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Abstract

Manipulation is a phenomenon arising wiaaragent or group of agents may
misrepresentheir preferences to obtain a better social choider some voting
procedure. Manipulation can be either individual (one agent deviates her

preferences) or coalitional (a group of agents deviate their preferences).

Gibbard (1973)12] and Satterthwaite (1978)1] provedthat for at least three
alternaives and singlevalued choice every nedictatorial voting rule is individually
manipulable. Duggan and Schwartz (20[8))generalized thisesult for the case of
multi-valuedchoice (when there can be more than one alternative as the result of
voting). Then a question arises: if every aggregation procedure is manipulable, can

we find the least manipulable one?

Many researchers have studiedvhich extent knowaggregation procedures
are manipulable. Thiest includesChamberlin (1985)6], Nitzan (1985]18], Kelly
(1993)[14], Aleskerov, Kurbanov (19993], Smith (1999]22], Favardin, Lepelley
(2006)[11], Pritchard, Wilson (200720], Aleskerov et al. (2011, 201[),2]. Those
papers mostly consder individual manipulability, whilethis work deals wih

coalitional manipulability.

We study the degree of coalitional manipulability of 27 known aggregation
procedures for the case of mulalued choice for Impartial Culture (when all
profiles are equally possible). We study 4 different models of prefesesdension
and we adjusted théitzanKe |l | yos ( NK) i ndex dalbtonadstir
manipulablity. The NK index igalculated as the share of all manipulablangpt

situations, and we evaluatdor 3 and 4 alternatives and up to 100 voters.

We use computer simulation to estimate a degree of coalitional manipulability
of each aggregation procedure. We generate 1,000,000 profiles for each situation,

then we consider all possible attempts to manipulate, and the profile is considered to
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be a marpulable one if there is at least one coalition which may deviate its
preferences and obtain a better social choice. Additionally we introduce a constraint

to the largest possible size of a coalition in the model.

We have made calculations for the case8 ahd 4 alternatives for different
preferences extensions and constraints of the largest coalitioM&zeave found
that there is no an aggregation procedure that is the least manipulable for all cases. It
turned out that the least manipulable procedigpends on the parameters of the
model, such as preferences extension and the largest coalition size. In different
situations the following aggregation p
Procedur e, Har eds Pr o esmluewsred ,, Umo evw esree

procedure and StrongPRgaretian simple majority aggregation procedure.

We compare the results for the coalitional manipulability with the results for

individual manipulability from previous studies for 27 aggregation rules.
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1. Introduction

Manipulation is observedvhen a agent or agroup of agents may
misrepresentheir preferences to obtain a better social chdanipulability is the

important criterion of evaluating an aggregation procedure.

Such behavior may cause unpredictaiggults not only in small groups of
voters, but also in large societies. One of such examples took place in Russia in 1993

during Parlament Elections.

Before the elections,snst anal ysts had predicted
with a huge advantage, but I © Wwomneasao
andit was a muckunexpected resultVhat happened was that a decent nunabe
people had heard from TV and radio tha
with 70-80% of seats in the Parliameath d vot ed for f#ALi ber al
order to prevent any partyg have the overwhelmingajorityin the Parliament. We
beieve that millions of people followed that logic in 199Bhat was one of the
brightest examples of manipulation in real life: it happened in a country with more

than 140 million people.

We represent a preference of an agent as a linear order overttbheé se
candidates oalternatives |t can be written either asn wn @ or as a column
where ettersctudtostand for alternatives.

We can define two types of manipulability:

1. Individual manipulability . One agent deviates her preferenceshtain a

better social choice.

Let us considea formalizedexample of individual manipulability. We assume
that the following voting situation takes pladable 1)



Tablel. An example of a voting situation before individual malaifpon

Voter 1 Voter 2 Voter3 Voter4
1-st best a b b C
2-nd best b C a a
3-rd best C a C b

We present situation with 4 voters and 3 alternatives. If we use a Plurality
aggregation procedure (detailed definition of this and other aggregation mesed
will be given in the next Gapter) which stands for simply counting the number of
first places in preferencesie will receive the following resulai 1 vote b1 2

votes,ci 1 vote.

Thus, alternativé will be chosen. Now let us consider Voteib4s the worst
possible result for her. If during the voting procedure she misrepresents her
preferences by puttindgn cn Qin the ballot instead dfersincere preferena@n

n @ the votingsituation will be the following (Table 2)

Table2. Voting situation after individual manipulation

Voter1 Voter?2 Voter3 Voter4
1-st best a b b a
2-nd best b C a C
3-rd best o a C b

The numbers of votes ara@i 2 votesbi 2 votesci O votes

In this scenario, both andb have thesame number of voteand the result

will be {a, b}. Whichever is the tie resolution ruldjs is a better result for Voter 4.
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We have an example ahdividual manipulation: Vote 4 misrepresents her

preferences and obtaiagetter social choice.

2. Coalitional manipulability . A group of agents deviate their preferences to

obtain a better social choice.

Instead 6 considering just single agent veensider all possible groups of
agents orcoalitions Let us have a lookt @ahe following situation with %oters and

3 alternativegTable 3) Again, weusePlurality rule to determine the winner.

Table3. Voting situation before coalitional manipulation

4 agents 3 agents 2 agents
1-st best a b C
2-nd best b a b
3-rd best Cc Cc a

Numbers of votesai 4 votesbi 3 votesci 2 votes

For 2 agents (the last column in the table) the current social choice, i.e. {a}
with 4 votes is the worst scenario. We assuthat they can form a coalition and
misrepresent their preferendag puting con @n @into the ballot instead dheir
sincerepreferencaon wn @ The situation will be changed in the following way
(Table 4)

Table4. Voting situation after coalitional manipulation

4 agents 3 agents 2 agents
1-st best a b b
2-nd best b a C

10



3-rd best C C a

Numbers of votesai 4 votespi1 5 votesci O votes

In the new situatiob becomes the winner with 5 votéihe alternativeb is
the second best option for that group of 2 &gjerwhile the initial choica was the

third best. Thusgoalitionalmanipulation takes place.

Gibbard (1973)12] and Satterthwaite (1978)1] provedthat for at least three
alternatives and singiealued choice every nedictatorial voting rieis individually
manipulable. A rule is called dictatorial if a soaabiceis based on the preferences
of one designated votekater Duggan and Schwartz (200(8] generalized this
result for the case of multialuedchoice, i.e. for situationshen thee can be more

than one alterative as the result of voting.

These fundamental results initiated many papers studying manipulability. If
there is no single aggregation procedure which completely excludes manipulation
possibilities,the attempts have beemade to study a degree of manipulability of
aggregation procedures in orderfind an aggregation procedure which would be

the least manipulable.

In order to find the least manipulable aggregation procedure, we need to have
a way of estimating the degrekrmanipulability of a certain aggregation procedure.
Nitzan (1985]18] and Kelly (1993]14] introduced NitzarKelly (NK) indexwhich
allows to estimat¢he degree of manipulability of an aggregation procedure as the

share of manipulable voting situatiofpsofiles) in all possible profiles.

Introduction of NK indexvas followed by many studies trying to findwhich
extent known aggregation procedures are manipuld@bkelist of published papers
includesChamberlin (1985)6], Nitzan (1985)18], Kelly (1993)[14], Aleskerov,
Kurbanov (1999]3], Smith (1999)22], Favardin, Lepelley (2006§}11], Pritchard,
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Wilson (2007)[20], Aleskerov et al. (2011, 2018),2]. All these papers consider
individual manipulability.

In this research westudy the degree of coalitional manipuleayp of 27

aggregation procedures. Here is the list of main parameters of this research:

1. We use the concept of multalued choice, i.e. a social choice may consist
of multiple alternativesWe use 4 typesof peefr e nces 6 ext ens
model.

2. We adjusted theNitzanKe |l | yo6s ( NK) Il ndex to e
coalitional manipulablityf 27 aggregation procedures

3. We studyimpartial Culture (when ajprofiles are equally possible)

4. We consider cases of 3 andlernatives

5. We consider cases from 3 to 100 voters. cases of large numbers of
voters which represent a hard computational problem in terms of using
computer modeling.

6. We consider coalitional manipulability, i.e. a group of agents misrepresent
their preferences to obtain a better result of an aggregation procedure. We
have several assumptions about how coalitions are formed and how they

behave.

We use computer simulation to estimate a degree of coalitional manipulability
of each aggregation procedue generate 1,000,000 profiles for each situation,
then we consider all possible attempts to manipulate, and the profile is considered
manipulable ongf there is at least one coalition which may deviate its preferences
and obtain a better social choicgdditionally, we introduce aconstraintto the

largest possible size of a coalition in the model.

We have develmed software with more than(O0 lines of code to perform
all necessary computer simulations. We haagle calculations fa27 aggregation

procedures fothe cases of 3 and 4 alternatiiemm 3 to 100 votersor different
12



preferences extensions atwhstraints ofhe largest coalition size. Such calculaso

have never been made before.

Additionally, the developed software allows making angtfer calculations
in a convenient way. For example, it would be easy to estimate the degree of
coalitional manipulability of additional aggregation procedures if the need for that is

identified, and to compare them with our results.

We have found that the is no an aggregation procedure that is the least
manipulable for all cases. It turned out that the least manipulable procedure depends
on the parameters of the model, such as preferences extension and the largest
coalition size. In different situatiortbe following aggregation procedures are the
| east mani pul abl e: Nansonb6s Procedur e,
Mi ni mal Undomi nated Set, The Third Cop

We have comparé the results for the coalitional manipulatyil with the

results for individual manipulability from previous studies for 27 aggregation rules.

