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Ïîñòðîåíèå ðåãðåññèè Àíàëèç ìîäåëåé Ïðèìåð Èòîã

Ïîñòàíîâêà çàäà÷è ëèíåéíîé ðåãðåññèè

1, . . . , n � îáúåêòû;

x1, . . . , xk, y � ïðèçíàêè, çíà÷åíèÿ êîòîðûõ èçìåðÿþòñÿ íà îáúåêòàõ;

x1, . . . , xk � îáúÿñíÿþùèå ïåðåìåííûå (ïðåäèêòîðû, ðåãðåññîðû,

�àêòîðû, ïðèçíàêè);

y � çàâèñèìàÿ ïåðåìåííàÿ, îòêëèê.

Õîòèì íàéòè òàêóþ �óíêöèþ f , ÷òî y ≈ f (x1, . . . , xk);

argmin

f
E (y − f (x1, . . . , xk))

2 = E (y |x1, . . . , xk ) .

E (y |x1, . . . , xk ) = f (x1, . . . , xk) � ìîäåëü ðåãðåññèè;

E (y |x1, . . . , xk ) = β0 +
k
∑

j=1

βjxj � ìîäåëü ëèíåéíîé ðåãðåññèè.

Çäåñü è äàëåå n > k (n ≫ k).
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Ïåðâîå ïîÿâëåíèå

Âïåðâûå òàêàÿ ïîñòàíîâêà ïîÿâëÿåòñÿ â ðàáîòå �àëüòîíà 1885 ã.

¾�åãðåññèÿ ê ñåðåäèíå â íàñëåäñòâåííîñòè ðîñòà¿.

y − ȳ ≈ 2
3
(x− x̄) .
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Ìàøèíà �àëüòîíà
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Ìåòîä íàèìåíüøèõ êâàäðàòîâ (ÌÍÊ)

Ìàòðè÷íûå îáîçíà÷åíèÿ:

X =


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.
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xn0 = 1 xn1 . . . xnk






; y =







y1
.

.

.

yn






; β =











β0

β1

.

.

.

βk











.

Ìåòîä íàèìåíüøèõ êâàäðàòîâ:

n
∑

i=1

(

yi −
k
∑

j=0

βjxij

)2

→ min
β

;

‖y −Xβ‖22 → min
β

;

2XT (y −Xβ) = 0,

β̂ =
(

XTX
)

−1

XT y,

ŷ = X
(

XTX
)

−1

XT y.
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Èíâåðñèÿ çàäà÷è ðåãðåññèè
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Èíâåðñèÿ çàäà÷è ðåãðåññèè
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 x + θ

0

x = φ
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 y + φ
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Èíâåðñèÿ çàäà÷è ðåãðåññèè
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Èíâåðñèÿ çàäà÷è ðåãðåññèè
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Èíâåðñèÿ çàäà÷è ðåãðåññèè
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y = θ
1
 x + θ

0

x = φ
1
 y + φ

0

Äâå ïðÿìûå ïåðåñåêàþòñÿ â òî÷êå (x̄, ȳ) .

Êîñèíóñ óãëà ìåæäó ïðÿìûìè, îñóùåñòâëÿþùèìè ëèíåéíóþ

ÌÍÊ-ðåãðåññèþ x íà y è y íà x, ðàâåí çíà÷åíèþ âûáîðî÷íîãî

êîý��èöèåíòà êîððåëÿöèè ìåæäó x è y.
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Goodness-of-�t

TSS =

n
∑

i=1

(yi − ȳ)2 (Total Sum of Squares);

ESS =
n
∑

i=1

(ŷi − ȳ)2 (Explained Sum of Squares);

RSS =
n
∑

i=1

(yi − ŷi)
2

(Residual Sum of Squares);

TSS = ESS +RSS.

Êîý��èöèåíò äåòåðìèíàöèè:

R2 =
ESS

TSS
= 1− RSS

TSS
.

R2 = r2yŷ � êâàäðàò êîý��èöèåíòà ìíîæåñòâåííîé êîððåëÿöèè y ñ X.
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Ïðåäïîëîæåíèÿ ìîäåëè

1

Ëèíåéíîñòü: y = Xβ + ε.

2

Ñëó÷àéíîñòü âûáîðêè: èìååòñÿ íåçàâèñèìàÿ âûáîðêà íàáëþäåíèé

(xi, yi), i = 1, . . . , n.

3

Ïîëíîòà ðàíãà: íè â ïîïóëÿöèè, íè â âûáîðêå íè îäèí èç ïðèçíàêîâ íå

ÿâëÿåòñÿ ëèíåéíîé êîìáèíàöèåé äðóãèõ (rankX = k).

4

Ñëó÷àéíîñòü îøèáîê: E (ε |X ) = 0.

Â ïðåäïîëîæåíèÿõ (1-4) ÌÍÊ-îöåíêè êîý��èöèåíòîâ β ÿâëÿþòñÿ

íåñìåù¼ííûìè:

Eβ̂j = βj , j = 0, . . . , k,

è ñîñòîÿòåëüíûìè:

∀γ > 0 lim
n→∞

P
(∣

∣

∣
βj − β̂j

∣

∣

∣
< γ

)

= 1, j = 0, . . . , k.
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Ïðåäïîëîæåíèÿ ìîäåëè

1

Ëèíåéíîñòü: y = Xβ + ε.

2

Ñëó÷àéíîñòü âûáîðêè: èìååòñÿ íåçàâèñèìàÿ âûáîðêà íàáëþäåíèé

(xi, yi), i = 1, . . . , n.

3

Ïîëíîòà ðàíãà: íè â ïîïóëÿöèè, íè â âûáîðêå íè îäèí èç ïðèçíàêîâ íå

ÿâëÿåòñÿ êîíñòàíòîé; êðîìå òîãî, íè îäèí èç ïðèçíàêîâ íå ÿâëÿåòñÿ

ëèíåéíîé êîìáèíàöèåé äðóãèõ (rankX = k).

4

Ñëó÷àéíîñòü îøèáîê: E (ε |X ) = 0.

5

�îìîñêåäàñòè÷íîñòü îøèáîê: äèñïåðñèÿ îøèáêè íå çàâèñèò îò

çíà÷åíèé ïðèçíàêîâ: D (ε |X ) = σ2.

(ïðåäïîëîæåíèÿ �àóññà-Ìàðêîâà).

Òåîðåìà �àóññà-Ìàðêîâà: â ïðåäïîëîæåíèÿõ (1-5) ÌÍÊ-îöåíêè èìåþò

íàèìåíüøóþ äèñïåðñèþ â êëàññå îöåíîê β, ëèíåéíûõ ïî y.
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Äèñïåðñèÿ β̂j

Â ïðåäïîëîæåíèÿõ (1-5) äèñïåðñèè ÌÍÊ-îöåíîê êîý��èöèåíòîâ β
çàäàþòñÿ ñëåäóþùèì îáðàçîì:

D

(

β̂j

∣

∣

∣X
)

=
σ2

TSSj

(

1−R2
j

) ,

ãäå TSSj =
n
∑

i=1

(xij − x̄j)
2 , R2

j � êîý��èöèåíò äåòåðìèíàöèè ïðè

ðåãðåññèè xj íà âñå îñòàëüíûå ïðèçíàêè èç X.

×åì áîëüøå äèñïåðñèÿ îøèáêè σ2
, òåì áîëüøå äèñïåðñèÿ îöåíêè β̂j .

×åì áîëüøå âàðèàöèÿ çíà÷åíèé ïðèçíàêà xj â âûáîðêå, òåì ìåíüøå

äèñïåðñèÿ îöåíêè β̂j .

×åì ëó÷øå ïðèçíàê xj îáúÿñíÿåòñÿ ëèíåéíîé êîìáèíàöèåé

îñòàâøèõñÿ ïðèçíàêîâ, òåì áîëüøå äèñïåðñèÿ îöåíêè β̂j .

