A è X îò íóëÿ, èíèöèàëèçàöèþ

ìîæíî ìîäè�èöèðîâàòü.
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NMF ñ îáîáù¼ííîé äèâåðãåíöèåé Êóëüáàêà-Ëåéáëåðà

Îïòèìèçàöèîííàÿ çàäà÷à:

(A∗, X∗) = argmin

A>0,X>0
DKL (P,AX) =

= argmin

A>0,X>0

m∑

i=1

n∑

j=1

(

pij ln
pij

[AX]
ij

− pij + [AX]ij

)

.
(6)
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Ìóëüòèïëèêàòèâíûå îáíîâëåíèÿ

Àëãîðèòì ñ ìóëüòèïëèêàòèâíûìè îáíîâëåíèÿìè çàïèñûâàåòñÿ

ïî àíàëîãèè [Lee, Seung, 2001℄:

∇X = ATJm×n − AT (P ⊘ (AX)) ,

X ← X ⊗
(

AT (P ⊘ (AX))
)

⊘
(

ATJm×n

)

,

[∇X ]
kj

=

m∑

i=1

aik −
m∑

i=1

aik

pij
qij

,

xkj ← xkj

m∑

i=1

aik
pij
qij

m∑

i=1

aik

.

Îáíîâëåíèÿ ìèíèìèçèðóþò äîïîëíèòåëüíóþ �óíêöèþ, �óíêöèÿ ïîòåðü

ìîíîòîííî íåâîçðàñòàåò. Îäíàêî ïðåäåëüíàÿ òî÷êà àëãîðèòìà ìîæåò

íå áûòü ñòàöèîíàðíîé.
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Êâàçèíüþòîíîâñêèé ìåòîä

Åäèíñòâåííûé (?) ïðåäëîæåííûé ìåòîä âòîðîãî ïîðÿäêà [Zdunek, Cihoki,

2006℄:

X ← max
(
0, X −H−1

X ∇X

)
,

HX = diag {hX,j , j = 1, . . . ,m} ∈ R
kr×kr,

hX,j = AT diag
{

[P ⊘ (Q⊗Q)]:,j

}

A ∈ R
r×r.

×òîáû îáðàùàòü ãåññèàí, äåëàåòñÿ ðåãóëÿðèçàöèÿ ïî ìåòîäó

Ëåâåíáåðãà-Ìàðêâàðäòà.

Àëãîðèòì çàïèñàí äëÿ α-äèâåðãåíöèè (ïðè α = 1 îíà ïðåâðàùàåòñÿ

â äèâåðãåíöèþ Êóëüáàêà-Ëåéáëåðà).
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Ñâÿçü ñ PLSA

Ìóëüòèïëèêàòèâíûé àëãîðèòì äëÿ NMF  îáîáù¼ííîé äèâåðãåíöèåé

Êóëüáàêà-Ëåéáëåðà òåñíî ñâÿçàí ñ EM-PLSA.

Å-øàã PLSA:

ndwt = ndw
φwtθtd
∑

s∈T

φwsθsd
 aikxkj

pij
qij

;

Ì-øàã:

θtd ←

∑

w∈W

ndwt

∑

w∈W

∑

s∈T

ndwt

 xkj ← xkj

m∑

i=1

aik
pij
qij

r∑

l=1

xlj

m∑

i=1

ail
pij
qij

.

KL-NMF EM-PLSA

xkj

m∑

i=1

aik

pij

qij

m∑

i=1

aik

xkj

m∑

i=1

aik

pij

qij

r∑

l=1

xlj

m∑

i=1

ail

pij

qij
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Ñâÿçü ñ PLSA

[Ding et al., 2006, 2008℄: PLSA è KL-NMF ìèíèìèçèðóþò îäèí è òîò æå

�óíêöèîíàë, íî ïî-ðàçíîìó, è ïîýòîìó ìîãóò ñõîäèòüñÿ â ðàçíûå

ëîêàëüíûå ìèíèìóìû.

Êàê ïîêàçûâàþò ýêñïåðèìåíòû, PLSA ìîæåò âûáèðàòüñÿ èç ëîêàëüíûõ

ìèíèìóìîâ, â êîòîðûõ çàñòðåâàåò KL-NMF, è íàîáîðîò ⇒ ìîæíî

èñïîëüçîâàòü ãèáðèäíûé àëãîðèòì.
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Ïðèìåíåíèå ê ñòîõàñòè÷åñêèì ìàòðèöàì

NMF ìîæåò ïðèìåíÿòüñÿ ê ìàòðèöàì âåðîÿòíîñòåé, íîðìèðîâàííûõ,

íàïðèìåð, ïî ñòîëáöàì:

n∑

i=1

pij = 1 ∀j.