The results of this work can be applied to selecting an aggregation procedure

for voting in groups of from 3 to 100 people.

The structure of the texs thefollowing: in Chapter 1 we will consider the
problem statement, notation, aggregafprocedures and research gaalChapter 2
we will cover the computation scheme, software architecture and its implementation
In Chapter 3 we will study the results fbe case of alternatives.n Chapter 4 we
will study the resultdor the case of 4 alternativesinglly, the conclusion will

contain the results of the research.

Theresults of this research halseen presented on the following conferences

andseminars

1. XIV April International Academic Conference on Economic and Social

DevelopmentMoscow, Russia, 2013
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2. The 12th Meeting of the Society for Social Choice and Welfare Conference,
Boston, USA, 2014

3. 89th Annual Conferencef Western Economic Association International,
Denver, USA, 2014

4. The Second International Conference on Information Technology and
Quantitative Management (ITQM 2014), Moscow, Russia, 2014

5. Interdisciplinary Analysis of Voting Rules Summer Schqmster sssion,
Caen, France, 2014

6. XVI April International Academic Conference on Economic and Social
DevelopmentMoscow,Russia2015

7. Shadow Government SemirgNational Research University Higher School
of EconomicsMoscow,Russia2015

8. Expert Evaluations ahData Analysis seminar dhe Institute of Control
Sciences of Russian Academy of Sciences, Moscow, Russia, 2015

9. The Third International Conference on Information Technology and
Quantitative Management (ITQM 2015Rio De Janeiro, Brazil, 2015
(accepted)

The results of this research have been published in the following conference

proceedings

1. Proceedings of the nt er nati onal Conference AT
Moscow. Russia, 2014
2. XVI April International Academic Conference on Economic and Social

DevelopmentMoscow, Russia, 201fccepted for publication
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2. Problem Statement and Research Goal

2.1. History and background literature
The first known mention of manipulation was madePipy the Youngein
his letters many centuries afffj. But the attempt to approach the problem from a
scientific point of view was made by Gibbard (19YB)] and Satterthwaite (1975)
[21]. Their theorem proves that there is no-aactatorial so@l choice rule that whl

notbe manipulable on unrestricted domain for the case of swvajl@edchoice.

Duggan, Swartz (200qp8], Ching, Zhou (2002)7] and Benoit (2002)5]
showed that a similar result takes place ifewasider the concept of muitalued

choice.

Chamberlin(1985)[6] and Nitzan (1985)18] first studied to which extent
aggregation procedures are manipulable. Both papers study the concept of individual

manipulability.

Aleskerov, Kurbanov (1999)3] studied the degree of manipulability for
Impartial Culture &ll profiles are equally likely) and alphabeticaltieeaking rule
using computer modeling for 3, 4 and 5 alternatives for small number of agents for

26 aggregation procedures.

Lepelley, Valognes (200321], Favardin, Lepelley (2006)1] and Pritchard,
Wilson (2006)[20] studied thedegree of individual manipulability of aggregation
proceduredor Impartial Anonymous Culture (all profiles are equally likely with

respect to anonymijyfor alphabetical tieoreaking rule.

Aleskerov et al. (2011, 2012)1,2] estimated the degree of individual
manipulability of aggregation pecedures for the case of multalued choice for
Impartial Culture. h this research we study the degree of coalitional manipulability
of aggregation prcedures for the case of multalued choice for Impartial Culture.
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2.2. Methodology and Notation
We use a common notation that is almost the samefdsskerov et al. (2011,
2012)[1,2]. There is a set af alternatives denoted as which consists of either 3
or 4 alternatives in this papefhere are voters or agents, each of them has a
preferenca which is a linear ordefi.e. irreflexive, transitive, antisymmetric and

total binary relationpver the set of alternativés

All possible social choices can bepresented as elemeifsthe se; = 1

i.e. as all possible neempty subsets of the set of alternatives.

A set of¢ agents where each of them has a certain prefeferrepresert a

profile ®. An aggregation procedudeis a mapping oé profiletPto a social choice.

When we applyan aggregation prodere to a profile, we may confront a
situationwhen two or more alternativese chosen, e.g. botlave the same score. In
this researt we use the concept of multaluedchoice and allow the social choice

to containmore than one alternative

The definition of manipulation says that the result after misrepresenting
agent 0s pr lebeeetterroc hersthars itweithout manipulation. If more
than one alternative is chosen in an aggregation procedure, weonkeedble to
compare two multv al ued soci al choices from a:
preference) is a linear order over the set of alternatives and allows us to compare
only single choices. For that reason we use extended preferences to be able to
compare all possible social choices. We assume that each agent has extended
preferencesO 0 over the set of all possible social choices, i.e. qverr . Below

we will cover the conceptfanulti-valuedchoice in more details

The case of individual amipulability can be represented as follows. Let
® O0MMBOMDO
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be a profile of sincere preferences whane

0P O MBOMDO
be a profile where ageif@ries to manipulate by substituting his sincere preference
0 by insincere preferenae . Individual manipulation takes place if and only if

& 0P'OD6 B, i.e. the choice after misrepresenting preferences is better than the

social choice without manipulation.

For the case of coalitional manipulabilitye have a set of agents who

misrepresent their preferences to obtain a better social choice. Again, let

® OO MO MO
be a profile wherea coalitiond P 0 which consists olQ ¢ agentswith numbers
‘83Qwould like to manipulte. Then,

0P OMMBOMO MDO
is a profile where this coalitiotries to manipulateCoalitional manipulation takes

place if and only if6 0 P'O06 P, i.e. the choice after the coalition

misrepresents its preferences éter than the social cloe before manipulation.

2.3. Aggregation procedures

We estimate the degree of coalitional manipulability of 27 aggregationdunese

In thissub-section wegive their definitions.

1. Pluralityrule
The alternative with the maximummumber of votes (first places in
preferences) is chosen.
2. g-Approvalrule with g=2
Ing-Approval rule for each alternatiyv
preferences where it is ranked not lower than fjrglaces.
18



We consider ¢Approval rule with g=2i.e. for each alternative we calculate

how many agents rank this alternative either as the first best or as the second
best.

.Bordads rul e

Let us introduce the term Bordaods «
certain alternative. For each prefereifce ot er 6 s | i near or c

alternatives) we calculate how many alternatives are worse than the given

alternative. Bor daods count f or t he
numbers over al/l agentso preference
The wWinner i mMeBandadnartulve iws tth t he

.Bl ackds procedure
Let us define the majority relation as a binary relation over the set of
alternatives as:

O B OOIMIDO WO D
Condorcet winner is the alternative that undominated in this relation.
Bl ackdés procedure picks a uniqgue Co
result of Bordads rule otherwise.
.l nverse Bordads procedure
Bordadés counts are calculated for e
thel owest Bor da 6,sanddhe procédure repeaisnar the peofile
without the omitted alternative.
. Threshold rule
For each alternative we calculate a vector <number of last places in
preferences, € number of secoied pl
alternative with lexicographically lowest vector wins.
.Hareds procedur e
If there is an alternative with a simple majority of votes (50%+1), this

alternativeis selected ag h e soci al choi ce. | f i

19



alternative @ wi t h t he | owe st number of V C
preferences) is excluded. The procedure repeats for a modified set of
alternative® 0, ® and for the profile with excluded alternative from
all preferences.

8. Inverse Plurality rule
The altenative, which is considered to be the worst by the least number of
voters, wins.

9. Nansonos mpdfiedcedur e
First, Bordaodos counts are <calcul at
alternatives wi t h Bordaos count | e
procedure repeats until the set of alternatives is not empty, and the last
alternative becomes the winner.

10Coomboés procedure
The alternative, which is considered to be the worst by the largest number of
voters, is omitted. The procedure repeats for the prafitleout the excluded
alternative.

11 Minimal dominant set
A setD is called a dominant set, if each alternativebirdominates each
alternative outsidé via majority relation. A dominant set is called a minimal
dominant set if and only if no its propersets are dominant sets. If there are
more than one mimnal dominant sethe choice is comprised of the union of
such minimal dominant sets.

12 Minimal undominated set
A setD is called an udominaed set, if no alternative outsidedominates any
alterndive in 0 via majority relation. A undominatedet is called a minimal
undominaed set if and only if no its proper subsets arelominatedsets. If
there are more than one minimeldominaed set, the choice is comprised of

the union of such minimalndominaedsets.
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13.Uncovered set (version used ikleskerov, Kurbanov, 19983])
We definelower contour sebf an alternativex for a certain binary relation P
as a set L(x) such that
Do ONOWD W
For Uncovered set | we define lower contour set in the majority refatzom
a new binary relation such that
W O OwoD®
Undominated alternatives on relatiorare chosen

14.Uncovered set I{version used ileskerov, Kurbanov, 19983])
We cefineuppercontour sebf an alternativex for a certain binary relation P
as a set D(x) such that

Ow wNOIWD ®

For Uncovered set Il we define upper contour set in the majority refation
An alternativewis said to Bdominate an alternativey i.e.w 6 @é w‘ &and
O & P O w. The result of Uncovered set Il aggregation procedure-is B
undominated alternatives.

15Ri chel sonb6s rul e
First, we construct lower contour set and upper contour set for majority
relation. Then, we construct a new bineglation,, such that:
W, ® Dopld"O0wPOW™ 0060w~ O0wd0Ow
Undominated alternatives on relatiprare chosen.