R2
j < 1 ïî ïðåäïîëîæåíèþ (3); òåì íå ìåíåå, ìîæåò áûòü R2

j ≈ 1.
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Äèñïåðñèÿ β̂j

Â ìàòðè÷íîì âèäå:

D

(

β̂
∣

∣

∣X
)

= σ2
(

XTX
)

−1

.

Åñëè ñòîëáöû X ïî÷òè ëèíåéíî çàâèñèìû, òî ìàòðèöà XTX ïëîõî

îáóñëîâëåíà, è äèñïåðñèÿ îöåíîê β̂j âåëèêà.

Áëèçêàÿ ê ëèíåéíîé çàâèñèìîñòü ìåæäó äâóìÿ èëè áîëåå ïðèçíàêàìè xj

íàçûâàåòñÿ ìóëüòèêîëëèíåàðíîñòüþ.

�ÿáåíêî Åâãåíèé ÏÑ-7. �åãðåññèîííûé àíàëèç.



Ïîñòðîåíèå ðåãðåññèè Àíàëèç ìîäåëåé Ïðèìåð Èòîã

Íåïðàâèëüíîå îïðåäåëåíèå ìîäåëè

Íåäîîïðåäåëåíèå: åñëè çàâèñèìàÿ ïåðåìåííàÿ îïðåäåëÿåòñÿ ìîäåëüþ

y = β0 + β1x1 + · · ·+ βj−1xj−1 + βjxj + βj+1xj+1 + · · ·+ βkxk,

à âìåñòî ýòîãî èñïîëüçóåòñÿ ìîäåëü

y = β0 + β1x1 + · · ·+ βj−1xj−1 + βj+1xj+1 + · · ·+ βkxk,

òî ÌÍÊ-îöåíêè β̂0, . . . , β̂j−1, β̂j+1, . . . , β̂k ÿâëÿþòñÿ ñìåù¼ííûìè è

íåñîñòîÿòåëüíûìè îöåíêàìè β0, . . . , βj−1, βj+1, . . . , βk.

Ïåðåîïðåäåëåíèå: åñëè ïðèçíàê xj íå âëèÿåò íà y, ò. å. βj = 0, òî
ÌÍÊ-îöåíêà β̂ îñòà¼òñÿ íåñìåù¼ííîé ñîñòîÿòåëüíîé îöåíêîé β, íî
äèñïåðñèÿ å¼ âîçðàñòàåò.
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Áèíàðíûå ïðèçíàêè

Åñëè xj ïðèíèìàåò òîëüêî äâà çíà÷åíèÿ, òî îíè êîäèðóþòñÿ íóë¼ì

è åäèíèöåé. Íàïðèìåð, åñëè xj � ïîë èñïûòóåìîãî, òî ìîæíî çàäàòü

xj = [ïîë = ìóæñêîé] .

Ìåõàíèçì ïîñòðîåíèÿ ðåãðåññèè íå ìåíÿåòñÿ.
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Êàòåãîðèàëüíûå ïðèçíàêè

Êàê êîäèðîâàòü äèñêðåòíûå ïðèçíàêè xj , ïðèíèìàþùèå áîëåå äâóõ

çíà÷åíèé?

Ïóñòü y � ñðåäíèé óðîâåíü çàðàáîòíîé ïëàòû, x � òèï äîëæíîñòè

(ðàáî÷èé / èíæåíåð / óïðàâëÿþùèé). Äîïóñòèì, ìû çàêîäèðîâàëè ýòè

äîëæíîñòè ñëåäóþùèì îáðàçîì:

Òèï äîëæíîñòè x

ðàáî÷èé 1
èíæåíåð 2
óïðàâëÿþùèé 3

è ïîñòðîèëè ðåãðåññèþ y = β0 + β1x. Òîãäà äëÿ ðàáî÷åãî, èíæåíåðà

è óïðàâëÿþùåãî îæèäàåìûå ñðåäíèå óðîâíè çàðàáîòíîé ïëàòû

îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì:

ybc = β0 + β1,

ypr = β0 + 2β1,

ywc = β0 + 3β1.

Ñîãëàñíî ïîñòðîåííîé ìîäåëè, ðàçíèöà â ñðåäíèõ óðîâíÿõ çàðàáîòíîé

ïëàòû ðàáî÷åãî è èíæåíåðà â òî÷íîñòè ðàâíà ðàçíèöå ìåæäó çàðïëàòàìè

èíæåíåðà è óïðàâëÿþùåãî.
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Ôèêòèâíûå ïåðåìåííûå

Âåðíûé ñïîñîá èñïîëüçîâàíèÿ êàòåãîðèàëüíûõ ïðèçíàêîâ â ðåãðåññèè �

ââåäåíèå áèíàðíûõ �èêòèâíûõ ïåðåìåííûõ (dummy variables).

Ïóñòü ïðèçíàê xj ïðèíèìàåò m ðàçëè÷íûõ çíà÷åíèé, òîãäà äëÿ åãî

êîäèðîâàíèÿ íåîáõîäèìà m− 1 �èêòèâíàÿ ïåðåìåííàÿ.

Ñïîñîáû êîäèðîâàíèÿ:

Dummy Deviation

Òèï äîëæíîñòè x1 x2 x1 x2

ðàáî÷èé 0 0 1 0
èíæåíåð 1 0 0 1
óïðàâëÿþùèé 0 1 −1 −1

y = β0 + β1x1 + β2x2

Ïðè dummy-êîäèðîâàíèè êîý��èöèåíòû β1, β2 îöåíèâàþò ñðåäíþþ

ðàçíèöó â óðîâíÿõ çàðïëàò èíæåíåðà è óïðàâëÿþùåãî ñ ðàáî÷èì.

Ïðè deviation-êîäèðîâàíèè êîý��èöèåíòû β1, β2 îöåíèâàþò ñðåäíþþ

ðàçíèöó â óðîâíÿõ çàðïëàò èíæåíåðà è óïðàâëÿþùåãî ñî ñðåäíèì ïî

âñåì äîëæíîñòÿì.
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Âîïðîñû

1

Êàê íàéòè äîâåðèòåëüíûå èíòåðâàëû äëÿ βj è ïðîâåðèòü ãèïîòåçó

H0 : βj = 0?

2

Êàê íàéòè äîâåðèòåëüíûé èíòåðâàë äëÿ çíà÷åíèé îòêëèêà íà íîâîì

îáúåêòå y(x0)?

3

Êàê ïðîâåðèòü àäåêâàòíîñòü ïîñòðîåííîé ìîäåëè?
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Ïðåäïîëîæåíèå î íîðìàëüíîñòè îøèáîê

6

Íîðìàëüíîñòü îøèáîê: ε ∼ N
(

0, σ2
)

.

Â ïðåäïîëîæåíèÿõ (1-6) ÌÍÊ-îöåíêè ñîâïàäàþò ñ îöåíêàìè

ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ.

ÌÌÏ:

p (εi) =
1√
2πσ

e−
1

2σ
ε2i ,

ln
n
∏

i=1

p (εi) → max
β

,

n
∑

i=1

(

−1

2
ln (2πσ)− 1

2σ
ε2i

)

→ max
β

,

n
∑

i=1

ε2i =
n
∑

i=1

(

yi −
k
∑

j=0

βjxij

)2

→ min
β

.
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Ïðåäïîëîæåíèå î íîðìàëüíîñòè îøèáîê

Ýêâèâàëåíòíàÿ çàïèñü ïðåäïîëîæåíèÿ (6):

y |X ∼ N
(

Xβ, σ2) .

ÌÍÊ-îöåíêè β̂ èìåþò íàèìåíüøóþ äèñïåðñèþ ñðåäè âñåõ

íåñìåù¼ííûõ îöåíîê β.

ÌÍÊ-îöåíêè β̂ èìåþò íîðìàëüíîå ðàñïðåäåëåíèå

N
(

β, σ2
(

XTX
)

−1
)

.

Íåñìåù¼ííîé îöåíêîé σ2
ÿâëÿåòñÿ

σ̂2 =
1

n− k − 1
RSS;

êðîìå òîãî,

1
σ2RSS ∼ χ2

n−k−1.

