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Îáùàÿ êîìáèíàòîðíàÿ ñõåìà

Ìóëüòèìíîæåñòâà

Ìóëüòèìíîæåñòâî � îáîáùåíèå ïîíÿòèÿ ìíîæåñòâà,
äîïóñêàþùåå íàëè÷èå íåñêîëüêèõ ýêçåìïëÿðîâ îäíîãî è òîãî
æå ýëåìåíòà.

Ïðèìåðû

I Ìóëüòèìíîæåñòâî ïðîñòûõ ìíîæèòåëåé öåëîãî ÷èñëà.
Íàïðèìåð, ðàçëîæåíèå ÷èñëà 120 íà ïðîñòûå ìíîæèòåëè
èìååò âèä: 120 = 23 · 31 · 51, ïîýòîìó åãî ìóëüòèìíîæåñòâî
ïðîñòûõ äåëèòåëåé åñòü { 2, 2, 2, 3, 5 } èëè
{ 3 ∗ 2, 1 ∗ 3, 1 ∗ 5 }.

I Ìóëüòèìíîæåñòâî êîðíåé àëãåáðàè÷åñêîãî óðàâíåíèÿ.
Íàïðèìåð, óðàâíåíèå x3 − 5x2 + 8x− 4 = 0 èìååò êîðíè
{ 1, 2, 2 } èëè { 1, 2 ∗ 2 }.

Åñëè èìååòñÿ áåñêîíå÷íîå ÷èñëî ýêçåìïëÿðîâ:
{ ∗a, ∗b, 5 ∗ c } � n-ýëåìåíòíîå ìóëüòèìíîæåñòâî.
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Îáùàÿ êîìáèíàòîðíàÿ ñõåìà

Ïðîèçâîäÿùàÿ ôóíêöèÿ âûáîðà

Ïóñòü èìååòñÿ n-ýëåìåíòíîå ìóëüòèìíîæåñòâî, èç êîòîðîãî
áåð¼òñÿ âûáîðêà îáú¼ìà m. Òîãäà ÏÔ òàêîãî âûáîðà:

F (x1, . . . , xn) =

n∏
i=1

∑
j

αijx
j
i =

∑
m1+...+mn=m

um1,...,mnx
m1
1 . . . xmn

n ,

ãäå αij = 1, åñëè ìîæåò áûòü âûáðàíî j ýêçåìïëÿðîâ i-ãî
îáúåêòà è αij = 0, èíà÷å.

Åñëè âûáîð ýëåìåíòà p ýêâèâàëåíòåí r âûáîðàì ýëåìåíòà q,
òî ÷èñëî ïåðåìåííûõ ñîêðàùàþò, ïîëàãàÿ xp = xrq. Òàê âñå
ïåðåìåííûå ìîãóò áûòü âûðàæåíû ÷åðåç îäíó íèõ è â ýòîì
ñëó÷àå áóäåì èìåòü

F (x) =
∑
m>0

umx
m.

×èñëà Áåëëà, Ñòèðëèíãà, Êàòàëàíà è äð. ìîãóò áûòü ïîëó÷åíû
êàê ÷àñòíûå ñëó÷àè äàííîé ïðîèçâîäÿùåé ôóíêöèè.
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Îáùàÿ êîìáèíàòîðíàÿ ñõåìà

Ïðîèçâîäÿùàÿ ôóíêöèÿ âûáîðà: ïðèìåð 1

Ïðèìåð 1. X � îáû÷íîå (íå ìóëüòè) ìíîæåñòâî.
Òîãäà êàæäûé ýëåìåíò ìîæåò áûòü ëèáî âûáðàí, ëèáî íå
âûáðàí, ò.å. αi0 = αi1 = 1, αi2 = αi3 = . . . = 0.
Ñëåäîâàòåëüíî

F (x) = (1 + x1)(1 + x2) . . . (1 + xn) .

