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ÏÑ-8. �åãðåññèîííûé àíàëèç-2.



Ïðåîáðàçîâàíèÿ ïåðåìåííîé îòêëèêà Ïðîâåðêà îáùåé ëèíåéíîé ãèïîòåçû Íåëèíåéíàÿ ðåãðåññèÿÂÿçêîñòü MS4Derrigher GC, An empirial model for visosity of �lled and plastiizedelastomer produts (1974): èññëåäîâàëàñü âÿçêîñòü MS4 ïðè 100 ◦C ïðèðàçíûõ óðîâíÿõ íàïîëíèòåëÿ è ïëàñòè�èêàòîðà.Íàéòè ïðåîáðàçîâàíèå îòêëèêà, îáåñïå÷èâàþùåå õîðîøèé ïîäáîð ìîäåëèïåðâîãî ïîðÿäêà.
ÏÑ-8. �åãðåññèîííûé àíàëèç-2.



Ïðåîáðàçîâàíèÿ ïåðåìåííîé îòêëèêà Ïðîâåðêà îáùåé ëèíåéíîé ãèïîòåçû Íåëèíåéíàÿ ðåãðåññèÿÂÿçêîñòü MS4
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max y/min y = 12.0769. ÏÑ-8. �åãðåññèîííûé àíàëèç-2.



Ïðåîáðàçîâàíèÿ ïåðåìåííîé îòêëèêà Ïðîâåðêà îáùåé ëèíåéíîé ãèïîòåçû Íåëèíåéíàÿ ðåãðåññèÿÏðåîáðàçîâàíèÿ Áîêñà-ÊîêñàÏóñòü èìåþòñÿ ïîëîæèòåëüíûå çíà÷åíèÿ îòêëèêà y1, y2, . . . , yn.Åñëè îòíîøåíèå íàèáîëüøåãî íàáëþäàåìîãî y ê íàèìåíüøåìóïðåâîñõîäèò 10, ñòîèò ðàññìîòðåòü âîçìîæíîñòü ïðåîáðàçîâàíèÿ y.Â êàêîì âèäå èñêàòü ïðåîáðàçîâàíèå?×àñòî ïîëåçíî ðàññìîòðåòü ïðåîáðàçîâàíèÿ âèäà yλ, íî îíî íå èìååòñìûñëà ïðè λ = 0.Âìåñòî íåãî ìîæíî ðàññìîòðåòü ïðåîáðàçîâàíèå âèäà
W =







(

yλ − 1
)

/λ, λ 6= 0;

ln y, λ = 0,íî îíî ñèëüíî âàðüèðóåòñÿ ïî λ.Âìåñòî íåãî ìîæíî ðàññìîòðåòü ïðåîáðàçîâàíèå âèäà
V =







(

yλ − 1
)

/
(

λẏλ−1
)

, λ 6= 0;

ẏ ln y, λ = 0,ãäå ẏ = (y1y2 . . . yn)
1/n � ñðåäíåå ãåîìåòðè÷åñêîå íàáëþäåíèé.ÏÑ-8. �åãðåññèîííûé àíàëèç-2.



Ïðåîáðàçîâàíèÿ ïåðåìåííîé îòêëèêà Ïðîâåðêà îáùåé ëèíåéíîé ãèïîòåçû Íåëèíåéíàÿ ðåãðåññèÿÌåòîä Áîêñà-ÊîêñàÏðîöåññ ïîäáîðà λ:1 âûáèðàåòñÿ íàáîð çíà÷åíèé λ â íåêîòîðîì èíòåðâàëå, íàïðèìåð,
(−2; 2);2 äëÿ êàæäîãî çíà÷åíèÿ λ âûïîëíÿåòñÿ ïðåîáðàçîâàíèå îòêëèêà V ,ñòðîèòñÿ ðåãðåññèÿ, âû÷èñëÿåòñÿ îñòàòî÷íàÿ ñóììà êâàäðàòîâ
RSS (λ, V );3 ñòðîèòñÿ ãðà�èê çàâèñèìîñòè RSS (λ, V ) îò λ, ïî íåìó îïðåäåëÿåòñÿîïòèìàëüíîå çíà÷åíèå λ;4 âûáèðàåòñÿ áëèæàéøåå ê îïòèìàëüíîìó óäîáíîå çíà÷åíèå λ(íàïðèìåð, ïîëóöåëîå);5 ñòðîèòñÿ îêîí÷àòåëüíàÿ ìîäåëü ðåãðåññèè ñ îòêëèêîì yλ èëè ln y.

ÏÑ-8. �åãðåññèîííûé àíàëèç-2.