∀c ∈ R
k+1

cT
(

β − β̂
)

σ̂
√

cT (XTX)−1 c
∼ St(n− k − 1).
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Äîâåðèòåëüíûå èíòåðâàëû äëÿ σ è β

100(1 − α)% äîâåðèòåëüíûé èíòåðâàë äëÿ σ:

√

RSS

χ2
n−k−1,1−α/2

≤ σ ≤
√

RSS

χ2
n−k−1,α/2

.

Âîçüì¼ì c =

(

0 . . . 01
j
0 . . . 0

)

; 100(1− α)% äîâåðèòåëüíûé èíòåðâàë

äëÿ βj :

β̂j ± tn−k−1,1−α/2σ̂
√

(XTX)−1
jj .

�ÿáåíêî Åâãåíèé ÏÑ-7. �åãðåññèîííûé àíàëèç.
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Äîâåðèòåëüíûé è ïðåäñêàçàòåëüíûé èíòåðâàëû äëÿ îòêëèêà

Äëÿ íîâîãî îáúåêòà x0 âîçüì¼ì c = x0; 100(1 − α)% äîâåðèòåëüíûé

èíòåðâàë äëÿ ñðåäíåãî îòêëèêà ȳ (x0) = xT
0 β:

xT
0 β̂ ± tn−k−1,1−α/2σ̂

√

xT
0 (XTX)−1 x0.

×òîáû ïîñòðîèòü ïðåäñêàçàòåëüíûé èíòåðâàë äëÿ y (x0) = xT
0 β + ε (x0) ,

ó÷ò¼ì åù¼ äèñïåðñèþ îøèáêè:

xT
0 β̂ ± tn−k−1,1−α/2σ̂

√

1 + xT
0 (XTX)−1 x0.

�ÿáåíêî Åâãåíèé ÏÑ-7. �åãðåññèîííûé àíàëèç.
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t-êðèòåðèé Ñòüþäåíòà

íóëåâàÿ ãèïîòåçà: H0 : βj = 0;
àëüòåðíàòèâà: H1 : βj < 6=> 0;

ñòàòèñòèêà: T =
β̂j

√

RSS
n−k−1

(XT X)−1

jj

;

T ∼ St(n− k − 1) ïðè H0;
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0
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0.4

T

p(
T

)

äîñòèãàåìûé óðîâåíü çíà÷èìîñòè:

p (t) =











1− tcdf(t, n− k − 1), H1 : βj > 0,

tcdf(t, n− k − 1), H1 : βj < 0,

2 (1− tcdf(|t|, n− k − 1)) , H1 : βj 6= 0.
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t-êðèòåðèé Ñòüþäåíòà

Ïðèìåð: èìååòñÿ 12 èñïûòóåìûõ, x � ðåçóëüòàò ïðîõîæäåíèÿ èñïûòóåìûì

ñîñòàâíîãî òåñòà ñêîðîñòè ðåàêöèè, y � ðåçóëüòàò åãî òåñòà íà ñèìóëÿòîðà

òðàíñïîðòíîãî ñðåäñòâà. Ïðîâåäåíèå ñîñòàâíîãî òåñòà çíà÷èòåëüíî ïðîùå

è òðåáóåò ìåíüøèõ çàòðàò, ïîýòîìó ñòàâèòñÿ çàäà÷à ïðåäñêàçàíèÿ y ïî x,
äëÿ ÷åãî ñòðîèòñÿ ëèíåéíàÿ ðåãðåññèÿ ñîãëàñíî ìîäåëè

y = β0 + β1x+ ε.

Çíà÷èìà ëè ïåðåìåííàÿ x äëÿ ïðåäñêàçàíèÿ y?

H0 : β1 = 0.
H1 : β1 6= 0 ⇒ p = 2.2021 × 10−5

.
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Ïîñòðîåíèå ðåãðåññèè Àíàëèç ìîäåëåé Ïðèìåð Èòîã

t-êðèòåðèé Ñòüþäåíòà

íóëåâàÿ ãèïîòåçà: H0 : βj = a;
àëüòåðíàòèâà: H1 : βj < 6=> a;

ñòàòèñòèêà: T =
β̂j−a

√

RSS
n−k−1

(XT X)−1

jj

;

T ∼ St(n− k − 1) ïðè H0;

−4 −3 −2 −1 0 1 2 3 4
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

T

p(
T

)

äîñòèãàåìûé óðîâåíü çíà÷èìîñòè:

p (t) =











1− tcdf(t, n− k − 1), H1 : βj > a,

tcdf(t, n− k − 1), H1 : βj < a,

2 (1− tcdf(|t|, n− k − 1)) , H1 : βj 6= a.
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t-êðèòåðèé Ñòüþäåíòà

Ïðèìåð: ïî âûáîðêå èç 506 æèëûõ ðàéîíîâ, ðàñïîëîæåííûõ â ïðèãîðîäàõ

Áîñòîíà, ñòðîèòñÿ ìîäåëü ñðåäíåé öåíû íà æèëü¼ ñëåäóþùåãî âèäà:

ln price = β0 + β1 lnnox+ β2 ln dist+ β3rooms+ β4stratio+ ε,

ãäå nox � ñîäåðæàíèå â âîçäóõå äâóîêèñè àçîòà, dis � âçâåøåííîå ñðåäíåå

ðàññòîÿíèå îò æèëîãî ðàéîíà äî ïÿòè îñíîâíûõ ìåñò òðóäîóñòðîéñòâà,

rooms � ñðåäíåå ÷èñëî êîìíàò â äîìå æèëîãî ðàéîíà, stratio � ñðåäíåå

îòíîøåíèÿ ÷èñëà ñòóäåíòîâ ê ÷èñëó ó÷èòåëåé â øêîëàõ ðàéîíà.

Êîý��èöèåíò β1 èìååò ñìûñë ýëàñòè÷íîñòè öåíû ïî ïðèçíàêó nox. Ïî
ýêîíîìè÷åñêèì ñîîáðàæåíèÿì èíòåðåñ ïðåäñòàâëÿåò ãèïîòåçà î òîì, ÷òî

ýëàñòè÷íîñòü ðàâíà −1.

H0 : β1 = −1.
H1 : β1 6= −1 ⇒ p = 0.6945.

�ÿáåíêî Åâãåíèé ÏÑ-7. �åãðåññèîííûé àíàëèç.
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Êðèòåðèé Ôèøåðà

X
n×(k+1)

=

(

X1
n×(k+1−k1)

, X2
n×k1

)

; βT

(k+1)×1

=

(

βT
1

(k+1−k1)×1

, βT
2

k1×1

)T

;

íóëåâàÿ ãèïîòåçà: H0 : β2 = 0;
àëüòåðíàòèâà: H1 : H0 íåâåðíà;

ñòàòèñòèêà: RSSr = ‖y −X1β1‖22 , RSSur = ‖y −Xβ‖22 ,
F = (RSSr−RSSur)/k1

RSSur/(n−k−1)
;

F ∼ F (k1, n− k − 1) ïðè H0;

0 0.5 1 1.5 2 2.5 3 3.5 4
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0.5
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0.7

0.8

F

p(
F

)

äîñòèãàåìûé óðîâåíü çíà÷èìîñòè:

p (f) = fcdf(1/f, n− k − 1, k1).
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Êðèòåðèé Ôèøåðà

Ïðèìåð: äëÿ âåñà ðåá¼íêà ïðè ðîæäåíèè èìååòñÿ ñëåäóþùàÿ ìîäåëü:

weight = β0 + β1cigs+ β2parity + β3inc+ β4med+ β5fed+ ε,

ãäå cigs � ñðåäíåå ÷èñëî ñèãàðåò, âûêóðèâàâøèõñÿ ìàòåðüþ çà îäèí äåíü

áåðåìåííîñòè, parity � íîìåð ðåá¼íêà ó ìàòåðè, inc � ñðåäíåìåñÿ÷íûé

äîõîä ñåìüè, med � äëèòåëüíîñòü â ãîäàõ ïîëó÷åíèÿ îáðàçîâàíèÿ

ìàòåðüþ, fed � îòöîì. Äàííûå èìåþòñÿ äëÿ 1191 äåòåé.