16 Minimal weekly stable set
A setU is called a weekly stable set if and only if it satisfies the following
property: iffor N 0 existsw * ,dhan eitheton O orma N 0 (&8 * .
An weekly stable set is called a minimal weekly stable set if and only if no its

proper subsets are weekly stable sets. If there are more than one minimal

21



weekly stable set, the choice is compriséthe union of such minimal weekly
stable sets.
17Fi shburndés Rul e
First we construct upper contour set D(x) for the majority relation. Then, we
construct binary relatigh such that:
W WOoOwO0o®
Undominated alternatives on relatiorare chosen.
18Co p el a n qAdeskerovuKlurbandv, 1999 [3])
First, we construct upper contour set D(x) and lower contour set L(X) in
majority relation. Then, we define a functibnw such that
60w ORI OOidm
The social choice is comprised ofahatives with largest values @fw
19Co p e | a n d(Aleskemow Kugbanbvl 1999 [3])
Functiond w is defined as a cardinality of lower contour set in the majority
relation for a given alternative
The social choice is comprised of the altewegiwith the maximum values
of6 w38
20Co p el an d@leskerou, KwbanoV, 1999 [3])
Functiond w is defined as a cardinality of upper contour set in the majority
relation for a given alternative
The social choice is comprised of the alternatwes the minimum values of
0O w38
21Si mp s o n 0 s (Alpskeooe, Eutbanow 1999 [3])
Defineg ¢fd QO OI'® I IV e ¢hd Ho
Social choice is definedast 6 ® P & i FMOABEE ¢

22 MinMax procedure
Define¢ ¢hd QOOITMO LD OFE Ghd Hb
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Social choice is definedas" 6 ® P & i 6QQE A @ afd
23.Strong gParetian simple majority rul@leskerov, Kurbanov, 1998])

Let "QUPIM N O W1 M n.

Lett "A0HOI'@® - be thefamily of simple majority coalitions.

Define a function
6 O QUM

Then the social choice is defined as alternatives which are in between top
alternatives for each voter in at least one simple majority coalition. If there are
no such akrnatives, then the result is defined by increasing g by 1 until it is
not empty.
24 .Strong gParetian simple plurality rul¢Aleskerov, Kurbanov, 19983])

This rule is based on the previous one with some additions: if several
alternativesare chosen, theifor each alternative is counted how many
coalitions choose this alternative. The alternative with the maximal value of
this index is chosen.

25-27 k-stable sets, 3 aggregation procedures (Aleskerov, SubocheV42009
A setD is calledk-stable if for each alternativey outside of0 there is
alternativex inside, which dominategvia majority relation by not more than
k steps.
A k-stable set is a minimal$table set if no its proper subset is-sté&ble set.
If there are more than one minihkastable set, their union is the social choice.

We consider stable sets for k=1, 2, 3 as 3 different aggregation procedures

2.4. Multi -valued Choiceand Extended Preferences

In some cases we cameet thesituationswhentwo or more alternates are

choserby the procedure under studyereareonly fewpossible examples
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1. Plurality rule: two or more alternatives have equamber of votes
(number of firstplaces irthe preferences of voters)
2.Bordads rul e:nattwov eosr hmaovree eaglutadr Bor

3. Threshold rule two or more alternativasave equal vectors

In all these cases we face a problem of determining which alternative is the

winner.Several possible wayare used to solvihe problem

1. A tie-breaking rule to maintain singtehoice framework.
In this approach we use an additional rule called drgaking rule to
determine a winner if there is a tie between two or more alternatives. There
are two most commonly used-tieeaking rules:
a. Alphabetical tiebreaking rule
In this tiebreaking rule, if v have a tie between two or more
alternatives we choose alphabetic principle to determine the winner.
For example, if both alternativea and b have 10 votes under
Plurality rule, alternativa will win.
The main advantage of this 4eaking rule is thait allows
comparing all alternatives in all possible ties in a clear way. The
main disadvantage is that it adds some kind of inequality into the
model: some alt@atives are more privileged thather alternatives.
As a result, if we generate a signifitamumber of profiles, the
distribution of social choices will not have the same frequency
among alternatives.
b. Random tiebreaking rule
If we have a tie between two or more alternatives we choose random

principle to determine the winner.
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For example, if bdt alternativesa and b have 10 votes under
Plurality rule, we flip a coin and the result (head or tail) determines
the winner.

The main advantage of this 4eaking rule is that tloes notadd

any irequality into the model. For example, if we generate a
significant number of profiles, frequencies of social choices will be
equal among alternatives.

The main disadvantage is that thisliireaking rule adds uncertainty
into the model. For example, if we take 1 million profiles and
calculate manipulability ndices with random tiereaking rule
several times in a row, we will get different results because of the

random component of the model.

Both tiebreaking rules maintain singtéhoice framework, i.e. the result

of an aggregation procedure will alwaysaxngle alternative.

2. Allowing ties andusing multivaluedchoice framework
In this approach, if we have a tie between two or more alternatives, we
simply allow the social choice to consist of several alternatives. For
example, if both alternativesandb have 10 votes under Plurality rided
this is the largest number among the alternatithesresulbf aggregation

procedure will be {a, b}.

In this studywe will use the multvaluedchoice frameworkAllowing multi-

valuedchoicein our moel has the folbwing advantages

1. All social choices which can be derived from each other by renaming
alternatives will have similar frequencies. For example, {a} will be chosen
approximately the same number of times as both {b} and {c}; {a, b} will
be the result of an agegation procedure approximately the same number

of times as both {a, c} and {b, c}.
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2. There is no random component in the model. If we take a certain profile
and determine whether it is manipulable or not by considering all possible
manipulation attemptshé result of this procedure will be the samergve
time. The same is true farmillion profiles: if we calculatevhich of them

are manipulable, tmerecalculate again, the reswill be the same.

At the same time, there is oneportant issue regardingulti-valuedchoice:
how we determine whicbf two multi-valuedchoices will be more preferable for an
agent?We can deal with choosing between {a} and {b}, {a} and {a, b}, bat; f
example, let us assume that this agent has preferéntedn &) and thesocial
choice before manipulation is equal to {b}. In this case, if the social choice after a
mi srepresentation of agent ae wepobservee r e n

manipulability or ng?

In previous studies theoncept of extended preferences hasn introduced
to solve this probleni2,3]. It allowsto compare all possible social choices for an
agent.If the preference of one agentrepresented by a linear order over the set of
alternatives, extended preferences are represented aar atolerover the set of all

possible 2-1 subsets of A

Extended preferencéemancda d di t i onal assumptions
risk ard uncertainty. For the case of thedeernatives there afeur ways to construct

extended preferencéis all cases weansider an agent with gferenceson @n &)

1. Leximin
The Leximin rule of the construction of the extended preferesdmsed on
the lexicographic comparison of two multialuedchoices. If we have two
multi-valued choices to compare, we start comparingnheith the worst
alternatives. The choider which the worst kkernative isbetter than the other
one ismore preferable. If the worst alternatives in the set are equal, we repeat

the comparison between second worst alternatives in the two differergghoic
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Here is the order of all possible social choices for the case of 3 alternatives
ordered with Leximirextension(underlined are comparisons where Leximin

is used)

{a}={ab}={b}={act={ab.c}={bc={c

2. Leximax
The Leximaxrule is similar to Leximin and is also based lexicographic
comparison of twanulti-valuedchoices. The difference is that in Leximax the
comparison is made starting from the best alternative inthki-valued
choice. If the best alternatives are the samhe twomulti-valuedchoices,
we compare the second best alternatiets
Here is the order of all possible social choices for the case of 3 alternatives

ordered with Leximax extesion

{a}={ab}={abc={act={o}={b.c}={c}

3. Risk-averse
Risk-averse extension is baseh calculating probabilities of the worst
alternative. We assign equal probabilities to all alternatives innauné-
valued choice. When we compare two differemulti-valued choices, the
choice with lower probability of the worst alternative is more gnagble. For
example, let us compare {a, c} and {a, b, c}. probabilities of the worst
alternative, i.ec, are equal to 1/and 1/3respectively. Thus, {a, b, c} is more
preferable than {a, c} because 1/3 < 1/2.
Here is the order of all possible social ides for the case of 3 alternatives
ordered with Riskaverse extension

{a}={ab}={b}={ab.c}={ad={bc}=1{c

4. Risk-lover
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In comparison with Rislaverse extension, when we compared probabilities
of the worst alternative, in Ridkver extension we compare probabilities of
the best alternative. Again, ifexcompare twonulti-valuedchoiceda, c} and

{a, b, c}, under Riskover extension {a, c} will be more preferable than {a, b,
c} because the probability ¢he best alternative, i.e. {ais higher for {a, c}
(1/2 vs. 1/3)

Here is the order of all possible social choices for the case of 3 alternatives

ordered with Risdover extension

{a}={ab}={ac={ab.c}={o}={b.c}={c}

For the case of 4 alternativege will also consider 4 ways to construct

Extended preferences:

1. Leximin
Lexicographiccomparison of two sets starting from worst alternatives. Here
is the order of all possiblkeocial choices for the case odemnatives ordered

with Leximin extension
{d={ab}={b}={a,c}={ab.c={b.d ={c} ={a.d} = {a,b,d} = {b,d} = {a,c.d} = {a,b,c,d} = {b,c.d} = {c,d} = {d}

2. Leximax
Lexicographic comparison of two multalued choicesstarting from best
alternative.Here is the order of all possibé®cial choices for the case of 4

altematives ordered with Leximaaxtension
{a} ={ab}={ab,c}={a,b,c,d} ={ab,d} ={a,c} ={a,c,d} ={a,d} = {0} = {b,c} = {b,c,d} = {b,d} = {c} = {c,d} = {d}

3. Risk-aversgordered by decreasing probabilities of the worst alternative
Here is the orer of all possiblesocial choices for the case ofafternatives

ordered with Riskaverse extension
{a}={ab}={o} ={ab,c} ={a,c} ={b,c} = {c} = {a.b,c,d} = {a,b,d} = {a,c.d} = {b,c,d} = {a,d} = {b,d} = {c,d} = {d}
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4. Risk-lover (ordered by increasing probabilities of the best alterngtive
Here is the order of all possibé®cial choices for thease of 4altematives

ordered with Riskover extension
{d={abl={ad={ad}={abf={abd ={acd={abcd = {0} ={b.d = {b.d} = {b.c,d} ={c} ={c.d} = {d}

2.5. Definition of Coalition

We study the degree of coalitional manipulability of aggregation procedures.