Åñëè íàñ èíòåðåñóåò òîëüêî îáú¼ì âûáîðêè m, òî ïîëàãàåì
x1 = . . . = xn = x è

F (x) = (1 + x)n =

n∑
m=0

Cmn x
m,

ò.å. òàêèõ âûáîðîê Cmn (ýòî ìû è òàê çíàëè).
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Îáùàÿ êîìáèíàòîðíàÿ ñõåìà

Ïðîèçâîäÿùàÿ ôóíêöèÿ âûáîðà: ïðèìåð 2

Ïðèìåð 2. Äàíî ìóëüòèìíîæåñòâî èç n ýëåìåíòîâ, èç
êîòîðîãî áåð¼òñÿ âûáîðêà îáú¼ìà m, ïðè÷¼ì êàæäûé ýëåìåíò
ì/á âûáðàí íå áîëåå r ðàç, òîãäà

F (x) = (1 + x+ . . .+ xr)n =
nr∑
m=0

umx
m.

Íàïðèìåð, n = 3; A = { ∗a, ∗b, ∗c }, m = 2.
Åñëè áû ýòî áûëî îáû÷íîå ìíîæåñòâî, òî

um =

(
n

m

)
=

(
3

2

)
= 3 : (a, b), (a, c), (b, c).

Åñëè ðàññìàòðèâàåòñÿ ìóëüòìíîæåñòâî, òî äîáàâëÿþòñÿ
(a, a), (b, b), (c, c):

um =

((
n

m

))
= C

m
n è

((
3

2

))
= 6.



ÌÅÒÎÄÛ ÀÍÀËÈÇÀ ÄÀÍÍÛÕ. ×àñòü VI: Êîìáèíàòîðíûå ìåòîäû â àíàëèçå ñòðóêòóð 7 / 41

Îáùàÿ êîìáèíàòîðíàÿ ñõåìà

Ïðîèçâîäÿùàÿ ôóíêöèÿ âûáîðà: ïðèìåð 2...

Åñëè ÷èñëî âûáîðîâ ýëåìåíòîâ íåîãðàíè÷åíî, òî ÏÔ åñòü

F (x) =
(
1 + x+ x2 + . . .

)n
=

1

(1− x)n
.

Ðàçëàãàåì äàííóþ ôóíêöèþ â ðÿä, ôîðìàëüíî ðàññìàòðèâàÿ
áèíîìèàëüíûå êîýôôèöèåíòû ïðè îòðèöàòåëüíûõ ïàðàìåòðàõ:

1

(1− x)n
= (1− x)−n =

∑
m>0

(−1)m
(
−n
m

)
xm =

∑
m>0

umx
m.

Èòîãî èìååì um = (−1)m
(
−n
m

)
def
=

((
n

m

))
=

= (−1)m (−n)(−n− 1) . . . (−n−m+ 1)

m!
=

=
(n+m− 1)(n+m) . . . n

m!
=

(
n+m− 1

m

)
= Cmn+m−1 = C

m
n .
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Îáùàÿ êîìáèíàòîðíàÿ ñõåìà

Ïðîèçâîäÿùàÿ ôóíêöèÿ âûáîðà: ïðèìåð 2...

Â íàøåì ñëó÷àå C
2
3 =

((
3
2

))
=
(
4
2

)
= 6.

C
k
n åñòü òàêæå è ÷èñëî ðåøåíèé óðàâíåíèÿ

x1 + x2 + . . .+ xn = k

â öåëûõ íåîòðèöàòåëüíûõ ÷èñëàõ (ïîðÿäîê ñëàãàåìûõ
ñóùåñòâåíåí).

Ïðåäñòàâëÿåì ÷èñëî k â âèäå íàáîðà k îäèíàêîâûõ øàðèêîâ,
ëåæàùèõ íà ïðÿìîé, è êàæäîìó ðàçëîæåíèþ ÷èñëà k
ñîïîñòàâèì ðàññòàíîâêó íà n− 1 ïàëî÷êè ìåæäó øàðèêàìè.
xi = ÷èñëî øàðèêîâ ìåæäó ïàëî÷êàìè ñ íîìåðàìè i è i− 1.
Âìåñòå ïàëî÷êè è øàðèêè ñîñòàâëÿþò n+ k − 1 ïðåäìåò, à
íàçíà÷èòü n− 1 ïàëî÷åê ìîæíî Cn−1n+k−1 = Ckn+k−1 ñïîñîáàìè.

