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Optimal V-function: V*(s) := max V7 (s)

Optimal Q-function: Q*(s,a) = max Q" (s, a)

Bellman equations: Vr,s, a:
Qﬂ'(S, a) = r(s, a) + ,YES’wp(s/\s,a)Ea’~7r(a’\s/) QTF(S/7 3/)

Q*(s,a) = r(s,a) + YEgp(s'|s,a) max Q*(s',a)
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Trial and Error learning

Setup: |S| « o0, |A| « ©

Assumption:-modelisknown
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Switching to Q-function

OL B e G Value Iteration

o evaluate policy: O solve Bellman optimality equation:

s — Ly rl
Q k(S, a) = r(s, a) +VEsEy Q™ (s 73) Q,’f+1(s, a) «— r(s,a) + VEs max Q,’f(s',a’)

o Tx.1(S) « argmax Q™ (s, a);
a

o 7¥(s) « argmax Q*(s, a) is optimal;
e repeat; N J

x =EJf(s',x), x-7

Can we derive some model-free Pl / VI?
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Monte-Carlo Backup

How to solve this: x = Egf(s')

Monte-Carlo estimation:
1N
Q"(5:9)~ y 1 R(T)

where T;~m|sp=s,a0=a

Can we have i. i. d. samples?



Monte Carlo Algorithm

Monte Carlo Algorithm o RedBof : .
! requires infinite samples for each pair s, a;

Initialize Q™ (s, a) and policy 7 (s) arbitrarily.
for k=0,1,2...
e play several games using T;

e estimate Q7 (s, a) using Monte Carlo;

e 77(s) < argmax Q" (s, a)
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Monte Carlo Algorithm

Monte Carlo Algorithm o RedBof : .
! requires infinite samples for each pair s, a;

Initialize Q™ (s, a) and policy 7(s) arbitrarily.
@riee) poly a(s) ¥ x still needs full episodes;

for k=012, . . x still do not utilize MDP structure;

e play several games using x wastes information about state

. connections;
e update Q™ (s, a) with new samples;
x high variance of collected samples;

e 77(s) < argmax Q" (s, a)
a x no clear theoretical guarantees;

( Reuse samples from previous policy
¥ (for example, with smaller weight)
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Closer look at Monte Carlo

Suppose we want to compute online mean m of i. i. d. samples xi,x>.... On step k:

1
mg_1+ ZXk =

k
1 k—1 1 1
my = k,E Xi = —p— M1+ Xk = <l—>

k k

1
{ak = k} = (1 — ak) mg_1 + agxxk = Myg_1 + ag (xk — Mg_1)

exponential smoothing

~ stoch. gradient descent

Convergence:

mg V;—p> Ex if learning rate satisfies Robbins—Monro conditions:
—00

+o0 +o0
dlak=+4®0, Y af<+w
k=1 k=1
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Solving equations

Equation Method Update

X = f(X) Point Iteration Xk+1 = f(Xk)

Xk41 = Xk + Qi (f(S/) = Xk)

X = Es,f(s’) Exponential smoothing , |
s’ ~ p(s')

x=Eg f(s’, X) Stochastic approximation
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Temporal Difference: intuition

View 1: solving Bellman expectation equation using Robbins-Monro scheme:
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(- /

N
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Temporal Difference: intuition

View 1: solving Bellman expectation equation using Robbins-Monro scheme:

Q"(s,a) = Ey [r(s, a) + nya/Q“(s',a’)J EsEa [r(s, a) + vQ”(s a )]

-
f(s',x) f(SCaCX)

View 2: one-step bootstrapping:
approximating future rewards using current
approximation.

r+7(r +'yr —l—’yzr’” )

~Qf (s',a')

our own predictions used as targets!
12



Temporal Difference

For transition (s, a,r,s’, a'):

Bellman target

—
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s
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a ~m(a | s’) — random variable from algorithm.
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Temporal Difference vs Monte Carlo

QI7<r+1(Sv a) - QZ(Sv a) + Qi (y(S, a) - QZ(S, a))

Which is better?

Temporal Difference Monte Carlo
y(s,a) = r+~Q7(s', ) y(s,a) =r+r'+ 2" +...
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Temporal Difference vs Monte Carlo

QI7<r+1(Sv a) - QZ(Sv a) + Qi (y(S, a) - QZ(S, a))

Which is better?

Temporal Difference Monte Carlo
y(s,a) ==r+~yQr (s, a") y(s,a) i=r+yr' + 72" + ...
v’ updates after each step x updates at the end of the episode
x slow reward propagation v’ fast reward propagation
V' low variance % high variance
x introduces bias v unbiased

Best estimation is somewhere in between (see TD()\)).
14
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What if we improve our policy after every step?