Ïîêàçàíî, ÷òî â ñòàöèîíàðíûõ òî÷êàõ çàäà÷è (6) ñóììû ïî ñòðîêàì

è ñòîëáöàì ìàòðèö P è Q∗ = A∗X∗
ñîâïàäàþò [Morup, Hansen, 2010℄,

òî åñòü, ìîäåëüíàÿ ìàòðèöà Q∗
òîæå ÿâëÿåòñÿ ñòîõàñòè÷åñêîé. Îäíàêî

àëãîðèòìîâ, ãàðàíòèðóþùèõ ñõîäèìîñòü ê ñòàöèîíàðíîé òî÷êå, íåò.
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Ïðèìåíåíèå ê ñòîõàñòè÷åñêèì ìàòðèöàì

Åù¼ áîëüøå ïðîáëåì âîçíèêàåò, êîãäà ìàòðèöû A è X òîæå äîëæíû áûòü

ñòîõàñòè÷åñêèìè:

n∑

i=1

aik = 1,
r∑

k=1

xkj ∀j, k.

Êàê ýòî ÿâíî ó÷åñòü ïðè îïòèìèçàöèè?

Íîðìèðîâêà [Lee, Seung, 1999℄: ïîñëå êàæäîãî øàãà îáíîâëÿâøàÿñÿ

ìàòðèöà íîðìèðóåòñÿ:

xkj ←
xkj

r∑

l=1

xlj

.

Ìîæåò íàðóøàòüñÿ ìîíîòîííîñòü óáûâàíèÿ �óíêöèè ïîòåðü.

�åïàðàìåòðèçàöèÿ [Zhu et al., 2013℄: ïåðåéä¼ì îò ìàòðèöû X ê Y :

xkj =
ykj
r∑

l=1

ylj

,

∂xkj

∂ylj
=

δkl
r∑

l=1

ylj

− ykj
(

r∑

l=1

ylj

)2
,
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Ïðèìåíåíèå ê ñòîõàñòè÷åñêèì ìàòðèöàì

[∇Y ]
kj

=

[
∇+

X

]

kj

r∑

l=1

ylj

+

[
∇−

XY T
]

kk
(

r∑

l=1

ylj

)2

︸ ︷︷ ︸

[∇+
Y ]kj

−








[
∇+

X

]

kj

r∑

l=1

ylj

+

[
∇−

XY T
]

kk
(

r∑

l=1

ylj

)2








︸ ︷︷ ︸

[∇−

Y ]kj

,

ykj ← ykj

[
∇−

X

]

kj
+

r∑

l=1

[
∇+

X

]

lj
xlj

[
∇+

X

]

kj
+

r∑

l=1

[
∇−

X

]

lj
xlj

,

xkj ←
ykj
r∑

l=1

ylj

.

Äëÿ äèâåðãåíöèè Êóëüáàêà-Ëåéáëåðà:

ykj ← ykj

m∑

i=1

aik
pij
qij

+
r∑

l=1

m∑

i=1

ailxlj

m∑

i=1

aik +
r∑

l=1

m∑

i=1

ailxlj
pij
qij

=

m∑

i=1

(

aik
pij
qij

+ qij
)

m∑

i=1

(aik + pij)
.
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Ïðèìåíåíèå ê ñòîõàñòè÷åñêèì ìàòðèöàì

�åëàêñàöèÿ [Zhu et al., 2013℄: ïðèìåíèì ìåòîä ìíîæèòåëåé Ëàãðàíæà:

D̃
(

X, {λj}nj=1

)

= D (X)−
n∑

j=1

λj

(
r∑

k=1

xkj − 1

)

,

∂D̃

∂xkj

=
[
∇+

X

]

kj
−
[
∇−

X

]

kj
− λj ,

x′
kj ← xkj

[
∇−

X

]

kj
+ λj

[
∇+

X

]

kj

,

r∑

l=1

x′
lj = 1⇔ λj =

1−
r∑

l=1

xlj

[
∇−

X

]

lj
/
[
∇+

X

]

lj

r∑

l=1

xlj/
[
∇+

X

]

lj

≡ 1− zkj
ykj

,

x′
kj ← xkj

[
∇−

X

]

kj
ykj + 1− zkj

[
∇+

X

]

kj
ykj

,

xkj ← xkj

[
∇−

X

]

kj
ykj + 1

[
∇+

X

]

kj
ykj + zkj

.
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Ïðèìåíåíèå ê ñòîõàñòè÷åñêèì ìàòðèöàì