Áûëî: ÷èñëî ðàñïðåäåëåíèé n íåðàçëè÷èìûõ øàðîâ ïî k
ðàçëè÷èìûì óðíàì, êîãäà íåêîòîðûå óðíû ìîãóò îñòàòüñÿ
ïóñòûìè � w = Ck−1n+k−1 = Cnn+k−1.
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Îáùàÿ êîìáèíàòîðíàÿ ñõåìà

Ïðîèçâîäÿùàÿ ôóíêöèÿ âûáîðà: ïðèìåð 3

Ïðèìåð 3. Â òîì æå ìóëüòèìíîæåñòâå èõ n ýëåìåíòîâ áåð¼òñÿ
âûáîðêà îáú¼ìà m, ïðè÷¼ì êàæäûé ýëåìåíò ä/á âûáðàí õîòÿ
áû 1 ðàç (ò.å. m > n > 1).

ÏÔ èñêîìûõ âûáîðîê åñòü

F (x) =
∑
m>0

umx
m = (x+ x2 + . . . )n =

=
(
x( 1 + x+ x2 + . . . )

)n
= xn( 1 + x+ x2 + . . . )n =

= xn
∑
m>0

((
n

m

))
xm =

∑
m>0

((
n

m

))
xm+n.

Çàìåíÿÿ m 7→ m− n, ïîëó÷àåì

F (x) =
∑
m>n

((
n

m− n

))
xm =

∑
m>n

(
m− 1

m− n

)
xm.
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Îáùàÿ êîìáèíàòîðíàÿ ñõåìà

Çàäà÷à î ðàçìåíå ìîíåò

Ïðèìåð 4. Ñêîëüêèìè ñïîñîáàìè ìîæíî ðàçìåíÿòü 1 ðóá.
ìîíåòàìè äîñòîèíñòâàìè 1, 5, 10 è 50 êîï.?

Ñòðîèì ÏÔ:

F (x) =
∑
k>0

ukx
k = (1 + x1 + x21 + . . .) · . . . · (1 + x4 + x24 + . . .).

Ó÷èòûâàåì äîñòîèíñòâà ìîíåò: x1 = x, x2 = x5, x3 = x10,
x4 = x50. Ïîýòîìó

F (x) =
1

1− x
· 1

1− x5
· 1

1− x10
· 1

1− x50
.

Ðàçëîæåíèå â ðÿä ïîëó÷åííîãî âûðàæåíèÿ òåõíè÷åñêè î÷åíü
ãðîìîçäêî. Íàì æå íóæíî ëèøü çíà÷åíèå u100.
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Îáùàÿ êîìáèíàòîðíàÿ ñõåìà

Çàäà÷à î ðàçìåíå ìîíåò...

Ïîýòîìó ìîæíî äåéñòâîâàòü ñëåäóþùèì îáðàçîì. Èìååì

u0 =u1 = u1 = u1 = u4 = 1,

u5 =u6 = u7 = u8 = u9 = 2, u10 = 4 .

10 êîï. = 10 · 1 êîï. = 5 êîï.+5 · 1 êîï. = 2 · 5 êîï.
� èòîãî 4 ñïîñîáà.

Ïîëîæèì

A(x) =
1

1− x
· 1

1− x5
· 1

1− x10
= a0 + a1x+ a2x

2 + . . . ,

B(x) =
1

1− x
· 1

1− x5
= b0 + b1x+ b2x

2 + . . . ,

ïðè÷¼ì b0 = b1 = . . . = b4 = 1 (ïðåäñòàâëåíèå 0, 1, 2, 3 è
4 êîïååê) è, êðîìå òîãî, 1

1−x = 1 + x+ x2 . . ..
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Îáùàÿ êîìáèíàòîðíàÿ ñõåìà

Çàäà÷à î ðàçìåíå ìîíåò...

Èìååì

A(x) = (1− x50) · F (x) ;
B(x) = (1− x10) ·A(x) ;
1

1− x
=(1− x5) ·B(x).

Îòñþäà 
ak = uk − uk−50 , ïðè k > 50 ,
bk = ak − ak−10 , ïðè k > 10 ,
1 = bk − bk−5 , ïðè k > 5 .

Èç ïîñëåäíåãî ñîîòíîøåíèÿ � bk =

⌊
k

5

⌋
+ 1 , k > 0 èëè

B(x) : (1, 1, 1, 1, 1, 2, 2, 2, 2, 2, 3, 3, 3, 3, 3, . . .).
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Îáùàÿ êîìáèíàòîðíàÿ ñõåìà

Çàäà÷à î ðàçìåíå ìîíåò...