Thus,we wi | | define the term Ancoalitiono

Byaicoal i ti on o ohagentswha misrgpresent theirpreferences
to obtain a better social choice. A coalition may consist of one or more agents. The
case with a coalition which consists of only one agent is similar to the case of

individual manipulability.

We need to definassumptiongbouthow coalitions are formedh this study

we usetwo main assumptions about the nature of a coalition:
1. All agents in a coalition have the same preferences

The idea is that there should bBe agreement among agents ioaalition.

They shailld agree on their interests in manipulation: which alternative is
preferable for them and which one is not. That is why we assume that agents
in one coalition have the same preferences, otherwise it would be difficult for
them to understand which alterivatthey should push forward, and which one
putbehindby misrepresenting their preferencAdditionally, in the definition

of manipulation it $ written that a coalition trieed obtain a better social
choice. If there are different preferences in one coalition, the defiration

notonia betsbei al choiceodo is not obvi o

2. All agents in a coalition misrepresenethpreferences in the same way
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In addition to the previous ssmption we introduce one more assumption
about how agents in one coalition misrepresent their preferences. We assume
that all agents in one coalition misrepresent their preferences in the same way.

Thisassumption has two rationales

a) Calculation complexity The coalition should exactly calculate the
number of votes for each alternative after a manipulation attempt, and
this task becomes more complex, if agents in one coalition misrepresent
their preferences in different ways.

b) Trust issue. When a group ofeags agreethat they are going to
manipulate during the voting procedure, it becomes important that they
trust each other. Assigning to each of them different ways of
misrepresenting preferences during vgtaan negatively influenceeh
confidenceamongmembers of a coalition. That is why we assume that

they deviate their preferences in the same way.

Let us consider an example of a profile with 6 voters and see what are the possible

coalitions which satisfy all our assumptions.

Agent1l |Agent2 |Agent3 |Agent4 |Agent5 |Agent6
1-st best | a a a b b C
2-nd best| b b b a a a
3-rd best | c C C C C

The following 10 coalitions may be formed

1-6. Each agent separatelccording to our definition of a coalition, it may consist
of only one agent as well. Thatwgy, first 6 possible coalitions are agents
themselves.

7. Agent 1 + Agent 2This is an example @&f2-agent coalition. Both agents have

the same preferengés.n wn @ and they may deviattheir preferences in
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one of 5different ways n ®n Q on ON G ON ®n ¢ N ON @ or
on @

8. Agent 1 + Agent 3. Both agents have the same preferences, this siaskais
to coalition 7

9. Agent 2 +Agent 3. This case is also similarcoalition 7

10. Agent 4 + Agent 5. This is another example ofag2nt coalitionBoth agents
have similar preferencesn &n ¢ and may misrepresent degpreferencein
one out of 5 different wayst @n @, AN N G ®N ON G ON ON G ©ON

won @

We introduce one more parameter to our model. Ic@wstraint othe size of
a coaliton. Let us assume that 100 people are participating in voting. In this case, it
would be hardo form, for example, a 58gent coalition, because all people in a
coalition should communicate to make a collective decision about manipulation (how
they maniplate, how they misrepresent their preferences). To include this issue to
the model, we have added ttenstraint othe size of a coalibin as a parameter. In
the next sction we will show how it is included into the formula of manipulability

indices.

2.6. Manipulability Index
We estimate the degree of manipulability of 27 aggregation procedures. In this
section we will define the manipulability index, whidstimatesthe degree of

coalitional manipulability of a given aggregation procedure.

Nitzan (1985)18] and Kelly (1993]14] introduced NitzarKelly (NK) index
to estimate the degree of individual manipulability of an aggregation procedure:
Q
a A
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where’Q is thenumber of manipulable profileg, Ais thenumber of all possible
preferenceglinear orders) on the set of alternative§ A is the number of all

possible profiles

It is readily seenthat he formula of NK index stands for the share of

manipulable profiles out of all possible profiles.

Let us turn from the case of individuaknipulation to the case of coalitional
manipulationAs it was described in the previous section, we introducedthstraint
of the size of a coalitioriQ2 Thus, we need to modify the formula for NK index for
the case of coalitional manipulation:
Q
aA

where Qis themaximum nunber of agents in one coalitio® is thenumber of

profiles where coalition afior less agents may manipulate.

Note, that ifa  p, then we have a regular case of individunahipulability (a

coaliton will always consist of onlpne agent).

We will use NK index to measure and compare the degree of coalitional

manipulability of aggregation procedures.

2.7. Research Goal
It has been proven that every naiotatorial aggregation predure is
manipulable. That is why the main question is: what is the least manipulable

aggregation procedure?

While most of previous studies in thiBeld analyzed anindividual
manipulability, we study coalitional manipulability, i.e. situations when ajyaf
agents misrepresents their preferences to obtain a better social deieslyze
27 aggregation procedures in order to find the least coalitionally manipulable one.
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There are two common ways to estimate the degree of manipulability of an

aggregabn procedure:

1. Analytical way
2. (Computer) modeling

The first approach i very hard combinatorial problemMoreover an
analytical formula of one manipulability index which works fore aggregation
procedure will not work for another aggregation procedoeeause such formulae

usually use some properties which are specific for that aggregation procedure.

In fact, only few results are known in the literature concerning the degree of
manipulability of known aggregation procedures. Lepelind Mbih (1987, 1)
[15,1€ studied manipulability of the Plurality rulEavardin et. al (2002) [1&tudied
the manipulability of Bordads rule and
Favardin and Lepelley (2006) [[lévaluated manipulability of several uag rules and
showed that Bordads rule and Nansonbd6s pt
for some casedVilson and Reyhani (2010) [23tudied some scoring rules under
Impartial Anonymous Culire. Xia and Conitzer (2008) [R4evaluated the
probability that a random profile would be manipulable for the class of generalized
scoring rulesPritchard and Slinko (2006) [1Studied the average minimum size of

a manipulated coalition.

We will use he second approach, i.e. computer modelutgch is widely
representedn estimating the degree of manipulabilty aggregation procedures.
The main idea isnodeling andsimulating different situations, generating voting
profiles and calculating manipulability indices based on all manipulation attempts on
generated profiles. At the same time, this approach hasutlifie similar to the first

one
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1. Compleity of aggregation procedureslgorithmic complexity of calculating
the social choice on a given profile and an aggregation procedure is rarely
linear andnay reach0 a zaz ¢ a ¢ ,

2. Huge number of profiles. Total number of profiles is equabitd , which is
a rapidly growing number with increasing valueg @ndd ,

3. Coalitions. We study coalitional manipulability, that is why we need to take
into account all possible manipulation attempts made by coalitluat satisfy

our assumptions.

Here is an illustration of the complexity of the problem. We can see the total
numbers of profiles for the case of 3 alternatives and different numbers of voters i
Table 5

Tableb. Total number of profiles for the case of 3 alternatives

Number of voters Total number of profiles
3 216

5 7776

10 60466176

15 470184984576
20 >3.6 * 10°

25 >2.8 * 10°

30 >2.2* 103

50 >8 * 10

75 >2.2* 108

100 >6.5* 107

Additionally, on Table @&he total numbers of profileare givenfor the case of 4

alternatives which are even larger.
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Table6. Total number of profiles for the casedodlternatives

Number of voters Total number of profiles
3 13824

5 7962624
10 >6.3*10°
15 >5* 10°
20 >4 * 1077
25 >3.2* 164
30 >2.5* 10
50 > 10°°

75 >3.2*100
100 > 108

In order to bypass the problem of huge number of profiles researches use
Monte-Carlo approach.In this research we will also use this method and will
generate not all possible profiles, but 1,000,000 profiles for each caget each
given number of agents and alternatiiearabekyan (2012)13] showed that this
approach provides apptimate precision of 0.001 for NK index.a\vill describe
how we deal with all other enlisted difficulties of computer modeling as a way of

estimating the degree of the coalitional manipulabditaggregation procedur@s

the next @apter.
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3. Computation Schemeand Implementation

In this Chapter we will describe the computation scheme and its
implementation. Estimating the degree of manipulability of aggregation procedures
is a hard computational problein thepreviousChapterwe described the computer
simulation schemayhile in this Chapter we will go through its implementation, from
software architecture to implementation and running the algorithms on several
machines concurrently and using multithreadifigje whole software consists of

more than 8,20 lines of code written on C# plus GUI (graphical user interface).