Ïðåîáðàçîâàíèÿ ïåðåìåííîé îòêëèêà Ïðîâåðêà îáùåé ëèíåéíîé ãèïîòåçû Íåëèíåéíàÿ ðåãðåññèÿÂÿçêîñòü MS4
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λÂûáèðàåì λ = 0, ò. å., y = ln y. ÏÑ-8. �åãðåññèîííûé àíàëèç-2.



Ïðåîáðàçîâàíèÿ ïåðåìåííîé îòêëèêà Ïðîâåðêà îáùåé ëèíåéíîé ãèïîòåçû Íåëèíåéíàÿ ðåãðåññèÿÂÿçêîñòü MS4Äîâåðèòåëüíûé èíòåðâàë äëÿ λ âûáèðàåòñÿ èç óðàâíåíèÿ
L
(

λ̂
)

− L (λ) ≤
1

2
χ2
1 (1− α) ,ãäå L (λ) = − 1

2
n ln

(

RSS(λ)
n

)

.Åñëè îí ñîäåðæèò åäèíèöó, âîçìîæíî, íå ñòîèò âûïîëíÿòü ïðåîáðàçîâàíèå.Åñëè îí ñîäåðæèò íåñêîëüêî óäîáíûõ çíà÷åíèé λ, òî âñ¼ ðàâíî, êàêîå èçíèõ âûáèðàòü.Äëÿ íàøåé çàäà÷è 95% äîâåðèòåëüíûé èíòåðâàë � −0.13 ≤ λ ≤ 0.03.Èòîãîâîå óðàâíåíèå:
ln y = 3.212 + 0.03088f − 0.03152p, F = 2045, p ≈ 0, R2 = 0.9951(ìîäåëü îáúÿñíÿåò 100R2 = 99.51% îòêëîíåíèÿ îò ñðåäíåãî çíà÷åíèÿ).Áåç ïðåîáðàçîâàíèÿ:
y = 28.184 + 1.55f − 1.717p, F = 72.9, p ≈ 0, R2 = 0.8793 (ìîäåëüîáúÿñíÿåò 100R2 = 87.93% îòêëîíåíèÿ îò ñðåäíåãî çíà÷åíèÿ).ÏÑ-8. �åãðåññèîííûé àíàëèç-2.



Ïðåîáðàçîâàíèÿ ïåðåìåííîé îòêëèêà Ïðîâåðêà îáùåé ëèíåéíîé ãèïîòåçû Íåëèíåéíàÿ ðåãðåññèÿÂÿçêîñòü MS4Îñîáåííî âàæíî èññëåäîâàòü îñòàòêè.
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ÏÑ-8. �åãðåññèîííûé àíàëèç-2.



Ïðåîáðàçîâàíèÿ ïåðåìåííîé îòêëèêà Ïðîâåðêà îáùåé ëèíåéíîé ãèïîòåçû Íåëèíåéíàÿ ðåãðåññèÿÕèìè÷åñêèé ñîñòàâ öåìåíòàWoods H, Steinour HH, Starke HR, E�et of omposition of Portland ementon heat involved during hardening (1932): èçìåðåíî òåïëî, âûäåëåííîåöåìåíòîì ïðè îòâåðäåâàíèè (êàëîðèé íà ãðàìì öåìåíòà), à òàêæåêîëè÷åñòâî â ñîñòàâå öåìåíòà òðèêàëüöèóì àëëþìèíàòà, òðèêàëüöèóìñèëèêàòà, òåòðàêàëüöèóì àëëþìèíèî�åððèòà è äèêàëüöèóì ñèëèêàòà.Ìàòðèöà êîððåëÿöèé Ïèðñîíà ïðèçíàêîâ:r X1 X2 X3 X4

X1 1.0000 0.2286 -0.8241 -0.2454
X2 0.2286 1.0000 -0.1392 -0.9730
X3 -0.8241 -0.1392 1.0000 0.0295
X4 -0.2454 -0.9730 0.0295 1.0000Áûëà ïîäîáðàíà ëèíåéíàÿ ìîäåëü âèäà

y = θ0 + θ1x1 + θ2x2 + θ3x3 + θ4x4.Íåîáõîäèìî ïðîâåðèòü ãèïîòåçû H0 : θ1 = −θ3, θ2 = −θ4 è
H0 : θ3 = θ2 − θ1. ÏÑ-8. �åãðåññèîííûé àíàëèç-2.