Òàêèì îáðàçîì,{
uk = ak + uk−50 , k > 50 ,
ak = bk + ak−10 , k > 10 .

Èç ïåðâîãî ðàâåíñòâà � u100 = a100 + a50 + u0 è äàëåå:

a100 = b100 + b90 + . . .+ b60 + b50 + . . .+ b10 + a0

a50 = b50 + b40 + . . .+ b10 + a0 .

Ïîñêîëüêó u0 = a0 = 1, èìååì

u100 = b100+b90+b80+b70+b60+2·(b50+b40+b30+b20+b10+1)+1 =

= 21 + 19 + 17 + 15 + 13 + 2 · (11 + 9 + 7 + 5 + 3 + 1) + 1 =

= 85 + 2 · 36 + 1 = 86 + 72 = 158.
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Îáùàÿ êîìáèíàòîðíàÿ ñõåìà

Çàäà÷à î ðàçìåíå ìîíåò: çàìå÷àíèÿ

Â îáùåì ñëó÷àå, ÷èñëî ïðåäñòàâëåíèé ñóììû â k åäèíèö
ìîíåòàìè ïî r1, . . . , rm åäèíèö ðàâíî êîýôôèöèåíòó uk â
ðàçëîæåíèè ïî x ÏÔ

F (x) =
1

1− xr1
· . . . · 1

1− xrm
.

Ïðè ri = i , i = 1, 2, . . . èìååì

F (x) =
1

1− x
· 1

1− x2
· 1

1− x3
· . . . .

Êîýôôèöèåíò un = p(n) ðàçëîæåíèÿ ýòîé ÏÔ â ðÿä ïî x
íàçûâàåòñÿ ÷èñëîì ðàçáèåíèé n � ýòî ÷èñëî ïðåäñòàâëåíèé n
â âèäå ñóììû ïîëîæèòåëüíûõ öåëûõ ñëàãàåìûõ áåç ó÷¼òà
ïîðÿäêà.

Äëÿ p(n) íåèçâåñòíî âûðàæåíèå â çàìêíóòîì âèäå.
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Îáùàÿ êîìáèíàòîðíàÿ ñõåìà

Çàäà÷à î ðàçìåíå ìîíåò: çàìå÷àíèÿ

Äëÿ ïåðâûõ çíà÷åíèé n èìååì

p(1) = 1 , p(2) = 2 , p(3) = 3 , p(4) = 5 , p(6) = 11 , p(7) = 15 .

Íàïðèìåð,

4 = 4 · 1︸︷︷︸
1

= 3 + 1︸ ︷︷ ︸
2

= 2 + 2︸ ︷︷ ︸
3

= 2 + 1 + 1︸ ︷︷ ︸
4

= 1 + 1 + 1 + 1︸ ︷︷ ︸
5

.

Ñ. Ðàìàíóäæàí ïîêàçàë, ÷òî

p(5n+ 4) ≡5 0 , p(7n+ 5) ≡7 0 , p(11n+ 6) ≡11 0 .

p(n) ∼ Ane
π
(√

2
3(n−

1
24)
)

ãäå An =
1

2π
√
2

(
π√

6
(
n− 1

24

) − 1

2
(
n− 1

24

)3/2
)

p(200) = 3 972 999 029 388� òî÷íîå çíà÷åíèå
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Îáùàÿ êîìáèíàòîðíàÿ ñõåìà

Ðàìàíóäæàí
Ñðèíèâàñà Ðàìàíóäæàí Àéåíãîð

(àíãë. Srinivasa Ramanujan Iyengar,
1887�1920)

� ìàòåìàòè÷åñêèé ãåíèé Èíäèè.

Ó íåãî òàìèëüñêîå èìÿ áåç
ôàìèëèè: Ðàìàíóäæ�àí � èìÿ,

Ñðèíèâ�àñà � îò÷åñòâî, Àéåíã�îð � êàñòà.
Íå èìåÿ ñïåöèàëüíîãî ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ, äîêàçàë

ñïðàâåäëèâîñòü îêîëî 120 ðàíåå íåèçâåñòíûõ òåîðåòèêî-÷èñëîâûõ
ôîðìóë.