3.1. High-Level Computation Scheme

To estimate the degree of manipulability of aggregation procedures, we need to

perform computer simulation. The scheme of computer simulation is the following:

1. For each considered number of alternative@n our cas it is equal to either
3or4),

2. For each considered number of voteisve considen equal to fron8to 100
voters in this research),

3. For each possible way of constructing extended prefereraesoth 3 and 4
alternatives we consider 4 ways of cionesting extended preferences),

4. For each of 27 awsidered aggregation procedures,

5. For each possibleonstraint othe size of a coalitiof)from 1 to 100),

6. Generate 1,000,000 profiles using randgeneratorA profile is generated as
an array of n elemesieach of them is one ofor 1 Apossible preferences,

7. For each profile we determine whether it is manipulable. By definition, a
profile is manipulable if and only if there is at least one coalitwhich
satsfiesall our assumptions arabnstraints ofhe size of a coalitigrand may
manipulate. The algorithm of checking whether a pradilmanipulable is the
following

a. Consider all possible coalitions (),
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b. Omit coalitions which do not satysassumptions andonstraints

c. For each coalitiorgenerated A p manipulations attempts (i.e. all
possible ways of misrepresenting preferences)

d. For each manipulation attempt: calculate social choices before and after
a manipulation attempt. If the choialter manipulation attempt is better
than the choice without manipulation attemptmark the profile as
manipulable,

8. Calculate NK index by dividing the number of manipulable profiles by the
total number of generated profiles (i.e. 1,000,000).

Theflowchat is given onFigurel
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Figure 1. Manipulation scheme flowchart

This is a straightforward approach to estimate the degree of manipulability of

aggregation procedures. Let us evaluhélower bound of itsomputation time:
Stepl. 2 casesnj=3 or4 ),
Step298 casesloqyn=3, ¢,

Step 3. 4 cases
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Step 4. 27 cases

Step 5¢ cases (k=1...,n),

Step 6. 1,000,000 cases (number of generated profiles)

Step 7a0 operations (to generate all possible coalitipns)

Step 7b’(z & operations (to check that the coalition satisfies assumptions)
Step 7cd A p manipulations attempts should be generated

Step 7d. computational complexity of calculating the result of an aggregation

procedure. The least possible estimatiah @peations

Straightforward approach to the evaluation of computational complexity gives

1z¢ gpmmmmaw 2" xadz A p z¢

prPpmzd 2 xEzdz GA p

h

Just for one casé p Tt T it would take@®Z p Tt operations to

estimate the degree of coalitional manipulability of 27 aggregation procedures.

This is the higHevel definition of the computation scheme. In the next
sections of thisChapter we will describe how we can optimize the straightforward

algorithm to perform this task during only 467 hours on a standard PC.

3.2. Software Architecture
We will start describing the architecture of the system with finding out all
necessary requirements to the software. We need to develop not only fast algorithms,
but al® maintain flexibility of adding parameters or changing parameters of the
model (aggregation procedures, extended preferences etc.) to allow conducting

further research. The main requiremts are
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1. Flexibility of adding aggregation procedures.
Usecase: if fter a while someone studies a new aggregation procedure, it
should be easy to add that aggregation procedure into the system to estimate
the degree of its coalitional manipulability

2. Flexibility of adding more ways to construct extended preferences
Usecase:if we want to study more ways to construct extended preferences,
we need to be able to add them into the system in an easy way. The most
convenient way would be to have an initialization file with the description of
extended preferences which coulddaesed and consumed by our system,

3. Implementing fast algorithms and apiply optimization and heuristics
As we saw in the previous section, estimating the degree of manipulability of
aggregation procedures is a hard computational problem which requites a |
of calculations. Thus, we need to develop algorithms and optimize them so
that the calculations can be made on several PCs and completed within
reasonable amount of time

4. Opportunity to run software and perform calculationseveral machines and
usingmultiple threads concurrently
In order to decrease total computation time, we would like to leverage
opportunities to run software on several machines concurrently. Additionally,
we may use multithreading (running calculationssaveral threads on one
machine),

5. Providing easy undstandable initialization files
The main goal of this point is to allow other scientists of the research group to
perform calculations using this software. It requires providing easy
understandable initialization files whidwontain the main parameters of the
research. By changing such parameters, a colleague should be able to run the
software and obtain necessary results without changing tleeottite system,
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6. Being ready to power shutdowmmwer failurespperating systerarrors and

recoveries from suctypes of unexpecteevents

Usecase: if we have started a 500ur calculation task and a power failure

happens after 400 hours of calculations, the system should have automatically

saved as muchmiermediate results as pdde, sothat after restarting the

software 1 will not lose all the results.

Based on the requirements listed above, the following decisions have been

made:

1.

C# was chosen as a programming language. It is aévgthprogramming
language which provides\ast range of methods to work with filaad

GUI. Additionally, it isvery fast programming language.

We do not use any complex data types to maintain the decent speed of
calculations. For example, instead of using listse(c | a rLiat«int>o n A
listd) we wse regular arraysl(e ¢ | a inftisico n A

Visual Studio2010waschosenas|IDE. It is one of the most convenient
IDEs which offers best tools for software development.

We provide a set of initialization files where the user can change, add or
remove exénded preferences by Bkeff. Initialization files and data
representation will be coveraa details in the next section.

We provide GUI where the user can enter the parameters of the calculations
(number of alternatives, number of agests.) in a congnient way

We provide GUI that allows the user to split the calculation task between
several computers and/or several threads within one computer. When all
the files are copied into one folder from several machines, the software will

gather all pieces dhe calculations and create a single file with the results.

The system ausists of the following modules

1. GUI and methods for working with us
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This module has a straightforwaiaplementation: we provide standard GUI
controls for the user to gethiaput.

2. Initialization of parameters of the model including reading initialization files
This module implies working with data representation, for example,
representation of extended preferences. We will describe data representation
in Section 3.3. whilghe process of reading files and storing arrays in memory
is also straightforward.

3. Implementation of splitting the task into smaller parts (packets) and gathering
results after all packets are calculated
This is an important module which increases the dpdecalculationsby
running them on several computers. Related datatares will be described
in Section 3.3and the process of splitting calculationsoipackets will be
described in &ction 3.5.

4. Recovery after power shutdowns and other unexpevtts
This module will bedescribed in &ction 3.5.

5. Implementation of 27 aggregation procedures
This part will be described ineStion 3.4.

6. Implementation of the manipulation scheme
This is the most important part of tlsystem We needto implement an
optimized and fast enough algorithifihis part will be described ineBtion
3.4.

3.3. Data Representation

In this Section wedescribe how data, intermediate and final calculations
results are represented inside the system and in initialization and resulting files.

Data representation includes:

1. Representation of preferences in the algorithm
2. Representation of social choices in the algorithm
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3. Representation of extended preferences (both in initialization files and in
the code)
4. Representation of files which store tti@rent progress of calculations of

each packet

We can represent preferences as numbers. By definition, a preference is a
linear order over the set of alternatives. It means that thete/Ai#ferent possible
preferences, and we can enumerate thengusimbers fronp to & A Such way of
storing data increases the performance of the algorithm, because instead of storing
values ofstringdat a type (e.g. fida dytesone stavehonlg ' wc
byte.

We use the concept ahulti-valued choice, so lere areg p different
possible results of aggregation proceduk®®. may encode each alternative as a

power of 2.

For the case of 3 alternative®d ¢ h® ¢ ho® ¢ .

~

For the case of 4 alternative® ¢ h'Q c¢hao c¢hd ¢

Thus, each possibtaulti-valued social choice can be represented as a number
frompto ¢ p. It is convenient in terms of productivity, because we do not use

string data type, but usat or byteto represent the result of a social choice.

For each number of alternativédbere is an initialization file with the
description of extended preferences. In order to satisfy the requirement of flexibility
in adding more extended preferences to the research, such a file starts with the
number of extended preferences which will daded. After that extended
preferences are described one by one. By defininorextended preference is a
linear orderdefined on the set of all possilteulti-valuedchoices, i.e. o P
elements.Thus, we can represent an extended preference & af § p
sequential number&ih position represents the place of the social choice encoded
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as ‘Qin the linear order. Here is an example of representing Leximax way of

constructing extended preferences (Table 7)

Table7. Reprsentation of Leximax

i Corresponsing | Number representing the place in Leximax (small¢
social choice better)

{c}

{b}

{b, c}
{a}

{a, c}
{a, b}
{a, b, c}

N O O A W NP
W N b | O O N

That is why we can represent Leximin for the casealte3natives as sequence
of 7 numbers: 7, 5, 6, 1, 4, 2, 3. This way allows other researches to easily change
initialization files by adding other extended preferences to be included into the

calculations.

Finally, we storea file with the current statusfaalculating packetsThe
calculation task is usually split into packets to be run on several threads and on
several computer§&uch a file stores the number of packets and the current status of
each packet which can be one out of 3 values: 0 (packeh&&en calculated), 1
(packet has been calculated) or 2 (packet is being calculated by dmetofdads).
Thisapproach allows to make sure that one packet will be calculated laydraly

onethread.

3.4. Key Algorithms and Their Optimization

The list ofthe key algorithms of this research consists of:

1. Implementation of 27 aggregation procedures
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2. Implementation of the manipulation scheme

In some cases, the implementation of aggregation procedures took place by
following their definitionsin a straightforwed way. Sometimes it required to use
optimization technicsand algorithms for example,dynamic programmingand

Floydi Warshall algorithm

Let us assume that we have a profile which is represented ti&ngay
described in section 3.3. Here is the list aefmbinatorial complexity for the
calculation ofeach of 27 aggregation procedures to calculate the result of the

aggregation procedure for the given profil@able 8)

Table8. Computational complexity of 27 aggregation procedures

Aggregation procedure Asymptotic calculation time (1 profile)
Plurality rule O(n+m)
g-Approval rule with q=2 O(n+m)
Bordads rul e O(n*m)

Bl ackds procedur gO(n*m*m)

l nver se Bordads pgO(n*m*m)
Threshold rule O(m*(n+m))

Hareds procedur e |On*m*m)

Inverse Plurality rule O(n+m)

N

Nansonodés procedurnO(n*m*m)

Coombo6és procedur g0O(M*m*m)

1-stable set O(m*m*(n+m-+2M))
2-stable set O(m*m*(n+m+2"))
3-stable set O(m*m*(n+m-+2M))
Minimal dominant set O(m*m*(n+2M))
Minimal undominated set O(m*m*(n+2M))
Uncovered set | O(n*m*m)

45



Uncovered set I O(n*m*m)

Ri chelsonds r ul e |Om*m*m)

Minimal weekly stable set O(m*m*(n+2M))
Fi shburndéds Rul e O(n*m*m)
Copel andds rul e I O(M*m*m)
Copel andds rul e I O(M*mM*m)
Copel andds rul e I O(M*mM*m)

Si mpsonds pr ocedyO(nm*m*m)

MinMax procedure O(n*m*m)

Strong gParetian simple majority rulel O(m*(n+m))

Strong gParetian simple plurality rulel O(m*(n+m))

Next, we need to describe how we have implemented the manipulation scheme

and obtained reasahle computation complexity and speed.