Çàâèñèò ëè âåñ ðåá¼íêà ïðè ðîæäåíèè îò óðîâíÿ îáðàçîâàíèÿ ðîäèòåëåé?

H0 : β4 = β5 = 0.
H1 : H0 íåâåðíà ⇒ p = 0.2421.

�ÿáåíêî Åâãåíèé ÏÑ-7. �åãðåññèîííûé àíàëèç.
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Ñâÿçü ìåæäó êðèòåðèÿìè Ôèøåðà è Ñòüþäåíòà

Åñëè k1 = 1, êðèòåðèé Ôèøåðà ýêâèâàëåíòåí êðèòåðèþ Ñòüþäåíòà äëÿ

äâóñòîðîííåé àëüòåðíàòèâû.

Èíîãäà êðèòåðèé Ôèøåðà îòâåðãàåò ãèïîòåçó î íåçíà÷èìîñòè ïðèçíàêîâ

X2, à êðèòåðèé Ñòüþäåíòà íå ïðèçíà¼ò çíà÷èìûì íè îäèí èç íèõ.

Âîçìîæíûå îáúÿñíåíèÿ:

îòäåëüíûå ïðèçíàêè èç X2 íåäîñòàòî÷íî õîðîøî îáúÿñíÿþò y, íî
ñîâîêóïíûé ý��åêò çíà÷èì;

ïðèçíàêè â X2 ìóëüòèêîëëèíåàðíû.

Èíîãäà êðèòåðèÿ Ôèøåðà íå îòâåðãàåò ãèïîòåçó î íåçíà÷èìîñòè ïðèçíàêîâ

X2, à êðèòåðèé Ñòüþäåíòà ïðèçíà¼ò çíà÷èìûìè íåêîòîðûå èç íèõ.

Âîçìîæíûå îáúÿñíåíèÿ:

íåçíà÷èìûå ïðèçíàêè â X2 ìàñêèðóþò âëèÿíèå çíà÷èìûõ;

çíà÷èìîñòü îòäåëüíûõ ïðèçíàêîâ â X2 � ðåçóëüòàò ìíîæåñòâåííîé

ïðîâåðêè ãèïîòåç.
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Êðèòåðèé Ôèøåðà

íóëåâàÿ ãèïîòåçà: H0 : β1 = · · · = βk = 0;
àëüòåðíàòèâà: H1 : H0 íåâåðíà;

ñòàòèñòèêà: F = R2/k

(1−R2)/(n−k−1)
;

F ∼ F (k, n− k − 1) ïðè H0;
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F
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F

)

äîñòèãàåìûé óðîâåíü çíà÷èìîñòè:

p (f) = fcdf(1/f, n− k − 1, k).
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Êðèòåðèé Ôèøåðà

Ïðèìåð: èìååò ëè âîîáùå ñìûñë ìîäåëü âåñà ðåá¼íêà ïðè ðîæäåíèè,

ðàññìîòðåííàÿ âûøå?

H0 : β1 = · · · = β5 = 0.
H1 : H0 íåâåðíà ⇒ p = 6.0331 × 10−9

.
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Ñðàâíåíèå íåâëîæåííûõ ìîäåëåé

Ïðèìåð: èìåþòñÿ äâå ìîäåëè:

y = β0 + β1x1 + β2x2 + ε, (1)

y = γ0 + γ1 log x1 + γ2 log x2 + ε. (2)

Êàê ïîíÿòü, êàêàÿ èç íèõ ëó÷øå?

�ÿáåíêî Åâãåíèé ÏÑ-7. �åãðåññèîííûé àíàëèç.
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Êðèòåðèé Äàâèäñîíà-Ìàêêèííîíà

Ïóñòü ŷ � îöåíêà îòêëèêà ïî ïåðâîé ìîäåëè,

ˆ̂y � ïî âòîðîé.

Ïîäñòàâèì ýòè îöåíêè êàê ïðèçíàêè â ÷óæèå ìîäåëè:

y = β0 + β1x1 + β2x2 + β3
ˆ̂y + ε,

y = β0 + γ1 log x1 + γ2 log x2 + γ3ŷ + ε.

Ïðè ïîìîùè êðèòåðèÿ Ñòüþäåíòà ïðîâåðèì

H01 : β3 = 0, H11 : β3 6= 0,

H02 : γ3 = 0, H12 : γ3 6= 0.

P
P
P
P
P
P
P

H01

H02
Ïðèíÿòà Îòâåðãíóòà

Ïðèíÿòà Ìîäåëè îäèíàêîâî

õîðîøè

Ìîäåëü (1) çíà÷èìî

ëó÷øå

Îòâåðãíóòà Ìîäåëü (2) çíà÷èìî

ëó÷øå

Ìîäåëè îäèíàêîâî

ïëîõè
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Ïðèâåä¼ííûé êîý��èöèåíò äåòåðìèíàöèè

Ñòàíäàðòíûé êîý��èöèåíò äåòåðìèíàöèè âñåãäà óâåëè÷èâàåòñÿ ïðè

äîáàâëåíèè ðåãðåññîðîâ â ìîäåëü, ïîýòîìó äëÿ îòáîðà ïðèçíàêîâ åãî

èñïîëüçîâàòü íåëüçÿ.

Äëÿ ñðàâíåíèÿ ìîäåëåé, ñîäåðæàùèõ ðàçíîå ÷èñëî ïðèçíàêîâ, ìîæíî

èñïîëüçîâàòü ïðèâåä¼ííûé êîý��èöèåíò äåòåðìèíàöèè:

R2
a =

ESS/(n− k − 1)

TSS/(n− 1)
= 1−

(

1−R2
) n− 1

n− k − 1
.
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Ïîøàãîâàÿ ðåãðåññèÿ

Øàã 0. Íàñòðàèâàåòñÿ ìîäåëü ñ îäíîé òîëüêî êîíñòàíòîé, à òàêæå âñå

ìîäåëè ñ îäíîé ïåðåìåííîé. �àññ÷èòûâàåòñÿ F -ñòàòèñòèêà êàæäîé
ìîäåëè è äîñòèãàåìûé óðîâåíü çíà÷èìîñòè. Âûáèðàåòñÿ ìîäåëü

ñ íàèìåíüøèì äîñòèãàåìûì óðîâíåì çíà÷èìîñòè. Ñîîòâåòñòâóþùàÿ

ïåðåìåííàÿ Xe1 âêëþ÷àåòñÿ â ìîäåëü, åñëè ýòîò äîñòèãàåìûé óðîâåíü

çíà÷èìîñòè ìåíüøå ïîðîãîâîãî çíà÷åíèÿ pE = 0.05.

Øàã 1. �àññ÷èòûâàåòñÿ F -ñòàòèñòèêà è äîñòèãàåìûé óðîâåíü

çíà÷èìîñòè äëÿ âñåõ ìîäåëåé, ñîäåðæàùèõ äâå ïåðåìåííûå, îäíà èç

êîòîðûõ Xe1. Àíàëîãè÷íî ïðèíèìàåòñÿ ðåøåíèå î âêëþ÷åíèè Xe2.

Øàã 2. Åñëè áûëà äîáàâëåíà ïåðåìåííàÿ Xe2, âîçìîæíî, Xe1 óæå íå

íóæíà. Â îáùåì ñëó÷àå ïðîñ÷èòûâàþòñÿ âñå âîçìîæíûå âàðèàíòû

èñêëþ÷åíèÿ îäíîé ïåðåìåííîé, ðàññìàòðèâàåòñÿ âàðèàíò

ñ íàèáîëüøèì äîñòèãàåìûì óðîâíåì çíà÷èìîñòè, ñîîòâåòñòâóþùàÿ

ïåðåìåííàÿ èñêëþ÷àåòñÿ, åñëè îí ïðåâîñõîäèò ïîðîãîâîå çíà÷åíèå

pR = 0.1.

. . .

�ÿáåíêî Åâãåíèé ÏÑ-7. �åãðåññèîííûé àíàëèç.