Äëÿ äèâåðãåíöèè Êóëüáàêà-Ëåéáëåðà:

ykj =
r∑

l=1

xlj

m∑

i=1

ail

,

zkj =

r∑

l=1

xlj

m∑

i=1

aik
pij
qij

m∑

i=1

ail

,

xkj ← xkj

1 + ykj
m∑

i=1

aik
pij
qij

zkj + ykj
m∑

i=1

aik

.
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NMF  ÀÁ-äèâåðãåíöèåé

Îïòèìèçàöèîííàÿ çàäà÷à:

(A∗, X∗) = argmin

A>0,X>0
D

(α,β)
AB (P,AX) .

Îáîáùàåìûå äèâåðãåíöèè:

(α, β) Äèâåðãåíöèÿ

α+ β = 1 α
(1,−) β
(1,−1) Èòàêóðà-Ñàèòî

(1, 1) íîðìà Ôðîáåíèóñà

(0.5, 0.5) ðàññòîÿíèå Õåëëèíãåðà

(2,−1) χ2
Ïèðñîíà

(−1, 2) χ2
Íåéìàíà

(0, 0) ëîã-åâêëèäîâî ðàññòîÿíèå
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NMF  ÀÁ-äèâåðãåíöèåé

Âëèÿíèå ïàðàìåòðîâ α è β íà âêëàä îòíîøåíèé

pij
qij

â ïîëó÷àåìûå îöåíêè.
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Ìóëüòèïëèêàòèâíûå îáíîâëåíèÿ

Ïðè α 6= 0 ðàáîòàåò ìóëüòèïëèêàòèâíûé àëãîðèòì [Cihoki et al., 2011℄:

X ← X ⊗
((

ATZ
)

⊘
(

ATQ[α+β−1]
))[ω(α,β)]

,

Z = P [α] ⊗Q[β−1],

ω (α, β) =







1
1−β

, β

α
< 1

α
− 1,

1
α
, β

α
∈
[
1
α
− 1, 1

α

]
,

1
α+β−1

, β

α
> 1

α
.

[.]
� ïîýëåìåíòíîå âîçâåäåíèå â ñòåïåíü.

Ïðè α = β = 1 îáíîâëåíèÿ ñîâïàäàþò ñ ìóëüòèïëèêàòèâíûìè

îáíîâëåíèÿìè äëÿ íîðìû Ôðîáåíèóñà, ïðè α = 1, β = 0 � äëÿ

îáîáù¼ííîé äèâåðãåíöèè Êóëüáàêà-Ëåéáëåðà.

Êàê è âñå ìóëüòèïëèêàòèâíûå àëãîðèòìû, ìîæåò çàñòðåâàòü

â íåñòàöèîíàðíûõ òî÷êàõ âáëèçè íóëåé. Ìîæíî èñïîëüçîâàòü îòäåëåíèå îò

íóëÿ êîíñòàíòîé ε: â ïðåäåëüíîé òî÷êå ìîäè�èöèðîâàííîãî àëãîðèòìà

óñëîâèÿ ñòàöèîíàðíîñòè âûïîëíÿþòñÿ ñ òî÷íîñòüþ äî O (ε) [�ÿáåíêî,
2014℄.
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NMF ñ äèâåðãåíöèåé Áðåãìàíà

Îïòèìèçàöèîííàÿ çàäà÷à:

(A∗, X∗) = argmin

A>0,X>0
Dφ (P,AX) =

= argmin

A>0,X>0

m∑

i=1

n∑

j=1

(φ (pij)− φ (qij)−∇φ (qij) (pij − qij)) .
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Ìóëüòèïëèêàòèâíûå îáíîâëåíèÿ

[Dhillon, Sra, 2005℄:

xkj ← xkj

m∑

i=1

∇2φ (qij) pijaik

m∑

i=1

∇2φ (qij) qijaik

.

Îáíîâëåíèÿ ìèíèìèçèðóþò äîïîëíèòåëüíóþ �óíêöèþ, �óíêöèÿ ïîòåðü

ìîíîòîííî íåâîçðàñòàåò.