First, we need to understand that all agents in our model are equal. It means
that we can switch two agents with the same preferences and the result of an

aggregation procedure will not change.

Second, the order afgentsn a profiledoes not matter. We can reorder agents
both with same and different preferences inside a profile and the social choice will

not change.

Third, we can encode a profile not only as an arrdgrmgthe (for € agents)
with eachelement equal to a number frgto G A( t hat number repr
preference), but also as an artaycomprisedof & Avalues, wherégh value(i.e.

w "Q stands for the number of agents who have preference enco@ed as

Fourth, renaming alternatives in the preferences by using any one @ut of
possible renaming permutations will also rename the social choice with the same

permutation.
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Now we can optimize thdescribed in &ction 3.1.computatbn schemen

several waysBelow is a norexhaustive list of applieth this researcloptimization

techniques

1.

(Optimization of Step 7a) We do not need to generaté atloalitions. One

of the assumptions of the model is that all agents in one coalition have the
same preferense It means that we can iterate over amayand consider
coalitions insiden "Q("@h cell ofarrayw ).

(Optimization of Step 7a) Additionallyyhen we consider coalitions of sit

insidew "Q we do not need to iterate over all possible coalitions. As

soon as reordering agents does not affect the social choice, we may consider
only one coalition osize Qinsidew Q for example, by taking firsQagents

out ofw "Qand considering all their manipulation attempts.

(Optimizationof Step 7h As a result of (1) and (2) we do not need to check
that all agents in a generated coalition have the same preferences, because all
agents insideo "Qhave the same preferences by definition.

(Optimization of Step 7c¢) Determining whether afijeds manipulable or not

is a timeconsuming task. We canrite to memory for which arrayso we

have already determined whether a correspondent profile is manipulable. If
profile encoded with the same armayis generated, we save time by already
knowing its status.

(Optimization of Step 7c) Additionally, when after generating a profile we
check if a correspondent array has been processed before, we can check
whether any of arrays) received by any oft A p ways of renaming
alternatives has beeamecked.

(Optimization of Step 7d) When we calculate all social choices farAll p
manipulation attempts by a coalition we may get a situation when the results

for all aggregation procedures for that profile (or for a similar profile with
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renamed altemtives) have been calculated before. In this case, similarly to (4)
and (5) we check whether we have been calculated the social choices for a

given profile before.

Resulting computational complexity of tagorithm can be represented as

P Yl

2A00IADEP@OMAI PI AGEOU

Tzpmmmag nEzak 0§ 6@

TZpmzé NEzak O 6 QP

f
wherel) 6 » is thecomputational complexity 6€th aggregation procedure,

and¢ nids a coefficient between 0 and 1 representing the computatiomegllexity
decrease caused by optimizations (4), (5) andH@&).the case of 3 alternatives it

may reach 0.05 standing for-Bfne increase of the speed the algorithm.

3.5. Multithreading
One d the ways to increase the speed of calculations is to split the task
between computers and threads. Accordmghe requirements defined ire&ion
3.2., splitting tasks into small chunks (packets) should be easy for the user and

automated as much as pilse.

When a user first runs the calculation of a certain number of agents and
alternatives, she is able to choose in how many packets the task will be split.
Generally, it is better to split one case into from 100 to 1000 packets, so that one
packet is alculated within one hour, and to run the program on several threads on
one computer. If a power failure or another unexpected event happens, only the work

of not more than one hour would be lost.
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All necessary implementation in terms of programming has lperformed

by built-in tools and methods of C#.

3.6. Computation Performance

In this Section we will discuss the computation speed and performance of the
developed software. Here is the table withaet®n time for different casg3 able
9)

Table9. Examples of exedah time for different cases

Number of Number of agenté) | Time (in hours) needed to comple
alternativegm) calculations on one machine
3 10 2

3 20 5

3 50 19

3 80 42

3 100 63

4 10 13

4 20 33

4 50 138

4 80 311

4 100 467

If we take themost complexcase, i.e¢ p mhit Tt anddistribute the
calculation tasks among several computers working concurrently, we will get the
result during several business days (instead of 73 trillion years for tigh#tvaivard
scheme described ineStion 3.1.). All necessary calculations for this research have
been performed on 5 computers concurrently during sewenatihs
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3.7. Validating Results
One of the most important parts of software and algorithm development is
testing and Madating results. In our case, after building software with more than
8,000 lines of code it is essential to validate the results. There are several ways to

check the consistency and validity of the results:

1. Check that the results for the case w&th p (constraint ofthe size of a
coalition equal to 1) are similar with the case of individual manipulability.
We took Aleskerov et al. (2011, 201f),2] as a reference point for
comparison for the case of individual manipulabjlignd the results
matched.

2. Check that the results for larger values'@are not less than the results for
smaller values ofQ This has been successfully done for all calculated
results.

3. Select several cases, i.e. values andd and run the algorithm for these
cases several times independently. The results, i.e. values of NK indices
should be close or similawe run casesaf v fTt  off p mhi

ol p it 1 and all results were close or similar.

All these 3 different ways ofvalidating results have been successfully

performed.
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4. Results for 3 alternatives

4.1. General Description
In this Chapter we are going to analyze results which have tle@medwith
usingcomputer simulation. Our main goal is to compare 27 aggregation procedures
in terms oftheir coalitional manipulability. At the same time, we included several
parameters in our model; their values may differ and influencerghes of NK

index There aréwo such parameters

1. Constraintgo the size of a coalition.
Theconstraints ofhe size of a coalition may differ from 1&olt is clear that
values of NK index for a largemalue ofthe size of a coalition will not be less
than for a smallevalue ofthe size of a coalition. It is expected that NK index
will grow with increasedalue ofthe size of a coalition, but we need to check
this assumption and if it is true, to find out how toastraintiinfluences NK
index.

2. Extended preferences
For the case fo3 alternaties we consided ways to construct extended
preferences: Leximin, Leximax, Risverse, Riskover. The results for NK
index differ for each of these extended preferences. That is why we will
consider the results for each of these 4 extepdei@rences for the case of 3
alternatives to find out which aggregation procedure is the least coalitionally

manipulable for each case.

The structure of this lapter is the following. First, we are going to consider
differentconstraintgo the size of @oalition. We wil considerthe constraint of not
more than 2 agents in a coalition and the constraint of no tlmamd0 agentsn one

coalition.

An additional issue is that we compatbe degrees of coalitional

manipulability of 27 aggregation procedures, andhart with27 lines would be
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simply unreadableThat is why for each case, i.e. for a certanstraintto the size
of a coalition and for a certain extended preference, wesWwidw several least
coalitionally manipulable aggregation procedures on a chart almglgs with all 27

aggregation procedurésr the case of 3 alternativean be found in Appendix 1

4.2. The Constraint k=2
In this Section we considethecases othecongraintto the size of a coalition
equal to 2. Tus, coalitions may consist @fither 1 or 2 agents. By definition, the
values of NK index for k=2 shouldot belower than the values of NK index for the
case of individual manipulability. We will consideethesults for each of 4 ways of
constructing extended preferences for the case of 3 alternatives (Leximin, Leximax,

Risk-averse, Riskover) inthe following subsections, one by one.

4.2.1.Leximin
Here is the chart with the least manipulable aggregatiocegies for the

case of Leximin (Figure 2)

NK2

AR: Leximin for 3 alternatives

Value

w‘/W'A'A‘A‘/\¥W\‘A'f\.A.f

10 20 30 40 50 60 70 80 90 100

Number of agents

Strong g-Paretian simple majority Hare <@ 1-stable set Nanson Multy

Figure 2. Leximin, m=3, k=2
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In this and all consequent charts

1. Horizontal axis stands for the number of votérsaries from 3 to 100.

2. Vertical axis stands for the value of NK ind& index varies from O (there
iIs no manipulable profiles) to 1 (all generated 1,000,000 profiles are
manipulable).

3. Each aggregation procedure is represented as a line on the chart

4. Aggregation procedures not represented on the chart (for the chartiabove
23 aggregation procedures) show comparatively higher results in terms of
coalitional manipulability and were omitted for the sake of readability. Charts

with all aggregation prockires can be found in Appendix 1

For thecase of Leximin and coalition constnaisize equal to 2he least
manipulable aggregation procedures astable set (up to 50 agents) and Strong g
Paretian simple majority aggregation procedure (from 50 to 100 agents). Two other
aggregation procedure repr asxenatnedd Noann s

procedure show close, but a little bit higher results.