Ïîñòðîåíèå ðåãðåññèè Àíàëèç ìîäåëåé Ïðèìåð Èòîã

Ýêñïåðèìåíò Ôðèäìàíà

David A. Freedman, A Note on S
reening Regression Equations. The Ameri
an

Statisti
ian, Vol. 37, No. 2 (May, 1983), pp. 152-155.

�ÿáåíêî Åâãåíèé ÏÑ-7. �åãðåññèîííûé àíàëèç.
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Îòáîð ïðèçíàêîâ ñ ó÷¼òîì ý��åêòà ìíîæåñòâåííîé ïðîâåðêè ãèïîòåç

∀c1, . . . , ck1
∈ R

k+1

tj =
cTj

(

β − β̂
)

σ̂
√

cTj (XTX)−1 cj
, j = 1, . . . , k1

èìåþò ñîâìåñòíîå ðàñïðåäåëåíèå Ñòüþäåíòà ñ ÷èñëîì ñòåïåíåé ñâîáîäû

n− k − 1 è êîððåëÿöèîííîé ìàòðèöåé

R = DCT
(

XTX
)

−1

CD,

C = (c1, . . . , ck1
) ,

D = diag

(

cTj

(

XTX
)

−1

cj

)

−
1

2

.

Äëÿ îäíîâðåìåííîé ïðîâåðêè çíà÷èìîñòè âñåõ êîý��èöèåíòîâ ðåãðåññèè

äîñòàòî÷íî âçÿòü â êà÷åñòâå C åäèíè÷íóþ ìàòðèöó.

�ÿáåíêî Åâãåíèé ÏÑ-7. �åãðåññèîííûé àíàëèç.



Ïîñòðîåíèå ðåãðåññèè Àíàëèç ìîäåëåé Ïðèìåð Èòîã

Îòáîð ïðèçíàêîâ ñ ó÷¼òîì ý��åêòà ìíîæåñòâåííîé ïðîâåðêè ãèïîòåç

Matlab:

[beta,~,stats℄ = glmfit(X,y,'normal');

D = diag(1 ./ sqrt(diag(stats.
ovb)));

Cor = D * stats.
ovb * D';

p_adj = 1 - mvt
df(repmat(-abs(stats.t), 1, length(beta)), ...

repmat(abs(stats.t), 1, length(beta)), ...

Cor, stats.dfe);

�àáîòàåò ïðè k + 1 ≤ 25.

�ÿáåíêî Åâãåíèé ÏÑ-7. �åãðåññèîííûé àíàëèç.
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Îòáîð ïðèçíàêîâ ñ ó÷¼òîì ý��åêòà ìíîæåñòâåííîé ïðîâåðêè ãèïîòåç

R, äëèííûé ñïîñîá:

m <- lm(y ~ X)

beta <- 
oef(m)

Vbeta <- v
ov(m)

D <- diag(1 / sqrt(diag(Vbeta)))

t <- D %*% beta

Cor <- D %*% Vbeta %*% t(D)

library("mvtnorm")

m.df <- nrow(X) - length(beta)

p_adj <- sapply(abs(t), fun
tion(x) 1-pmvt(-rep(x, length(beta)),

rep(x, length(beta)),


orr = Cor, df = m.df))

R, êîðîòêèé ñïîñîá:

m <- lm(y ~ X)

beta <- 
oef(m)

library("mult
omp")

m.m
 <- glht(m, linf
t = diag(length(beta)))

summary(m.m
)

�ÿáåíêî Åâãåíèé ÏÑ-7. �åãðåññèîííûé àíàëèç.
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Ïðîâåðêà ïðåäïîëîæåíèé �àóññà-Ìàðêîâà

Ïðåäïîëîæåíèÿ (1-2) ïðîâåðèòü íåëüçÿ.

Ïðåäïîëîæåíèå (3) ëåãêî ïðîâåðÿåòñÿ, áåç åãî âûïîëíåíèÿ ïîñòðîèòü

ìîäåëü âîîáùå íåâîçìîæíî.

Ïðåäïîëîæåíèÿ (4-6) îá îøèáêå ε íåîáõîäèìî ïðîâåðÿòü.

Îöåíèâàòü îøèáêó ε áóäåì ïðè ïîìîùè îñòàòêîâ:

ε̂i = yi − ŷi, i = 1, . . . , n.

�ÿáåíêî Åâãåíèé ÏÑ-7. �åãðåññèîííûé àíàëèç.
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Âèçóàëüíûé àíàëèç

Ñòàíäàðòèçèðîâàííûå îñòàòêè:

ε̃i =
ε̂i
σ̂
, i = 1, . . . , n.

Ñòðîÿòñÿ ãðà�èêè çàâèñèìîñòè ε̃i îò ŷi, xij , j = 1, . . . , k, i.

−4

−3

−2

−1

0

1

2

3

4

ε̃ i

ŷi/xij/i

�ÿáåíêî Åâãåíèé ÏÑ-7. �åãðåññèîííûé àíàëèç.
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Âèçóàëüíûé àíàëèç

−5

−4

−3

−2

−1

0

1

2

3

4

5

ε̃ i

ŷi

Âîçìîæíî, ïðèñóòñòâóþò âûáðîñû

�ÿáåíêî Åâãåíèé ÏÑ-7. �åãðåññèîííûé àíàëèç.
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Âèçóàëüíûé àíàëèç

−4

−3

−2

−1

0

1

2

3

4

ε̃ i

i

Â äàííûõ èìååòñÿ òðåíä
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Âèçóàëüíûé àíàëèç

−4

−3

−2

−1

0

1

2

3

4

ε̃ i

ŷi

�åòåðîñêåäàñòè÷íîñòü
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Âèçóàëüíûé àíàëèç

−4

−3

−2

−1

0

1

2

3

4

ε̃ i

xj

Ñòîèò äîáàâèòü êâàäðàò ïðèçíàêà xj

�ÿáåíêî Åâãåíèé ÏÑ-7. �åãðåññèîííûé àíàëèç.
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Ôîðìàëüíûå êðèòåðèè

Ïðîâåðêà íîðìàëüíîñòè � çàíÿòèå 2.

Ïðîâåðêà íåñìåù¼ííîñòè: åñëè îñòàòêè íîðìàëüíû � êðèòåðèé

Ñòüþäåíòà (çàíÿòèå 2), íåò � íåïàðàìåòðè÷åñêèé êðèòåðèé

(çàíÿòèå 3).

Âûáðîñû � ðàññòîÿíèå Êóêà.

Ïðîâåðêà ãîìîñêåäàñòè÷íîñòè: êðèòåðèé Áðîéøà-Ïàãàíà.

�ÿáåíêî Åâãåíèé ÏÑ-7. �åãðåññèîííûé àíàëèç.
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�àññòîÿíèå Êóêà

Îñòàòêè íåäîñòàòî÷íî ïîëíî õàðàêòåðèçóþò íàëè÷èå âûáðîñîâ, òàê êàê

ðåãðåññèÿ ñèëüíî ïîäñòðàèâàåòñÿ ïîä áîëüøèå îòêëîíåíèÿ.

�àññòîÿíèå Êóêà � ìåðà âîçäåéñòâèÿ i-ãî íàáëþäåíèÿ íà ðåãðåññèîííîå
óðàâíåíèå:

Di =

n
∑

j=1

(

ŷj − ŷj(i)
)2

k · RSS
=

ε̂2i
k ·RSS

hi

(1− hi)
2 ,

ŷj(i) � ïðåäñêàçàíèÿ ìîäåëè, íàñòðîåííîé ïî íàáëþäåíèÿì

1, . . . , i− 1, i+ 1, . . . , n, äëÿ íàáëþäåíèÿ j;

hi � äèàãîíàëüíûé ýëåìåíò ìàòðèöû H = X
(

XTX
)

−1
XT

(hat matrix).

Âàðèàíòû ïîðîãà íà Di:

Di = 1;

Di = 4/n;

Di = 3D̄;

âèçóàëüíî ïî ãðà�èêó çàâèñèìîñòè Di îò ŷi.