Ðàìàíóäæàí äî 27 çàíèìàëñÿ ìàòåìàòèêîé ñàìîñòîÿòåëüíî.
Çàòåì, ïî íàñòîÿíèþ Ã. Õàðäè ïåðååçæàåò â Êåìáðèäæ, ãäå

ñòàíîâèòñÿ ïðîôåññîðîì è ÷ëåíîì Ëîíäîíñêîãî êîðîëåâñêîãî
îáùåñòâà.

Åãî ðåçóëüòàòû ïîðîæäåíû íåïîâòîðèìîé ìàòåìàòè÷åñêîé
ôàíòàçèåé è ôàíòàñòè÷åñêîé èíòóèöèåé.
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Îáùàÿ êîìáèíàòîðíàÿ ñõåìà

Äîêàçàíî Ðàìàíóäæàíîì

π =
9801

2
√
2
∑∞

k=0

(
(4k)!
(k!)4
· 1103+26390k

(4·99)4k

) .
Óæå ïðè k = 100 äîñòèãàåòñÿ îãðîìíàÿ òî÷íîñòü � 600
âåðíûõ çíà÷àùèõ öèôð!√

1 + 2

√
1 + 3

√
1 + 4

√
1 + . . . = 3.

x3 + y3 + z3= w3, ãäå

x = 3a2 + 5ab− 5b2, z = 4a2 − 4ab+ 6b2,

y = 5a2 − 5ab− 3b2, w = 6a2 − 4ab+ 4b2.

Ñàì Ðàìàíóäæàí ãîâîðèë, ÷òî ôîðìóëû åìó âî ñíå âíóøàåò
áîãèíÿ Íàìàãèðè Òõàéÿð.
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Çàäà÷è ñ ðåøåíèÿìè

Ðàçäåëû

Îáùàÿ êîìáèíàòîðíàÿ ñõåìà

Çàäà÷è ñ ðåøåíèÿìè

×òî åù¼ ïî÷èòàòü
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à Comb-1

Ïîêàçàòü, ÷òî S(n, n− 1) = C2
n.

Ðåøåíèå
Èç ðåêóððåíòíîãî ñîîòíîøåíèÿ äëÿ ÷èñåë Ñòèðëèíãà II ðîäà:

S(n, n− 1) = (n− 1)S(n− 1, n− 1)︸ ︷︷ ︸
=1

+S(n− 1, n− 2) = . . .

. . . = (n− 1) + (n− 2) + . . .+ 1 =
n(n− 1)

2
= C2

n.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à Comb-2

Ïîêàçàòü, ÷òî S(n, n− 2) = 3C4
n + C3

n

(ïîëåçíà ôîðìóëà ñóììèðîâàíèÿ áèíîìèàëüíûõ

êîýôôèöèåíòîâ ïî íèæíåìó èíäåêñó
n∑
k=0

Cmk = Cm+1
n+1 ).

Ðåøåíèå
Èç ðåêóððåíòíîãî ñîîòíîøåíèÿ äëÿ ÷èñåë Ñòèðëèíãà II ðîäà
ïîñëåäîâàòåëüíî ïîëó÷àåì (ïîä÷¼ðêíóò èòåðàòèâíûé ÷ëåí):

S(n, n− 2) = (n− 2)S(n− 1, n− 2) + S(n− 1, n− 3) =

= (n− 2)C2
n−1 + (n− 3)S(n− 2, n− 3) + S(n− 2, n− 4) =

= (n− 2)C2
n−1 + (n− 3)C2

n−2 + S(n− 2, n− 4) = . . .

=

n−2∑
i=1

C2
n−i(n− i− 1) =

n−2∑
i=1

C2
n−i(n− i− 2) +

n−2∑
i=1

C2
n−i .
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à Comb-2...

Èìååì äàëåå

C2
n−i(n−i−2) =

(n− i)!(n− i− 2)

2!(n− i− 2)!
=

3!

2!
· (n− i)!
3!(n− i− 3)!

= 3C3
n−i

Çàòåì n−2∑
i=1

C3
n−i =

n−1∑
i=2

C3
i =

n−1∑
i=0

C3
i = C4

n

� âòîðîå ðàâåíñòâî ïîëó÷åíî ïî Ckn = 0 ïðè n < k,
ïîñëåäíåå � ïî ôîðìóëå ñóììèðîâàíèÿ ïî íèæíåìó èíäåêñó.