Ïðè φ(p) = p2/2 è φ(p) = p ln p îáíîâëåíèÿ ñîâïàäàþò ñ îáíîâëåíèÿìè

MU äëÿ íîðìû Ôðîáåíèóñà è îáîáù¼ííîé äèâåðãåíöèè

Êóëüáàêà-Ëåéáëåðà ñîîòâåòñòâåííî.
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Áûñòðûé àëãîðèòì ñ èñïîëüçîâàíèåì ðàçëîæåíèÿ Òåéëîðà

Salar Blok Coordinate Desent (sBCD) [Li et al., 2012℄: ïîêàçàíî, ÷òî äëÿ

äèâåðãåíöèè Áðåãìàíà ñïðàâåäëèâî ñëåäóþùåå ïðåäñòàâëåíèå:

Et (P,Q) ≡
m∑

i=1

n∑

j=1

|pij − qij |t , t = 1, 2, . . . ,

P (k) ≡ P −
∑

l 6=k

A:lXl:,

Dφ (P,Q) =

m∑

i=1

n∑

j=1

∞∑

t=2

∇tφ (qij)

t!
(− sgn (qij − pij))

t Et

(

p
(k)
ij , qij

)

.

Ïðèðàâíèâàÿ ê íóëþ ïðîèçâîäíûå Dφ (P,Q) â òàêîì ïðåäñòàâëåíèè,

ïîëó÷èì ñëåäóþùèå îáíîâëåíèÿ:

xkj ←

m∑

i=1

∇2φ (qij) p
(k)
ij aik

m∑

i=1

∇2φ (qij)aikaik

.
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Áûñòðûé àëãîðèòì ñ èñïîëüçîâàíèåì ðàçëîæåíèÿ Òåéëîðà

Êàê è MU, sBCD � ãðàäèåíòíûé ìåòîä, íî åãî øàãè ðàâíîìåðíî áîëüøå:

sBCD: xkj = xkj −
1

[

(A⊗ A)T ∇2φ (AX)
]

kj

∂Dφ (P,AX)

∂xkj

,

MU: xkj = xkj −
1

[AT (∇2φ (AX)⊗ (AX))]
kj

∂Dφ (P,AX)

∂xkj

.

Ïðè φ(p) = p2/2 îáíîâëåíèÿ sBCD ñîâïàäàþò ñ îáíîâëåíèÿìè HALS;

ïðè φ(p) = p ln p èìååì:

KL-NMF PLSA sBCD

xkj

m∑

i=1

aik

pij

qij

m∑

i=1

aik

xkj

m∑

i=1

aik

pij

qij

r∑

l=1

xlj

m∑

i=1

ail

pij

qij

m∑

i=1

aik

p
(k)
ij

qij

m∑

i=1

aik
aik
qij
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[Li et al., 2012℄: çàâèñèìîñòü îòíîñèòåëüíîé òî÷íîñòè ïðèáëèæåíèÿ log10
Dφ(P,AX)

Dφ(P,A0X0)

îò âðåìåíè ðàáîòû àëãîðèòìîâ íà ïëîòíûõ äàííûõ. RD1: m = 2000, n = 1000, r = 30; RD2:

m = 2000, n = 1000, r = 60;, RD2: m = 3000, n = 2000, r = 30. Gradupdate � ãðàäèåíòíûé

ìåòîä ñ �èêñèðîâàííûì øàãîì, Multupdate � MU, CG � ANLS ñ ìåòîäîì ñîïðÿæ¼ííûõ

ãðàäèåíòîâ, BlokPivot � ANLS ñ ìåòîäîì àêòèâíûõ îãðàíè÷åíèé, GCD/CCD � æàäíûé

ãðàäèåíòíûé ìåòîä ñ/áåç îòáîðà âàæíûõ ïåðåìåííûõ èç [Hofmann, 1999℄.
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�èñ. :

[Li et al., 2012℄: òî æå. Fae Image:

m = 10304, n = 400, r = 20; Movielens:

m = 71567, n = 65133, r = 20;

Net�ix: m = 480189, n = 17770, r = 20;

Movielens è Net�ix î÷åíü ðàçðåæåííûå.

Gradupdate � ãðàäèåíòíûé

ìåòîä ñ �èêñèðîâàííûì øàãîì,

Multupdate � MU, CCD � æàäíûé

ãðàäèåíòíûé ìåòîä èç [Hofmann, 1999℄.
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