�ÿáåíêî Åâãåíèé ÏÑ-7. �åãðåññèîííûé àíàëèç.
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Êðèòåðèé Áðîéøà-Ïàãàíà

íóëåâàÿ ãèïîòåçà: H0 : Dεi = σ2;
àëüòåðíàòèâà: H1 : H0 íåâåðíà;

ñòàòèñòèêà: LM = nR2
ε̂2 , R

2
ε̂2 � êîý��èöèåíò äåòåðìèíàöèè

ïðè ðåãðåññèè êâàäðàòîâ îñòàòêîâ íà ïðèçíàêè;

LM ∼ χ2
k ïðè H0;

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

χ2

p(
χ2 )

äîñòèãàåìûé óðîâåíü çíà÷èìîñòè:

p (f) = 1− chi2cdf(LM, k).

�ÿáåíêî Åâãåíèé ÏÑ-7. �åãðåññèîííûé àíàëèç.
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�åòåðîñêåäàñòè÷íîñòü

�åòåðîñêåäàñòè÷íîñòü ìîæåò áûòü ñëåäñòâèåì íåäîîïðåäåëåíèÿ ìîäåëè.

Ïîñëåäñòâèÿ ãåòåðîñêåäàñòè÷íîñòè:

íàðóøàþòñÿ ïðåäïîëîæåíèÿ êðèòåðèåâ Ñòüþäåíòà è Ôèøåðà

è ìåòîäîâ ïîñòðîåíèÿ äîâåðèòåëüíûõ èíòåðâàëîâ äëÿ σ è β
(íåçàâèñèìî îò îáú¼ìà âûáîðêè);

ÌÍÊ-îöåíêè β è R2
îñòàþòñÿ íåñìåù¼ííûìè è ñîñòîÿòåëüíûìè.

Âàðèàíòû:

ïåðåîïðåäåëèòü ìîäåëü, äîáàâèòü ïðèçíàêè, ïðåîáðàçîâàòü îòêëèê;

èñïîëüçîâàòü ìîäè�èöèðîâàííûå îöåíêè äèñïåðñèè êîý��èöèåíòîâ

äëÿ îöåíêè çíà÷èìîñòè;

íàñòðîèòü ïàðàìåòðû ìåòîäîì âçâåøåííûõ íàèìåíüøèõ êâàäðàòîâ.

�ÿáåíêî Åâãåíèé ÏÑ-7. �åãðåññèîííûé àíàëèç.
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Ïðåîáðàçîâàíèå Áîêñà-Êîêñà

Ïóñòü çíà÷åíèÿ îòêëèêà y1, . . . , yn ïîëîæèòåëüíû. Åñëè

max yi
minyi

> 10, ñòîèò
ðàññìîòðåòü âîçìîæíîñòü ïðåîáðàçîâàíèÿ y. Â êàêîì âèäå åãî èñêàòü?

×àñòî ïîëåçíî ðàññìîòðåòü ïðåîáðàçîâàíèÿ âèäà yλ
, íî îíî íå èìååò

ñìûñëà ïðè λ = 0.
Âìåñòî íåãî ìîæíî ðàññìîòðåòü ñåìåéñòâî ïðåîáðàçîâàíèé

W =

{

(

yλ − 1
)

/λ, λ 6= 0,

ln y, λ = 0,

íî îíî ñèëüíî âàðüèðóåòñÿ ïî λ.
Âìåñòî íåãî ìîæíî ðàññìîòðåòü ñåìåéñòâî ïðåîáðàçîâàíèé

V =

{

(

yλ − 1
)

/
(

λẏλ−1
)

, λ 6= 0,

ẏ ln y, λ = 0,

ãäå ẏ = (y1y2 . . . yn)
1/n

� ñðåäíåå ãåîìåòðè÷åñêîå íàáëþäåíèé îòêëèêà.

�ÿáåíêî Åâãåíèé ÏÑ-7. �åãðåññèîííûé àíàëèç.
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Ìåòîä Áîêñà-Êîêñà

Ïðîöåññ ïîäáîðà λ:

1

âûáèðàåòñÿ íàáîð çíà÷åíèé λ â íåêîòîðîì èíòåðâàëå, íàïðèìåð,

(−2, 2);

2

äëÿ êàæäîãî çíà÷åíèÿ λ âûïîëíÿåòñÿ ïðåîáðàçîâàíèå îòêëèêà V ,
ñòðîèòñÿ ðåãðåññèÿ V íà X, âû÷èñëÿåòñÿ îñòàòî÷íàÿ ñóììà êâàäðàòîâ

RSS(λ);

3

ñòðîèòñÿ ãðà�èê çàâèñèìîñòè RSS(λ) îò λ, ïî íåìó âûáèðàåòñÿ
îïòèìàëüíîå çíà÷åíèå λ;

4

âûáèðàåòñÿ áëèæàéøåå ê îïòèìàëüíîìó óäîáíîå çíà÷åíèå λ
(íàïðèìåð, öåëîå èëè ïîëóöåëîå);

5

ñòðîèòñÿ îêîí÷àòåëüíàÿ ðåãðåññèîííàÿ ìîäåëü ñ îòêëèêîì yλ
èëè ln y.

Äîâåðèòåëüíûé èíòåðâàë äëÿ λ îïðåäåëÿåòñÿ êàê ïåðåñå÷åíèå êðèâîé

RSS (λ) ñ ëèíèåé óðîâíÿ min
λ

RSS (λ) · eχ2

1,1−α/n. Åñëè îí ñîäåðæèò

åäèíèöó, âîçìîæíî, íå ñòîèò âûïîëíÿòü ïðåîáðàçîâàíèå.

�ÿáåíêî Åâãåíèé ÏÑ-7. �åãðåññèîííûé àíàëèç.
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Óñòîé÷èâàÿ îöåíêà äèñïåðñèè Óàéòà

Åñëè íå óäà¼òñÿ èçáàâèòüñÿ îò ãåòåðîñêåäàñòè÷íîñòè, äëÿ îöåíêè

çíà÷èìîñòè ïðèçíàêîâ ìîæíî èñïîëüçîâàòü êðèòåðèè, îñíîâàííûå íà

óñòîé÷èâîé îöåíêå äèñïåðñèè.

White's heteros
edasti
ity-
onsistent estimator (HCE):

D

(

β̂
∣

∣

∣X
)

=
(

XTX
)

−1 (

XT diag
(

ε̂21, . . . , ε̂
2
n

)

X
)(

XTX
)

−1

.

Àñèìïòîòèêà óñòîé÷èâîé îöåíêè:

√
n
(

β − β̂
)

d−→ N (0,Ω) ,

Ω̂ = n
(

XTX
)

−1 (

XT diag
(

ε̂21, . . . , ε̂
2
n

)

X
)(

XTX
)

−1

.

�ÿáåíêî Åâãåíèé ÏÑ-7. �åãðåññèîííûé àíàëèç.



Ïîñòðîåíèå ðåãðåññèè Àíàëèç ìîäåëåé Ïðèìåð Èòîã

Äðóãèå óñòîé÷èâûå îöåíêè äèñïåðñèè

Ýëåìåíòû äèàãîíàëüíîé ìàòðèöû ìîãóò çàäàâàòüñÿ ðàçíûìè ñïîñîáàìè:


onst σ̂2

HC0 ε̂2i
HC1

n
n−k

ε̂2i

HC2

ε̂2i
1−hi

HC3

ε̂2i
(1−hi)

2

HC4

ε̂2i

(1−hi)
min

(

4,
nhi
k

)


onst � ñëó÷àé ãîìîñêåäàñòè÷íîé îøèáêè,

HC0 � îöåíêà Óàéòà,

HC1�HC3 � ìîäè�èêàöèè ÌàêÊèííîíà-Óàéòà,

HC4 � ìîäè�èêàöèÿ Êðèáàðè-Íåòî.