Àíàëîãè÷íî
n−2∑
i=1

C2
n−i =

n−1∑
i=2

C2
i = C3

n è ïîëó÷àåì òðåáóåìîå.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à Comb-3

Ñêîëüêèìè ñïîñîáàìè ìîæíî ðàçëîæèòü n ðàçëè÷èìûõ

îáúåêòîâ â íåðàçëè÷èìûå êîðîáêè òàê, ÷òîáû íè îäíà èç íèõ
íå îêàçàëàñü ïóñòîé?

Ðåøåíèå.
Ïðè ðàçëîæåíèè n îáúåêòîâ îäíîâðåìåííî çàäåéñòâîâàíî
ìîæåò áûòü ìàêñèìóì n êîðîáîê, à êàæäîìó äîïóñòèìîìó
ðàçëîæåíèþ ñîîòâåòñòâóåò íåêîòîðîå ðàçáèåíèå ìíîæåñòâà èç
n îáúåêòîâ.

Êîëè÷åñòâî òàêèõ ðàçáèåíèé ðàâíî ÷èñëó Áåëëà B(n).
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à Comb-4

Ïîñòðîèòü äèàãðàììó Õàññå áåëëèàíà 3-ýëåìåíòíîãî
ìíîæåñòâà { a, b, c }.

Ðåøåíèå
(abc)

(a|bc) (b|ac) (c|ab)

(a|b|c)

�
�
��

[
[
[[

[
[
[[

�
�
��

Èìååì: S(3, 1) = 1, S(3, 2) = 3, S(3, 3) = 1.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à Comb-5

Íàéòè ÿâíûé âèä îáùåãî ÷ëåíà ïîñëåäîâàòåëüíîñòè
u0 = 1, u1, u2, . . ., óäîâëåòâîðÿþùóþ óñëîâèÿì

k∑
j=0

ujuk−j = 1, k ∈ N. (∗)

Ðåøåíèå. Íàïîìèíàíèå:

A =
∑
i>0

ai , B =
∑
i>0

bi , A ·B = C =
∑
k>0

ck,

ck =

k∑
j=0

ajbk−j � ñâ¼ðòêà êîýôôèöèåíòîâ ai è bi .

Òåïåðü ÿñíî, ÷òî ëåâàÿ ÷àñòü (∗) åñòü êîýôôèöèåíò ïðè x â(∑
k>0 ukx

k
)2
.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à Comb-5...

Ïîëîæèì F (x) =
∑
k>0

ukx
k. Òîãäà ïî (∗)

F 2(x) = 1 + x+ x2 + . . . =
1

1− x
.

Ñëåäîâàòåëüíî,

F (x) = (1− x)−1/2 =
∑
k>0

(
−1/2
k

)
(−1)kxk .

Íàõîäèì uk:

uk = (−1)k
(
−1/2
k

)
= (−1)k

(
−1

2

) (
−3

2

) (
−5

2

)
. . .
(
−2k−1

2

)
k!

=

=
1 · 3 · 5 · . . . · (2k − 1)

2kk!
=

(2k − 1)!!

2kk!
.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à Comb-6

Äëÿ ïîñëåäîâàòåëüíîñòè (u0, u1, . . . ) = (2, 5, 13, . . .), ãäå
uk = 2k + 3k íàéòè îáû÷íóþ è ýêñïîíåíöèàëüíóþ ÏÔ.

Ðåøåíèå

I Îáû÷íàÿ ÏÔ:

F (x) =
∑
k>0

ukx
k =

∑
k>0

2kxk +
∑
k>0

3kxk =

=
1

1− 2x
+

1

1− 3x
=

2− 5x

1− 5x+ 6x2
.

I Ýêñïîíåíöèàëüíàÿ ÏÔ:

F (x) =
∑
k>0

uk
xk

k!
=
∑
k>0

2kxk

k!
+
∑
k>0

3kxk

k!
= e2x + e3x.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à Comb-7

Ñ ïîìîùüþ ÏÔ äîêàçàòü òîæäåñòâî

Cn2n =

n∑
k=0

(
Ckn

)2
.

Ðåøåíèå.

(1 + x)2n = (1 + x)n(1 + x)n ⇔

⇔
2n∑
i=0

Ci2nx
i =

(
n∑
k=0

Cknx
k

)(
n∑

m=0

Cmn x
m

)
.