Y mk(s) < argmax Qf (s, a)
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Value Iteration and Policy Iteration connection

What if we improve our policy after every step?

) ¢ 7k (s) « argmax Qf (s, a)

ler+1(57 a) < 02(57 a) + ak (r + VQE(Slv a/) - 02(57 a)) =
= Qi (s,a) + au (r +vQF (s, mk(s")) — Qf (s, 2)) =

= Qf(s,a) + ax (r +vQf (s', argmax Qf (s',a’)) — Qf (s, a)) =

a’

= Q[ (s,a) + ay (r + 7 max Q[ (s',ad) — Qf (s, a))

View 1: Policy Iteration with policy improvement after each policy evaluation update;
View 2: solving Bellman optimality equation (model-free Value lteration);

15



rgence of temporal difference

Convergence of Q-learning updates

Let Qg (s, a) be initialized arbitrary, and for every s, a the following update is used:

Qi ia(s,2) — Q(5,2) + axls, a) (r(5, 2) + 7 max Q (51 4) — Qi (5, )
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Convergence of Q-learning updates

Let Qg (s, a) be initialized arbitrary, and for every s, a the following update is used:

Qi ia(s,2) — Q(5,2) + axls, a) (r(5, 2) + 7 max Q (51 4) — Qi (5, )

Then, if:
® Sisa ~ P(S'[ s a);
e with probability 1 for every s, a learning rate ay(s, a) € [0, 1] satisfies
Robbins-Monro conditions:

) ')
&k(sa a) =+ Z ai(& a) <+
k=0 k=0

then Q; (s, a) BLIEN Q*(s, a)
k—0o0 16
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Analogy 1
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Exploration vs Exploitation

Analogy 2
Multi-armed bandits
(regret minimization)

Analogy 1
Global optimization

Exploration: Exploration:

random search try something new

Exploitation: Exploitation:
local optimization try your favourite
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Exploration vs Exploitation

Analogy 2

Analogy 1 . : Anal
.gy. . Multi-armed bandits nalogy 3
Global optimization C General MDP
(regret minimization)
Exploration: Exploration: Exploration:
random search try something new explore the environment
Exploitation: Exploitation: Exploitation:

local optimization try your favourite solve the task




e-greedy exploration

\1{ Do something random sometimes

Let's call policy e-greedy with respect to some Q-function, if it behaves:
randomly with probability &

greedy with probability 1 — ¢
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e-greedy exploration

v Do something random sometimes

Let's call policy e-greedy with respect to some Q-function, if it behaves:
randomly with probability &

greedy with probability 1 — ¢

1—e+ ﬁ when a = argmax Q(s, a)

m(als) = g
c .
= otherwise
Al
Decaying exploration: Persistent exploration:
ek —0, e >0 ek = const(k)

18



QO-learning (online)

Initialize Q*(s, a) arbitrarily;

observe sp;
for k=10,1,2...

e take action a, ~ e-greedy(Q*(sk, a));

e observe ry, sk i1;
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QO-learning (with replay buffer)
Q-learning (online) Initialize Q*(s, a) arbitrarily, D = ;
Initialize Q*(s, a) arbitrarily;

observe sp;
observe sp; for k=0,1,2...
for k=0,1,2... e take action ax ~ e-greedy(Q* (s, a));
e take action ax ~ e-greedy(Q*(sk, a)); e observe ry, ski1;
e observe ry, sk i1; o store (Sk, ak, Ik, Sk+1) in D;

o y = rc +ymax Q*(skt+1,ak+1);
Ak+1

Q*(sky ak) < (L — ax) Q*(sk, ak) + aky
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QO-learning (with replay buffer)

Q-learning (online) Initialize Q*(s, a) arbitrarily, D = ;
Initialize Q*(s, a) arbitrarily;
observe sp;

observe sp; for k=0,1,2...
for k=0,1,2... e take action ax ~ e-greedy(Q* (s, a));

e take action ax ~ e-greedy(Q*(sk, a)); e observe ry, Scy1;

e observe ry, sk i1; o store (Sk, ak, Ik, Sk+1) in D;

o yi=r,+ 72}3? Q* (Sk+1, Ak+1); e sample (s, a,r,s’) from D;

o Q*(sk,ak) « (1 — ak)Q*(sk, ak) + aky SNA S Q*(s',a);

v

QR*(s,a) — (1 — ax)Q*(s,a) + axy
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Q-learning is off-policy

Data source Interaction policy | Convergence
Online experience Infinite visitation Q*

Expert data - Q*
Experience replay | Infinite visitation Q*
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Safe RL