�ÿáåíêî Åâãåíèé ÏÑ-7. �åãðåññèîííûé àíàëèç.
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Èñïîëüçîâàíèå óñòîé÷èâûõ îöåíîê äèñïåðñèè

R, ïàêåò sandwi
h:

m <- lm(y ~ X)

library("sandwi
h")

library("lmtest")

#signifi
an
e of every predi
tor


oeftest(m, df = Inf, v
ov = v
ovHC(m, type = "HC0"))

#signifi
an
e of the group of predi
tors

waldtest(m1, m2, v
ov = v
ovHC(m1, type = "HC0")) #m1 - bigger model

#signifi
an
e of the whole equation

waldtest(m, v
ov = v
ovHC(m, type = "HC0"))

Matlab:

beta = glmfit(X,y,'normal');

Cov = ha
(X5,log(y),'type','HC','weights','HC0');

%signifi
an
e of every predi
tor

p = 2 * pnorm(abs(stats5.beta ./ sqrt(diag(Cov))))

%signifi
an
e of the group of predi
tors

test_ind = [7 8 9℄; %indi
es of predi
tors to be tested

p = 1-
hi2
df(beta(test_ind)' * inv(Cov(test_ind, test_ind)) * beta(test_ind), ...

length(test_ind))

%signifi
an
e of the whole equation

p = 1-
hi2
df(beta(2:end)' * inv(Cov(2:end, 2:end)) * beta(2:end), length(beta)-1)

�ÿáåíêî Åâãåíèé ÏÑ-7. �åãðåññèîííûé àíàëèç.
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Âëèÿíèå âíåøíåé ïðèâëåêàòåëüíîñòè íà óðîâåíü çàðàáîòêà

Hamermesh, D. S., and J. E. Biddle (1994), Beauty and the Labor Market,

Ameri
an E
onomi
 Review 84, 1174�1194: ïî 1260 îïðîøåííûì èìåþòñÿ

ñëåäóþùèå äàííûå:

çàðàáîòíàÿ ïëàòà çà ÷àñ ðàáîòû, $,

îïûò ðàáîòû, ëåò,

îáðàçîâàíèå, ëåò,

âíåøíÿÿ ïðèâëåêàòåëüíîñòü, â áàëëàõ îò 1 äî 5,

áèíàðíûå ïðèçíàêè: ïîë, ñåìåéíîå ïîëîæåíèå, ñîñòîÿíèå çäîðîâüÿ

(õîðîøåå/ïëîõîå), ÷ëåíñòâî â ïðî�ñîþçå, öâåò êîæè (áåëûé/÷¼ðíûé),

çàíÿòîñòü â ñåðå îáñëóæèâàíèÿ (äà/íåò).

Îöåíèòü âëèÿíèå âíåøíåé ïðèâëåêàòåëüíîñòè íà óðîâåíü çàðàáîòêà

ñ ó÷¼òîì âñåõ îñòàëüíûõ �àêòîðîâ.

�ÿáåíêî Åâãåíèé ÏÑ-7. �åãðåññèîííûé àíàëèç.
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Î íåîáõîäèìîñòè âèçóàëèçàöèè äàííûõ

Ïðèìåð: Ans
ombe's quartet

� 1 2 3 4

x̄ 9 9 9 9

S(x) 11 11 11 11

ȳ 7.5 7.5 7.5 7.5

S(y) 4.127 4.127 4.128 4.128

rxy 0.816 0.816 0.816 0.816

�ÿáåíêî Åâãåíèé ÏÑ-7. �åãðåññèîííûé àíàëèç.
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Î íåîáõîäèìîñòè âèçóàëèçàöèè äàííûõ

�ÿáåíêî Åâãåíèé ÏÑ-7. �åãðåññèîííûé àíàëèç.



Ïîñòðîåíèå ðåãðåññèè Àíàëèç ìîäåëåé Ïðèìåð Èòîã

Äàííûå

Â ãðóïïàõ looks = 1 è looks = 5 ñëèøêîì ìàëî íàáëþäåíèé.

Ïðåâðàòèì ïðèçíàê looks â êàòåãîðèàëüíûé è çàêîäèðóåì ïðè ïîìîùè

�èêòèâíûõ ïåðåìåííûõ:

looks aboveavg belowavg

< 3 1 0

3 0 0

> 3 0 1

�ÿáåíêî Åâãåíèé ÏÑ-7. �åãðåññèîííûé àíàëèç.
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Âûáðîñû
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Áîëüøå 30 äîëëàðîâ â ÷àñ â âûáîðêå ïîëó÷àþò òîëüêî 5 ÷åëîâåê.

Èñêëþ÷èì èõ.

�ÿáåíêî Åâãåíèé ÏÑ-7. �åãðåññèîííûé àíàëèç.
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Ïðåîáðàçîâàíèå îòêëèêà

max y

min y
= 29.4.

Íàéä¼ì ïðåîáðàçîâàíèå îòêëèêà ïðè ïîìîùè ìåòîäà Áîêñà-Êîêñà:

95% äîâåðèòåëüíûé èíòåðâàë: (−0.028, 0.124) .
Âîçüì¼ì λ = 0, ò. å. áóäåì äåëàòü ðåãðåññèþ ëîãàðè�ìà îòêëèêà.

�ÿáåíêî Åâãåíèé ÏÑ-7. �åãðåññèîííûé àíàëèç.



Ïîñòðîåíèå ðåãðåññèè Àíàëèç ìîäåëåé Ïðèìåð Èòîã

Ìîäåëü 1

Ïîñòðîèì ëèíåéíóþ ìîäåëü:

lnwage = 0.43 + 0.01exper + 0.19union + 0.12goodhlth− 0.10black−
− 0.39female+ 0.04married − 0.15service + 0.08educ−
− 0.01aboveavg − 0.13belogavg.

F = 78.63, p = 6.8× 10−125, R2 = 0.387, R2
a = 0.382.

Êðèòåðèé p-value

Øàïèðî-Óèëêà (íîðìàëüíîñòü) 1.1 × 10−4

çíàêîâûõ ðàíãîâ (íåñìåù¼ííîñòü) 0.8944
Áðîéøà-Ïàãàíà (ãîìîñêåäàñòè÷íîñòü) 5.7 × 10−4

Ïðèçíàêè, êîý��èöèåíòû ïðè êîòîðûõ çíà÷èìî îòëè÷àþòñÿ îò íóëÿ

(ìíîæåñòâåííàÿ ïðîâåðêà ñ äèñïåðñèÿìè Óàéòà): exper, union, female,
service, educ, belowavg.

�ÿáåíêî Åâãåíèé ÏÑ-7. �åãðåññèîííûé àíàëèç.



Ïîñòðîåíèå ðåãðåññèè Àíàëèç ìîäåëåé Ïðèìåð Èòîã

Ìîäåëü 2

�åäóöèðîâàííàÿ ìîäåëü:

lnwage = 0.54 + 0.01exper + 0.18union − 0.41female − 0.15service+

+ 0.08educ− 0.008aboveavg − 0.12belogavg.

F = 110.04, p = 1.5× 10−125, R2 = 0.382, R2
a = 0.378.

Êðèòåðèé p-value

Øàïèðî-Óèëêà (íîðìàëüíîñòü) 1.6 × 10−4

çíàêîâûõ ðàíãîâ (íåñìåù¼ííîñòü) 0.8480
Áðîéøà-Ïàãàíà (ãîìîñêåäàñòè÷íîñòü) 4.0 × 10−5

Çíà÷èìû âñå ïðèçíàêè, êðîìå aboveavg (ìíîæåñòâåííàÿ ïðîâåðêà

ñ äèñïåðñèÿìè Óàéòà).

�ÿáåíêî Åâãåíèé ÏÑ-7. �åãðåññèîííûé àíàëèç.



Ïîñòðîåíèå ðåãðåññèè Àíàëèç ìîäåëåé Ïðèìåð Èòîã

Îñòàòêè ìîäåëè 2
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QQ Plot of Sample Data versus Standard Normal
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Ìîäåëü 3

Ìîäåëü ñ êâàäðàòîì ïðèçíàêà exper:

lnwage = 0.40 + 0.04exper − 0.0006exper2 + 0.18union − 0.40female−
− 0.16service + 0.08educ − 0.006aboveavg − 0.13belogavg.

F = 104.92, p = 1.2× 10−133, R2 = 0.402, R2
a = 0.399.