Ñðàâíèâàÿ êîýôôèöèåíòû ïðè xn, ïîëó÷èì

Cn2n =

n∑
k=0

CknC
n−k
n =

n∑
k=0

(
Ckn

)2
.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à Comb-8

Íàéòè ÏÔ äëÿ ïîñëåäîâàòåëüíîñòè ÷¼òíûõ è íå÷¼òíûõ íîìåðîâ
÷èñåë Ôèááîíà÷è.

Ðåøåíèå. Ïóñòü F (x) � ÏÔ äëÿ (u0, u1, u2, u3 . . .).
Òîãäà F (−x) � ÏÔ äëÿ (u0, −u1, u2, −u3 . . .).

Èìååì
F (x) + F (−x)

2
� ÏÔ äëÿ (u0, 0, u2, 0 . . .).

Îòñþäà
F (y) + F (−y)

2

∣∣∣∣∣
y2=x

� ÏÔ äëÿ (u0, u2, u4, . . .) è

F (y)− F (−y)
2y

∣∣∣∣∣
y2=x

� ÏÔ äëÿ (u1, u3, u5, . . .).

ÏÔ äëÿ ÷èñåë Ôèááîíà÷è: F (x) =
1

1− x− x2
.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à Comb-8...

Èìååì

1

2

(
1

1− x− x2
+

1

1 + x− x2

)
=

1− x2

1− 3x2 + x4
.

F (x)÷¼òí =
1− x

1− 3x+ x2
.

1

2x

(
1

1− x− x2
− 1

1 + x− x2

)
=

6 x
6 x · (1− 3x2 + x4)

.

F (x)íå÷¼òí =
1

1− 3x+ x2
.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à Comb-9

Âûâåñòè ôîðìóëó äëÿ îïðåäåëèòåëÿ 4n òð¼õäèàãîíàëüíîé
ìàòðèöû n-ãî ïîðÿäêà

3 2 0 0 . . . 0
1 3 2 0 . . . 0
0 1 3 2 . . . 0
0 0 1 3 . . . 0
. . . . . . . . . . . . . . . . . .
0 0 0 0 1 3


ìåòîäàìè ïðîèçâîäÿùèõ ôóíêöèé è ëèíåéíûõ ðåêóððåíòíûõ
ïîñëåäîâàòåëüíîñòåé; ñ÷èòàåì, ÷òî 40 = 1.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à Comb-9...

Ðåøåíèå ìåòîäîì ïðîèçâîäÿùèõ ôóíêöèé

Èìååì 41 = 3 è 4n+1 = 34n − 24n−1 äëÿ n > 1.

Íàéä¼ì ïðîèçâîäÿùóþ ôóíêöèþ

F (x) =
∑
n>0

unx
n = 1 + 3x+

∑
n>2

unx
n =

= 1 + 3x+
∑
n>2

(3un−1 − 2un−2)x
n =

= 1 + 3x+ 3x
∑
n>2

un−1x
n−1 − 2x2

∑
n>2

un−2x
n−2 =

= 1 + 3x+ 3x(F (x)− 1)− 2x2F (x) =

= 1 + 3xF (x)− 2x2F (x) ⇒

⇒ F (x)(1− 3x+ 2x2) = 1 ⇒ F (x) =
1

1− 3x+ 2x2
.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à Comb-9...

1− 3x+ 2x2 = (1− ax)(1− bx) = 1− (a+ b)x+ abx2 .{
a+ b = 3 ,
ab = 2 ,

⇒ a = 1 , b = 2 .

1

(1− x)(1− 2x)
=

A

1− x
+

B

1− 2x
⇒

⇒ A− 2Ax+B −Bx = 1 ⇒

⇒
{
A+B = 1 ,
2A+B = 0 ,

⇒ A = −1 , B = 2 .

F (x) =
∑
n>0

unx
n =

−1
1− x

+
2

1− 2x
=

=
∑
n>0

(−1)xn +
∑
n>0

2(2n)xn =

=
∑
n>0

(2n+1 − 1)xn ⇒ 4n = 2n+1 − 1 .
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à Comb-9...

Ðåøåíèå ìåòîäîì ë.ð.ñ.

Ñîîòíîøåíèå � 4n+2 − 34n+1 + 24n = 0.

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå:

P (x) = x2 − 3x+ 2 = 0 ⇒ x1 = 1, x2 = 2.