Ïðåîáðàçîâàíèÿ ïåðåìåííîé îòêëèêà Ïðîâåðêà îáùåé ëèíåéíîé ãèïîòåçû Íåëèíåéíàÿ ðåãðåññèÿÎáùàÿ ëèíåéíàÿ ãèïîòåçàÎáùàÿ ëèíåéíàÿ ãèïîòåçà � ãèïîòåçà, ñîäåðæàùàÿ îäíî èëè íåñêîëüêîóòâåðæäåíèé î ëèíåéíûõ êîìáèíàöèÿõ êîý��èöèåíòîâ ðåãðåññèè.Ïðèìåðû:ìîäåëü E (y|X) = θ0 + θ1x1 + θ2x2,ãèïîòåçà:
H0 : θ1 = 0, θ2 = 0äâå ëèíåéíî íåçàâèñèìûå �óíêöèè;ìîäåëü E (y|X) = θ0 + θ1x1 + θ2x2 + . . .+ θkxk,ãèïîòåçà:

H0 : θ1 = θ2 = . . . = θk = θ ⇔ H0 : θ1−θ2 = 0, θ2−θ3 = 0, . . . , θk−1−θk = 0

k − 1 ëèíåéíî íåçàâèñèìûõ �óíêöèé;îáùèé ñëó÷àé: ìîäåëü E (y|X) = θ0 + θ1x1 + θ2x2 + . . .+ θkxk,ãèïîòåçà:
H0 : Cθ = 0

C ∈ R
m×k, q ëèíåéíî íåçàâèñèìûõ ñòðîê, m− q ÿâëÿþòñÿ ëèíåéíûìèêîìáèíàöèÿìè. ÏÑ-8. �åãðåññèîííûé àíàëèç-2.



Ïðåîáðàçîâàíèÿ ïåðåìåííîé îòêëèêà Ïðîâåðêà îáùåé ëèíåéíîé ãèïîòåçû Íåëèíåéíàÿ ðåãðåññèÿÏðîâåðêà îáùåé ëèíåéíîé ãèïîòåçû
RSSfull � îñòàòî÷íàÿ ñóììà êâàäðàòîâ èñõîäíîé ìîäåëè, n− k ñòåïåíåéñâîáîäû;
RSSshort � îñòàòî÷íàÿ ñóììà êâàäðàòîâ ìîäåëè ïðè ñïðàâåäëèâîñòèîáùåé ëèíåéíîé ãèïîòåçû, n− k + q ñòåïåíåé ñâîáîäû.

(

RSSshort −RSSfull

q

)/(

RSSfull

n− k

)

∼ F (q;n− k) .

ÏÑ-8. �åãðåññèîííûé àíàëèç-2.



Ïðåîáðàçîâàíèÿ ïåðåìåííîé îòêëèêà Ïðîâåðêà îáùåé ëèíåéíîé ãèïîòåçû Íåëèíåéíàÿ ðåãðåññèÿÕèìè÷åñêèé ñîñòàâ öåìåíòàÏîëíàÿ ìîäåëü:
y = 62.4 + 1.55x1 + 0.51x2 + 0.102x3 − 0.144x4, RSSfull = 47.8636.�èïîòåçà: H0 : θ1 − θ3 = 0, θ2 − θ4 = 0 ⇒ ñîêðàù¼ííàÿ ìîäåëü
y = θ0 + θ1 (x1 − x3) + θ2 (x2 − x4) , RSSshort = 109.0523.

F =
(

109.0523−47.8636
2

)

/

(

47.8636
8

)

= 5.1136, p = 0.0371.�èïîòåçà H0 îòâåðãàåòñÿ.�èïîòåçà: H0 : θ3 = θ2 − θ1 ⇒ ñîêðàù¼ííàÿ ìîäåëü
y = θ0 + θ1 (x1 + x3) + θ2 (x2 − x3) + θ4x4, RSSshort = 57.1888.

F =
(

57.1888−47.8636
1

)

/

(

47.8636
8

)

= 1.5586, p = 0.2472.�èïîòåçà H0 íå îòâåðãàåòñÿ. ÏÑ-8. �åãðåññèîííûé àíàëèç-2.



Ïðåîáðàçîâàíèÿ ïåðåìåííîé îòêëèêà Ïðîâåðêà îáùåé ëèíåéíîé ãèïîòåçû Íåëèíåéíàÿ ðåãðåññèÿÑîäåðæàíèå ñâîáîäíîãî õëîðàSmith H, Dubey SD, Some reliability problems in the hemial industry (1964):èññëåäîâàíèå êîðïîðàöèè Proter & Gamble. Èññëåäóåòñÿ ïðîäóêò À,â ìîìåíò ïðîèçâîäñòâà äîëÿ ñâîáîäíîãî õëîðà â í¼ì äîëæíàñîñòàâëÿòü 0.5. Èçâåñòíî, ÷òî ñî âðåìåíåì ñîäåðæàíèå õëîðà â ïðîäóêòåñíèæàåòñÿ. Çà ïåðâûå 8 íåäåëü ñîäåðæàíèå õëîðà ñíèçèòñÿ äî 0.49, íîâ áîëåå ïîçäíèå ñðîêè èç-çà âëèÿíèÿ áîëüøîãî êîëè÷åñòâàíåêîíòðîëèðóåìûõ �àêòîðîâ òåîðåòè÷åñêèå ðàñ÷¼òû íå ìîãóò äîñòàòî÷íîíàä¼æíî ïðåäñêàçàòü ñîäåðæàíèå ñâîáîäíîãî õëîðà. Äëÿ îïðåäåëåíèÿçàêîíà óáûâàíèÿ êîíöåíòðàöèè ñâîáîäíîãî õëîðà îíà áûëà èçìåðåíàâ 44 îáðàçöàõ íà ðàçíûõ ñðîêàõ õðàíåíèÿ.Áûëà âûäâèíóòà ãèïîòåçà, ÷òî ìîäåëü âèäà
y = α+ (0.49− α) e−β(x−8) + εîïèñûâàåò ñîäåðæàíèå õëîðà â ïðîäóêòå ïðè x ≥ 8.Òðåáóåòñÿ îöåíèòü ïàðàìåòðû α è β ïî äàííûì.ÏÑ-8. �åãðåññèîííûé àíàëèç-2.