Expectation
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Safe RL

Expectation Reality

(

e

; Consider the family of «e-soft policies»:
Y v (a]s) > —

s,a:m(al|s) = —

| Al
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Q-learning vs SARSA

e—-soft Policy Improvement

In the family of «e-soft policies» e-greedy is policy improvement:

7 =c-greedy(Q"(s,a)) = 7Tx=m7
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Q-learning vs SARSA

e—-soft Policy Improvement

In the family of «e-soft policies» e-greedy is policy improvement:

7 =c-greedy(Q"(s,a)) = 7Tx=m7

Qu+1(s,a) « Qi(s,a) + ax (r(s,a) + yQk(s',d") — Qk(s, a))

Q-learning SARSA
a’ taken from target policy a’ taken from behavior policy
Ti(s) = arggnax Qi(s, a) i = e -greedy(Qx(s, a))
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Q-learning vs SARSA

e—-soft Policy Improvement

In the family of «e-soft policies» e-greedy is policy improvement:

7 =c-greedy(Q"(s,a)) = 7Tx=m7

Qur1(s; @) — Qi(s,a) + ax (r(s,a) + 7Qk(s', ') — Qu(s,a))

Q-learning SARSA
a’ taken from target policy a’ taken from behavior policy
Ti(s) = argmax Qi(s, a) i = e-greedy(Qk(s, a))

SARSA convergence properties

SARSA converges to optimal e-soft policy, satisfying

7 = e-greedy(Q7 (s, a)) 22




SARSA

Initialize Q™ (s, a) arbitrarily.

observe sy, select ag randomly;
for k=0,1,2...

e take action ay, observe ry, ski1;
e sample a5 1 ~ c-greedy(Q™ (sk+1,a))
o yi=r+vQ"(Sk41,ak+1);

Q7 (sky ak) < (L — ax) Q™ (sk, ak) + aky

23



SARSA

Expected-SARSA
Initialize Q™ (s, a) arbitrarily.

Initialize Q7 (s, a) arbitrarily.

observe sy, select ag randomly;

o e L9 observe sg;
or k =
’ ’. for k=0,1,2...
e take action ay, observe ry, Si11; e sample a; ~ e-greedy(Q™ (s, a));
e sample axy1 ~ e-greedy(Q™ (sk+1,a)) e take action ax, observe ry, ski1;

o y =ri+ Q" (Sk+1, ak+1);

Q7 (sky ak) < (L — ax) Q™ (sk, ak) + aky

o ¥ = rc+VEa; QT(Skr1, ak41);
) o Q"(sk,ak) « (1 — o) Q" (sks ak) + auy;

23]



SARSA is on-policy

For transition (s, a, r,s’,a):

QI::LI(S? a) - QE(Sa a) + (I’ + VQZ<SI7 a/) - ler(Sv a))

Data source Interaction policy | Convergence

Decaying exploration Q*
Online experience

*

Persistent exploration < -greedy

Expert data
(' taken from buffer)
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SARSA is on-policy

For transition (s, a, r,s’,a):

QI::LI(S? a) - QE(Sa a) + (I’ + VQZ<SI7 a/) - ler(Sv a))

Data source Interaction policy | Convergence

Decaying exploration Q*
Online experience

*

Persistent exploration < -greedy

Expert data
(' taken from buffer)
Experience replay
(2’ taken from buffer)

_ Q’ﬂ'cxpcrt

24



SARSA is on-policy

For transition (s, a, r,s’,a):

QI::LI(S? a) - QE(Sa a) + (I’ + VQZ<SI7 a/) - ler(Sv a))

Data source Interaction policy | Convergence

Decaying exploration Q*
Online experience

Persistent exploration *

€ -greedy
Expert data Qrresvent
(' taken from buffer)
E i |
PENENEE TEPIY arbitrar divergence
y g

(2’ taken from buffer)

24



«Fixing» SARSA (not really sarsa now)

For transition (s, a, r,s’) generate 3’ ~ w(a' | s'):

Qi1a(s,a) — Qi(s,a) + au (r + Qi (s, &) — Qi(s, )
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«Fixing» SARSA (not really sarsa now)

For transition (s, a, r,s’) generate 3’ ~ w(a' | s'):

Qi1a(s,a) — Qi(s,a) + au (r + Qi (s, &) — Qi(s, )

Data source Interaction policy | Convergence

Decaying exploration Q*
(any, but &’ generated online)

*

Persistent exploration ¥ greedy
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https://drive.google.com/file/d/1Z4W_-0IaMNpZnhnMkqcDVM_EA79GFJo-/view
http://www.gatsby.ucl.ac.uk/~dayan/papers/cjch.pdf
https://inst.eecs.berkeley.edu/~cs188/fa20/