Îáùåå ðåøåíèå: un = β1 + β2 · 2n.
Èñïîëüçóÿ íà÷àëüíûå óñëîâèÿ �{

β1 + β2 = 1
β1 + 2β2 = 3

⇒
{
β2 = 2
β1 = −1

.

Ðåøåíèå: un = 2n+1 − 1.



ÌÅÒÎÄÛ ÀÍÀËÈÇÀ ÄÀÍÍÛÕ. ×àñòü VI: Êîìáèíàòîðíûå ìåòîäû â àíàëèçå ñòðóêòóð 34 / 41

Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à Comb-10

Ñêîëüêèìè ñïîñîáàìè ìîæíî ðàçìåíÿòü ìîíåòó 20 êîï.
ìîíåòàìè ïî 1, 2, 3 è 5 êîï.?

Ðåøåíèå. Ñòðîèì ÏÔ ïî îáùåé êîìáèíàòîðíîé ñõåìå.

F (x1, . . . x5) = ( 1 + x1 + x21 + . . . ) · ( 1 + x2 + x22 + . . . )·
( 1 + x3 + x23 + . . . ) · ( 1 + x4 + x24 + . . . ) =(

çàìåíà: x1 7→ x , x2 7→ x2 , x3 7→ x3 , x4 7→ x5
)

= ( 1 + x+ x2 + . . . ) · ( 1 + x2 + x4 + . . . )·
( 1 + x3 + x6 + . . . ) · ( 1 + x5 + x10 + . . . ) =

=
1

1− x
· 1

1− x2
· 1

1− x3
· 1

1− x5
=
∑
k>0

ukx
k ;

uk � ÷èñëî ðàçìåíîâ k êîïååê .
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à Comb-10...

Îáîçíà÷èì

A(x) =
1

1− x
· 1

1− x2
· 1

1− x3
=
∑
k>0

akx
k , a0 = a1 = 1; a2 = 2 ;

B(x) =
1

1− x
· 1

1− x2
=
∑
k>0

bkx
k , b0 = b1 = 1 ;

C(x) =
1

1− x
= 1 + x+ x2 + . . . .

Íåïîñðåäñòâåííî âû÷èñëÿåòñÿ

u0 = u1 = 1; u2 = 2, u3 = 3; u4 = 4, u5 = 6.

Èìååì

A(x) =
∑
k>0

akx
k = (1− x5) =

∑
k>0

ukx
k ⇒

⇒ uk − uk−5 = ak , k > 5.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à Comb-10...

Àíàëîãè÷íî {
ak − ak−3 = bk , k > 3 ,
bk − bk−2 = 1 , k > 2 .

Èëè 
uk = ak + uk−5 , k > 5 ,
ak = bk + ak−3 , k > 3 ,
bk = 1 + bk−2 , k > 2 .

Èç ïîñëåäíåãî ñîîòíîøåíèÿ

B(x) : (1, 1, 2, 2, 3, 3, . . .) , èëè bk =

[
k

2

]
+ 1 .
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à Comb-10...

Ðàñêðûâàåì

u20 = u15 + a20 = a20 + a15 + u10 = a20 + a15 + a10 + u5 .

Ðàñêðûâàåì êîýôôèöèåíòû a:

a20 = b20 + b17 + b14 + b11 + b8 + b5 + a2 = 44,

a15 = b15 + b12 + b9 + b6 + b3 + a0 = 27,

a10 = b10 + b7 + b4 + a1 = 14.

Îêîí÷àòåëüíî, u20 = 44 + 27 + 14 + 6 = 91.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à Comb-11

Íàéòè àñèìïòîòèêó (ñêîðîñòü ðîñòà) ÷èñåë Êàòàëàíà tk ïðè
k →∞.

Ðåøåíèå. Èìååì

tk =
1

k + 1

(
2k

k

)
=

1

k + 1
· (2k)!
k!k!

,

è èñïîëüçóÿ ôîðìóëó Ñòèðëèíãà n! ∼
√
2πn · (n/e)n �

tk ≈
4k

k
√
πk
.
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×òî åù¼ ïî÷èòàòü

Ðàçäåëû

Îáùàÿ êîìáèíàòîðíàÿ ñõåìà

Çàäà÷è ñ ðåøåíèÿìè

×òî åù¼ ïî÷èòàòü
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