Additionally, though StrongdParetian simple majority aggregation procedure
is the least manipulable for the cases of from 50 to 100 agents, it shows rather high
values of NK index b&teen 10 and 35 agents. For the case of 20 agents the value of

NK index is equal approximately to 0.7, i.e. 70% of profiles are manipulable.
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4.2.2.Leximax

NK2

AR: Leximax for 3 alternatives

/:4-—
A

—

>

-

S

>

Al

10 20 30 40 50 60 70 80 90 100

Number of agents

<8 Strong g-Paretian simple majority =& Inverse Borda % Hare -® Nanson Multy

Figure 3. Leximax, m=3, k=2
For the case of Leximaxule of extending preferense(Figure 3) two

aggregation procedures show the | owes

procedure (for the cases of up to 15 agents) and Strtagedian simple majority

aggregation procedure (for the cases of up to 100 agéwfsin, for the caes of

small numbers of agents StrondPgretian simple majority aggregation procedure is

significantly more manipul abl e than Ha

5 and 7 agents Hareds procedure is twi

Finally, we should poin o u't t hat t hough Nanson
procedures do not show the least values of NK index anywhere on the chart, starting
with 50 agents they begin to show close and sometimes even lower values of NK
i ndex than Hareds procedur e.
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0.6
0.5

0.4

0.2

0.1

-0.1

Figure

.2.3.Risk-averse

NK2
Riskophob for 3 alternatives

| / \/ \/ \/ \/ \/ \/\/\/\/\/\/\/\/\/\/\/\/\_/\/\/'\/\/\/\/\./\/\/\__/vvvvvvv\_rvwww

10 20 30 40 50 60 70 80 90 100

Number of agents

-#- Minimal weekly stable set Strong g-Paretian simple majority =& 2-stable set %~ 3-stable set Minimal undominated set Copeland 1l

4. Riskaverse, m=3, k=2

For the case of Riskverse rulef extending preferencébigure 4)we have

the followinglist of least manipulable aggreagm procedures

1
2
3
4.
5
6

. Minimal weekly stable set

. 2-stable set

. 3-stable set

Minimal undominated set
.Copelandbés rule 111

. Strong gParetian simple majority aggregation procedure

First 5 of them show either close or equal results for all values of the number

of agents. Additionally, we may point out the difference between the values of NK

index for odd and even values of the number of agdriie.explanation should lay

somewhere in the structure of the majority relation for the cases of odd and even

number of agents, but this idea requires further investigation.

55



4.2.4.Risk-lover

0.6

0.5

0.4

Value

0.3

0.2

0.1

-0.1

NK2

Risky for 3 alternatives

10 20 30 40 50 60 70 80 90 100

Number of agents

Strong q-Paretian simple majority =#= Inverse Borda Hare =& Nanson Multy

Figure 5. Risklover, m=3, k=2

For the case of Rislover ruleof constructing extended preferen¢egyure

5\ Harebds procedure shows the | east ma n

Strong gParetian simple majority aggregationopedurefor the cases of higher

numbers of agents.

As i n the case of Lexi max, Nansonos

show ¢l ose, but hi gher r e s tParetian simpiea n

majority procedure as in other rule$ construdng extended preferences, reaches

values of NK equal to 0.(70% of manipulable profilesdr small numbers of agents

anddecreases after such a peak.

4.3. Constraint k=10

In this Section weonsiderQ p i.e.thecases of theonstraintto the size

of a coaition equal to 10 Thus, coalitions may consist from (individual

manipulation) to 1@&gentsin comparison with k=2 case, k=10 cadlews more and

largercoalitions to be formed.he values of NK indefor k=10should be not lower
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thanboth the values bNK index for the case of individual manipulabilignd the

values of NK index for k=2 by definitiohe structure of this&tion is similar to

the structure of the previous one: we consider each of the 4 ways to construct

extended preferences one byon

4.3.1.Leximin

NK10
nin for 3 alter

AR: Lexim nativ
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1-stable set ¢~ Minimal I dominan t set

Figure 6. Leximin. m=3, k=10
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For the case of Leximin rulef constructing extended preferen¢Egyure 6)

3 aggregation procedures are the least manipulable showing close or similar results

1-stable set, Minimal dominant set and Uncovered set Il. All these aggregation

procedures are majorielation based aggregation procedures, and again we point

out signficant differences in values of NK index betwdbacases of odd and even

numbers of agents.
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4.3.2.Leximax

NK10
AR: Leximax for 3 alternatives
0.6

| \ //\VAH,AVAVAVF\/'WWV\/\A/M&WWWWJv

0.4 {

=3
n

Value
[=]
o
——
b

-0.1
10 20 30 40 50 60 70 80 90 100

Number of agents

‘ <@ Strong g-Paretian simple majority =<#= Hare 48 Threshold Nanson Multy

Figure 7. Leximax, m=3, k=10

For the case of Leximaxule of extending preference@~igure 7) two
aggregation procedures shdke lowest valugo f mani pul abil ity
procedure (for the cases of up to 18 agents) and Strtagedian simple majority

aggregation procedure (for the cases of up to 100 agents).

|l n comparison with Leximax kedAre i n
shows significantly higher val ues of

numbers of agents.
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Value

4 .3.3.Risk-averse

NK10

Riskophob for 3 alternatives

I
78

0.4

IBERRC R R RE R R R R R RN R R R R RN RRRERRRREE

0.05
10 20 30 40 50 60 70 80 90 100

Number of agents

¢~ 1-stable set - Minimal dominant set Uncovered set Il

Figure 8. Riskaverse, m=3, k=10

The chart for Riskaverse rul®f constructing extended preferen¢Egjure 8)

has some similarities with the chart for Leximin (k=10) which we have studied

before. Again, 3 majorityelation based social choice rules show close results of NK

index: kstable set, Minimal dominant set, Uncovered set Il. The same issue with

differencesbetween values of NK index for odd and even numbers of agents takes

place.
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4.3.4.Risk-lover

NK10

Risky for 3 alternatives

0.8

| (A7) VWWWWWM;V. e

0.4

Value

0.2

o]
10 20 30 40 50 60 70 80 90 100

Number of agents

| ¥~ Strong g-Paretian simple majority Hare -#- Threshold -l Nanson Multy

Figure9. Risklover, m=3, k=10
For the case of Rislover rule of constructing extended preferengésgure

9) we can point out to the least manipulable aggregation procéditea r e 6 s

procedure which shows the least values of NK index for all numbers of agents.

Nansonb6s procedure which sometimes sho

significantly, 23 highe values of NK index for this extended preferences.

4.4. Least Manipulable Aggregation Procedures and Comparison
with Individual Manipulability

Below is Table 1@vith the least manipulable aggregation procedures for the

cases3 alternativesk=2, k=10 and fomdividual manipulability.

Table10. Comparison of different cases for m=3
Individual N ¢ Q pm
manipulability (k=1)
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Leximin Nansono6s | 1-stable set, Stron 1-stable set
Strong gParetian g-Paretian simpl¢ Uncovered set Il
simple majority majority

Leximax Har eds pHar eds pHar eds P
Strong gParetian Strong gParetian Strong gParetian
simple majority simple majority simple majority

Risk-averse Nansonos 2-stable set, Stron Uncovered set |l
Strong gParetian g-Paretian  simpl¢
simple mgority majority

Risk-lover |[Har e 6 s pHar eds pHar ebs prd
Strong gParetian Strong gParetian
simple majority simple majority

It can beobservedhat cases of Leximin and Risversaules of constructing

extended preferences are similar in most of the least manipulable aggregation

procedures. The sameabservation is madfor the pair of extended preferences

construction rulegeximax and RisHover.

Strong gParetian simig majority aggregation procedure is alway®of the
least manipulable for k=1 and kzBnstraints ofhe size of a coalition, but for k=10

shows worse results. Finall vy, Har eds

almost all cases. Even whenstnot the least coalitionally manipulable aggregation
the di bet ween

procedur e, fference

not so large.
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5. Results for 4 alternatives

In this Chapter we are going to analyze the results for the case of 4 alternatives.
The case of 4 alternatives provideisler range of all possible preferences( ¢ 1
instead ofcA ¢ different possible preferences), thus total number of possible

manipulation attents also increases (24=23 vs. 61=5).

In order to decrease the total computation time, we have calculated not all
cases from 3 to 100 agents, ke cases from 3 to 25 agents, and thencases of
10p-2, 10p1, 10p and 10p+1 for p=3..10.

We will analyzethe results for the casd 4 alternatives in the same sequence
as we did it for the case of 3 alternatives: we anatymestraints othe size of a
coalition equal to 2 and 10, then compare the results with individual manipulability.
In eachsubsectionwe will go through 4 ways of constructing extended preferences
one by oneFor each case, i.e. for a certain constraint to the size of a coalition and
for a certain extended preference, we will show several least coalitionally
manipulable aggregation pratges on a chart while charts with all 27 aggregation

procedures for the case of 4 alternatives can be found in Appendix 2.