Êðèòåðèé p-value

Øàïèðî-Óèëêà (íîðìàëüíîñòü) 3.1 × 10−5

çíàêîâûõ ðàíãîâ (íåñìåù¼ííîñòü) 0.8571
Áðîéøà-Ïàãàíà (ãîìîñêåäàñòè÷íîñòü) 5.6 × 10−6

Çíà÷èìû âñå ïðèçíàêè, êðîìå aboveavg (ìíîæåñòâåííàÿ ïðîâåðêà

ñ äèñïåðñèÿìè Óàéòà).

�ÿáåíêî Åâãåíèé ÏÑ-7. �åãðåññèîííûé àíàëèç.
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QQ Plot of Sample Data versus Standard Normal
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Ìîäåëü 4

Ñäåëàåì ïîøàãîâóþ ðåãðåññèþ ñî âñåìè ïîïàðíûìè âçàèìîäåéñòâèÿìè è

êâàäðàòàìè âñåõ ÷èñëîâûõ ïðèçíàêîâ:

lnwage = 0.38 + 0.04exper − 0.0007exper2 + 0.18union − 0.30female+

+ 0.07educ− 0.007exper ∗ female− 0.008exper ∗ service+
+ 0.0003exper ∗ educ+ 0.003educ ∗ belogavg−
− 0.007aboveavg − 0.17belogavg.

F = 77.94, p = 3.3× 10−133, R2 = 0.408, R2
a = 0.403.

Êðèòåðèé p-value

Øàïèðî-Óèëêà (íîðìàëüíîñòü) 4.9 × 10−5

çíàêîâûõ ðàíãîâ (íåñìåù¼ííîñòü) 0.9071
Áðîéøà-Ïàãàíà (ãîìîñêåäàñòè÷íîñòü) 3.5 × 10−5

Ïðèçíàêè, êîý��èöèåíòû ïðè êîòîðûõ çíà÷èìî îòëè÷àþòñÿ îò íóëÿ

(ìíîæåñòâåííàÿ ïðîâåðêà ñ äèñïåðñèÿìè Óàéòà): exper, exper2, union,
female, educ, exper ∗ service.

�ÿáåíêî Åâãåíèé ÏÑ-7. �åãðåññèîííûé àíàëèç.
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Ìîäåëü 4 ïðîòèâ ìîäåëè 3

Êðèòåðèé Äàâèäñîíà-Ìàêêèííîíà ïîêàçûâàåò ïðåâîñõîäñòâî ìîäåëè 4 íàä

ìîäåëüþ 3 (p1 = 2.8× 10−4, p2 = 0.1369).

�ÿáåíêî Åâãåíèé ÏÑ-7. �åãðåññèîííûé àíàëèç.
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QQ Plot of Sample Data versus Standard Normal
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Ìîäåëü 5

�åäóöèðîâàííàÿ ìîäåëü:

lnwage = 0.36 + 0.04exper − 0.0006exper2 + 0.17union − 0.41female+

+ 0.08educ− 0.008exper ∗ service−
− 0.006aboveavg − 0.13belogavg.

F = 105.82, p = 1.4× 10−134, R2 = 0.405, R2
a = 0.401.

Êðèòåðèé p-value

Øàïèðî-Óèëêà (íîðìàëüíîñòü) 7.8 × 10−5

çíàêîâûõ ðàíãîâ (íåñìåù¼ííîñòü) 0.8774
Áðîéøà-Ïàãàíà (ãîìîñêåäàñòè÷íîñòü) 1.1 × 10−5

Çíà÷èìû âñå ïðèçíàêè, êðîìå aboveavg (ìíîæåñòâåííàÿ ïðîâåðêà

ñ äèñïåðñèÿìè Óàéòà).

�ÿáåíêî Åâãåíèé ÏÑ-7. �åãðåññèîííûé àíàëèç.
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Ìîäåëü 5 ïðîòèâ ìîäåëåé 3 è 4

Êðèòåðèé Äàâèäñîíà-Ìàêêèííîíà ïîêàçûâàåò ïðåâîñõîäñòâî ìîäåëè 5 íàä

ìîäåëüþ 3 (p1 = 0.0201, p2 = 0.2965).

Êðèòåðèé õè-êâàäðàò ñ äèñïåðñèÿìè Óàéòà íå ïîêàçûâàåò ïðåâîñõîäñòâà

ìîäåëè 4 íàä ìîäåëüþ 5 (p = 0.0856).
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Ìîäåëü 6

Èñêëþ÷èì íàáëþäåíèÿ ñ íàèáîëüøèìè ðàññòîÿíèÿìè Êóêà è ïåðåñòðîèì

ìîäåëü 5:

lnwage = 0.34 + 0.04exper − 0.0007exper2 + 0.18union − 0.40female+

+ 0.08educ− 0.009exper ∗ service−
− 0.008aboveavg − 0.15belogavg.

F = 110.31, p = 5.2× 10−139, R2 = 0.416, R2
a = 0.412.

Êðèòåðèé p-value

Øàïèðî-Óèëêà (íîðìàëüíîñòü) 4.1 × 10−4

çíàêîâûõ ðàíãîâ (íåñìåù¼ííîñòü) 0.7591
Áðîéøà-Ïàãàíà (ãîìîñêåäàñòè÷íîñòü) 1.0 × 10−5

Çíà÷èìû âñå ïðèçíàêè, êðîìå aboveavg (ìíîæåñòâåííàÿ ïðîâåðêà

ñ äèñïåðñèÿìè Óàéòà).
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�åçóëüòàò

Èòîãîâàÿ ìîäåëü (�6) ïîñòðîåíà ïî 1250 èç 1260 èñõîäíûõ íàáëþäåíèé

è îáúÿñíÿåò 42% âàðèàöèè ëîãàðè�ìà îòêëèêà:
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C ó÷¼òîì äîïîëíèòåëüíûõ �àêòîðîâ, ó÷àñòíèêè îïðîñà

ñ ïðèâëåêàòåëüíîñòüþ íèæå ñðåäíåãî ïîëó÷àþò íà 15% ìåíüøå (95%
äîâåðèòåëüíûé èíòåðâàë (7.3%, 22.9%)), à ñ ïðèâëåêàòåëüíîñòüþ âûøå

ñðåäíåãî � íà 0.8% ìåíüøå (95% äîâåðèòåëüíûé èíòåðâàë (−4.8%, 6.4%)).
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Òðåáîâàíèÿ ê ðåøåíèþ çàäà÷è ìåòîäîì ëèíåéíîé ðåãðåññèè

âèçóàëèçàöèÿ äàííûõ, àíàëèç ðàñïðåäåëåíèÿ ïðèçíàêîâ (îöåíêà

íåîáõîäèìîñòè òðàíñ�îðìàöèè), îöåíêà íàëè÷èÿ âûáðîñîâ;

îöåíêà íåîáõîäèìîñòè ïðåîáðàçîâàíèÿ îòêëèêà è åãî ïîèñê ìåòîäîì

Áîêñà-Êîêñà;

îòáîð ïðèçíàêîâ;

âèçóàëüíûé àíàëèç îñòàòêîâ;

ïðîâåðêà ãèïîòåç îá îñòàòêàõ: íîðìàëüíîñòü, íåñìåù¼ííîñòü,

ãîìîñêåäàñòè÷íîñòü;

àíàëèç íåîáõîäèìîñòè äîáàâëåíèÿ âçàèìîäåéñòâèé è êâàäðàòîâ

ïðèçíàêîâ;

ðàñ÷¼ò ðàññòîÿíèé Êóêà, âîçìîæíîå óäàëåíèå âûáðîñîâ, îáíîâëåíèå

ìîäåëè;

âûâîäû.
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Kinnon test) �

Davidson;
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ïðåîáðàçîâàíèå Áîêñà-Êîêñà (Box-Cox transformation) � Äðåéïåð,

ãë. 14;

ðàññòîÿíèå Êóêà (Cook's distan
e) � Cook;

óñòîé÷èâàÿ îöåíêà äèñïåðñèè Óàéòà � White;
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