Ïðåîáðàçîâàíèÿ ïåðåìåííîé îòêëèêà Ïðîâåðêà îáùåé ëèíåéíîé ãèïîòåçû Íåëèíåéíàÿ ðåãðåññèÿÑîäåðæàíèå ñâîáîäíîãî õëîðà
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ÏÑ-8. �åãðåññèîííûé àíàëèç-2.



Ïðåîáðàçîâàíèÿ ïåðåìåííîé îòêëèêà Ïðîâåðêà îáùåé ëèíåéíîé ãèïîòåçû Íåëèíåéíàÿ ðåãðåññèÿÑîäåðæàíèå ñâîáîäíîãî õëîðà
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α̂ = 0.3901, β̂ = 0.1016, RSS = 0.00500168.×òî äàëüøå? ÏÑ-8. �åãðåññèîííûé àíàëèç-2.



Ïðåîáðàçîâàíèÿ ïåðåìåííîé îòêëèêà Ïðîâåðêà îáùåé ëèíåéíîé ãèïîòåçû Íåëèíåéíàÿ ðåãðåññèÿÑðàâíåíèå RSS ñ ÷èñòîé îøèáêîé×èñòàÿ îøèáêà σ2 � äèñïåðñèÿ ǫ, ìîæåò áûòü îöåíåíà ïî ïîâòîðÿþùèìñÿíàáëþäåíèÿì.
y11, y12, . . . , y1n1

� n1 ïîâòîðíûõ íàáëþäåíèé ïðè x1;
y21, y22, . . . , y2n2

� n2 ïîâòîðíûõ íàáëþäåíèé ïðè x2;. . .
ym1, ym2, . . . , ymnm

� nm ïîâòîðíûõ íàáëþäåíèé ïðè xm.
σ̂2 =

Spe

ne
=

m
∑

j=1

n
∑

u=1

(yju − ȳj)
2

m
∑

j=1

nj −m

.Â íàøåì ñëó÷àå Spe = 0.0024, ne = 26;

RSS − Spe

44− 2− ne
= 0.00016,

Spe

26
= 0.00009.Ôîðìàëüíî F -êðèòåðèé íåïðèìåíèì, íî ìîæíî íà íåãî îðèåíòèðîâàòüñÿ:

F (16; 26; 0.95) = 2.08, 0.00016
0.00009

= 1.8 � ìîæíî íàäåÿòüñÿ, ÷òî ìîäåëüïîäîáðàíà õîðîøî. ÏÑ-8. �åãðåññèîííûé àíàëèç-2.



Ïðåîáðàçîâàíèÿ ïåðåìåííîé îòêëèêà Ïðîâåðêà îáùåé ëèíåéíîé ãèïîòåçû Íåëèíåéíàÿ ðåãðåññèÿÄîâåðèòåëüíûå îáëàñòèÏðèáëèçèòåëüíûå 100 (1− q)-ïðîöåíòíûå äîâåðèòåëüíûå îáëàñòè äëÿçíà÷åíèé ïàðàìåòðîâ α è β:
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Ñèíèé êîíòóð � q = 0.005, êðàñíûé � q = 0.01, çåë¼íûé � q = 0.05,÷¼ðíûé � q = 0.25. ÏÑ-8. �åãðåññèîííûé àíàëèç-2.



Ïðåîáðàçîâàíèÿ ïåðåìåííîé îòêëèêà Ïðîâåðêà îáùåé ëèíåéíîé ãèïîòåçû Íåëèíåéíàÿ ðåãðåññèÿ
Ïðèêëàäíàÿ ñòàòèñòèêà8. �åãðåññèîííûé àíàëèç, ÷àñòü âòîðàÿ.�ÿáåíêî Åâãåíèériabenko.e�gmail.om

ÏÑ-8. �åãðåññèîííûé àíàëèç-2.
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