5.1. Constraint k=2
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5.1.1.Leximin

0.6
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Hx.l
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=@ Minimal dominant set ==@=Minimal weekly stable set Fishburn
Uncovered set Il —0—1-stable set =@ 2-stable set
—@—3-stable set

Figure 10. Leximax, m=4, k=2

For the case of Leximin rulgf constructing extended preferen¢egjure 10)
7 aggregation procedures shalwse values of NK index: Minimal dominant set,
Minimalweek | y st abl e set, Fi s h bstablensétsatablel | e |
set and 3stable set. With very small adwage the least manipulable aggregation
procedures argdncovered sdl for small numbers of agents andgthble set for large

numbers of agents.
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5.1.2.Leximax
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0.4 \Y ,/

0.3 | )
AAY V‘\/‘\V

0.2

0.1

0 4
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=@=Nanson Multy —@=Inverse Borda —®=Hare

Figure 11. Leximax m=4, k=2

For the case of Lexima¥igure 11xhreeaggraeation procedures show close
results in terms of coalitional manipu
of NK index from 3 to 50 agents, whil e
for the cases of mor e t ¢cedare shdws @dogeelout s .
slightly higher results.
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5.1.3.Risk-averse

0.6
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0.4

0.2 AN R
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3 5 7 9 11 13 15 17 19 21 23 25 29 31 39 41 49 51 59 61 69 71 79 81 89 91 99

== Minimal weekly stable set=@==Fishburn =@=Uncovered set || 2-stable set ==@=3-stable set

Figure 12. Riskaverse m=4, k=2

For the case of Ris&verse (Figure 12)rule of constructingextended
preferences, Fivaggregation procedures are the least manipuldtinimal weekly
stable set, Fi s hbur-stédbke set and-8table setWemay e r e
notice, that all these fivprocedures were the least manipulable for the case of
Leximin which we studied before.
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5.1.4.Risk-lover

Chart Title

0.6

0.1

0 d

3 5 7 9 11 13 15 17 19 21 23 25 29 31 39 41 49 51 59 61 69 71 79 81 89 91 99

—=@-=—Nanson Multy —=@=Inverse Borda ==®=Hare

Figure 13. Risklover, m=4, k=2

For the case of Rislover rule of constructingextended preferencéBigure
13)we see a giation similarto Leximax Har eds procedure is
for small number of agents (up to 50), whilea nsonds procedur e
manipulable for n>50.

5.2. Constraint k=10
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5.2.1.Leximin

0.6
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=@==Minimal dominant set ==@==Uncovered set|l =@=1-stable set

Figure 14. Leximin, m=4, k=10

For the case of Leximirule of constructingxtended preferences for the case
of 4 alternatives and k=1(Figure 14) we see a similar situation to previous charts.
1-stable set and Uncovered set Il show the least manipulable results with huge

differences of values between even and odd numbers of voters.
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5.2.2.Leximax
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Figure 15. Leximax m=4, k=10

For the case of LeximafFigure 15we can point out to the least manipulable
aggregation procedur e, I . e. Har eds p
procedure showed c¢l| os eandfersare tases bfdargéda r
numbers of agentsevenl ower val ues of NK), for th
with a decent advantage in terms of being less coalitionally manipulable. Another
i nteresting aspect is that the values
Bordads pr oc e dith n@easing mumiger obagents.d-or the cases of
more than 70 agents more than half of profiles for these two procedures are

coalitionally manipulable.
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5.2.3.Risk-averse
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Figure 16. Riskaverse m=4, k=10

As in the case of Leximin fok=10 and m=4, in the case of Riakerse
extended preferencésigure 16)majority relation based aggregation procedures are
the least manipulable. In addition to the difference between even and odd numbers
of agents which we have seen before, we can notice thatomelaggregation
procedure (Uncovered set Il) from Leximin eagmained the least manipulable for

the case of Rislaverse extended preferences.
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5.2.4.Risk-lover
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Figure 17. Risklover, m=4, k=10

Risk-lover chart(Figure 17)is very similar to the case of Leximax extended
pref er en c eeadure iditherleasd rmanipulalecaggregation procedure for all
numbers of agents, while both Nansonao:

show growth of valas of NK index with increasingumber of agents.

5.3. Comparison with m=3 and individual manipulability
In this section we will compare the results for the case of 4 alternatives with
the results for 3 alternatives and with results ks2, k=10 andindividual
manipulability(k=1) (Table 11)

Table1ll Comparison of different cases

a4 o a 1

Q p 0 ¢ N pm Q p Q ¢ Q pm

70



Leximin Nans o1 1-stable | 1-stable Inverse Uncovered | Uncovered
procedure, | set, Strong set, Bor daodjset Il, 1-|set Il,
Strong g | g-Paretian| Uncovered | procedure, | stable set | stable set
Paretian simple set Il Nanson
simple majority procedure
majority
Leximax |Har e6¢Har ed6/Har ed|Har e6sfHar ebgHar ed
procedure, | procedure, procedure, | procedure, | procedure, | procedure
Strong g |Strong g |Strong g{NansonNansoTr
Paretian Paretian | Paretian procedure | procedure
simple simple simple
majority majority | majority
Risk- Nan s o1 2-stable | Uncovered| Uncovered | 2-stable set| Uncovered
averse procedure | set, Strong set Il set I, set Il, 3
Strong g | g-Paretian Inverse stable set
Paretian simple Bor daod
simple majority procedure,
majority Nanson
procedure
Risk-lover Har e6 ¢Har ed6/Har ed|Har e6sfHar e6gHar ed
procedure, | procedure, procedure | procedure, | procedure, | procedure
Strong g | Strong ¢ NansonNanson
Paretian Paretian procedure | procedure
simple simple
majority majority

The followingobservations can be derived from the previous results

1. The @ases of Leximin and Ris&kverse as well as Leximax and Rleker

rulesshow similar least manipulable aggregation procedures.

2. Nansonos

procedur e, HBoedsabprprcede

many cases show close values of NK indices.
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3. Strong gParetian simple marity aggregation procedure adten the least
manipulable for the case of 3 alternatives, but it is never the least
manipulable for the case of 4 alternatives.

4. Majority relationbased aggregation procedures are often the least
manipulable for Leximin and Riskverse extendedgferences, but never

for Leximax andRisk-lover extended preferences.
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6. Conclusion

We have studied the degree of coalitional manipulabilftg7 aggregation
procedures for the case ofulti-valued choice for Impartial Culture for 3 and 4

alternatives

We defined the model anthe scheme of manipulability evaluatioe
designed and implemented algorithms and software which allowed to esthmeat
degree of manipulability of 27 aggregation procedures during several months instead

of trillions of years.
We can point out to the following properties that have been observed:

1. There is no aggregation procedure that would be the least manipulahle for
possible values of parametgrs

2. The constraint othe size of a coalition, which was introduced as one of the
parameters of the model, is an important factor that influences the
manipulability index. If for the case of individual manipulability aggtega
procedures have the values of O(L8 of NK index for 100 agents, for the
case of k=10 NK may reach 649 whichmeans 460% of manipulable
profiles,

3. Extended preferences influence NK index, i.e. the choicéheftype of
extended preferences in the model affects which aggregation procedure if the
least manipulable

4. Unde Leximin and Riskaverse extended preferences majority relatiased
aggregation procedures are the least manipulable in most cases

5. The @ses of Leximaand Risklover extended preferences are very similar in
terms ofthe least coalitionally manipulable aggregation procedures

6. Strong gParetian simple majority aggregation procedure shows good results

in terms of coalitional manipulability for cases of Bematives and large
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numbers of agents, but it is highly manipulable for the cases of 4 alternatives
and for the cases of small number of agents

.Har eds procedur e and Nansonos pr o
aggregation procedures for most cas@sdng for approximateh20-40% of
manipulable profiles,

. Considered least manipulable aggregation procedures show significantly
lower values of NK index than the most widely used aggregation procedure,
I.e. Plurality aggregation procedutieat stands for 480% of manipulable

profiles in most cases.
Additionally, the followingproblems require further investigation

. Majority relationbased aggregation procedures show significantly different
values for even and odd numbers of agents. This might be connectelewith
structure of the majority relation for the caséssewven and odd number of
agents,

. Strong gParetian simple majority aggregation procedure and its values of NK
index. In some cases it is the least manipulable aggregation procedure with
very small vales of NK index, but fosome numbers of agents it lias large
values of NK index, for example, 0.7 which stamols70% of manipulable
profiles,

.Har endds Na n s o n ossturngdr ooitctee loeuthe eleast manipulable
aggregation procedures for most of tteses studied. Will they be the least
manipulable in other cases, for example, for the cases of 1,000 or 10,000
voters?

. The connection between decisiveness and manipulability. The simplest
example of a nomanipulable aggregation procedure is an aggragatio
procedure which always outputs {a,

preferences. Its NK index is equal to 0, but such an aggregation procedure is
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absolutely geless. As soon as we consitiher concept omulti-valuedchoice,
the idea is to find @t in how many cases the least manipulable aggregation

procedures output single choice insteadafti-valuedchoice and ties.

Finally, the results of this research can be applied to selecting aggregation
procedures for groups of10 voters for the casef 3 and 4 alternatives. &Hhist

of applications includes, in particular,

1. Voting for a student representative among a group of students from one
university or department
2. Voting for the Board of Directors of a company

3. Voting for the rector of a univatg among its professors

At the same time, one of the least manipulable aggregation procétiuaes e 0 s
procedurd is used not only in small groups of voters, but in large societies as well.
Here is the |1 st of el ecti onas Sidleer e

Transferable Vote) is already used:

1. Upper house of Parliament electiandndia,
2. Senate elections Australig
3. City elections in Cambridge, MassachuseaiiSA,

4. National assembly electioms Scotland, UK

These examples show that selectingcedht aggregation procedure, for

example the least manipulable one, takes place in modern societies.
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Appendices
Appendix 1. Charts with 27 aggregation procedures for all extended

preferences for thecase of 3 alternatives for k=2 and k=10

In both Appendix 1 and Appendix 2 we provide charts with 27 considered
aggregation procedures for all cases in the following way. For each number
constraint to the size of a coalition and rule of constructing extiemaderences we
provide two charts: one with 14 aggregation procedures and the other one with 13
aggregation procedures to provide readability of the results.
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AR: Leximax for 3 alternatives
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Riskophob for 3 alternatives
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AR: Leximin for 3 alternatives
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Appendix 2. Charts with 27 aggregation procedures for 4 extended
preferences for the case of 4 alternatives for k=2 and k=10
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Appendix 2.1.3. Riskaverse
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Appendix 2.1.4. Risklover
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Appendix 2.2. k=10
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