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OBITAA XAPAKTEPUCTUKA PABOTHI

AKTyaJbHOCTH TE€MBI. 3ajJlauu pacro3HaBanus o6pa3oB (Kiaccudukalm)
BOBHUKAIOT IIPU PELICHUHU IPAKTUIECKUX 1IPOOJIEM BO MHOIMX 00J1aCTsX (9KOHOMU-
Ka, COIUOJIOrHst, nH(MOPMATIMOHHBIE TEXHOJIOTHE U T.J1.). Bo Bropoii mosoBure XX
Beka akajgemukom PAH FHO.U. 2ZKypassieBoiM Obliia mpeiioKena MO A.A20PU-
mo6 soriucaenus ouenox (ABO) ms pemenust 3amad kiaccudukanuu. Y HUBEp-
CAJIbHOCTH MOJIEIN TTO3BOJISET MPEACTABIATE MUPOKUI KJIACC aJrOPUTMOB PACITIO-
3HaBaHMsi 00Pa30B, ¥ OOJBIMTUHCTBO U3BECTHBIX HA, JIAHHBIFT MOMEHT MPaBUJI KJIac-
cupukanym MOryT ObITH OMMCAHBI B paMKax Januoit mojgesn. Paborsr FO. M. 2Ky-
paBjIeBa CTAJM HAYAJIOM OOJILIIOro KoJamuecTBa ucciaegoBannii momenn ABO. B
IIEPBYIO OYepejib MHTEPEC BBI3LIBAJU BOIPOCHI O BO3MOXKHOCTHU IOCTPOCHUS (-
(hbEeKTUBHBIX aJrOPUTMHUUYECKUX peajusanuu Mmojeseil. fAsnas peanuzanus ABO
IPaKTUIECKH HEBO3MOXKHA B CBSA3H C €€ OOJIbIION BHIYUCIUTEIHLHON CJI02KHOCTBIO.
[Tpu mombITKe peruTh JaHHYIO TPOOJIEMY TTOSTBUIOCH JIBA OCHOBHBIX HAITPABJICHMUST
wceaesoBanuit: nosydenue sddextuBabix Gopmys Bbranciaenus onexok (FO.M.
Kypasnes, A.A. Anekcansin, C.H. Mupomauk, M. Muxanesunu, B.B. Hukudo-
pos, H.M. Kamwios, III.E. Tyasaranos, I.B. I'ypesuu, A.I. JIbsikoHOB), mOUCK
IapaMeTpoB MOJIeei, TPU KOTOPBIX BO3MOXKHA a3 dexkTupHast peanunszannsg ABO
( FO.M. XKypasiaes, A.A. Anekcansi, A.I'. JpskoHOB).

AJIrOpUTM BBIYHMCIEHUST OIEHOK MPEJICTaBIsSIeT COOOH CyNepro3nuinio pacro-
3HAIOIIETO OIepaTopa W pPernaloniero npapuia. Pacrnosnaiomnuii oneparop BhIUNC-
JISIeT MaTPUILY OIEHOK OJIM30CTH PACIIO3HABAEMbIX OOBEKTOB K KJIaccaM Paciio3Ha-
BaHust. Pernatoniee npaBmio oCyecTBIIsieT caMy KJIaCCU(PUKAIMIO 110 JIAHHON MaT-
purie. OCHOBHAS CJIOXKHOCTL Mpu mocTpoennn pdekTuBHbIx peanunzannii ABO
3aKJIF0UEHA MMEHHO B 3aJiade BbIUMCJICHHSI OIEeHOK OJm3ocTu. Ba)XHbIMu mapa-
merpamu Mozean ABO saBisiiorcst pynkyua bau3ocmu I cucmema onopHovls MHo-

oicecme. B paborax FO.U. 2Kypapiesa npuBenennsl mpuMephbl GyHKINGE OJM30CTH



U CUCTEM OIIOPHBIX MHOXKECTB, IPU KOTOPHIX OCYIIECTBIISIETCS CBEPTKA, (DOPMYJIbI
BbIUKCJICHKST OIleHOK Osim3ocTu. B pabore A A. Anekcansina u FO. M. 2Kypasiesa
1HOKa3bIBAETCS, YTO BOBMOXKHOCTH yIPOILIEHUs POPMYJI CYIIECTBEHHO 3aBUCUT OT
BBIOOPa CUCTEMBI OTIOPHBIX MHOYXKECTB U TpeJilaraeTcs OOINiA MO/IX0)] K U3y YeHUIO
zasiaan 00 addexkruBnoit peanuzanun momeneir ABO. Jlnsg KoHKpeTHOro Kiacca
dbynakmmit 6sinzoctn ALl J[IbSKOHOBBIM ObLIN HaliJICHBI BCE CUCTEMbI OTIOPHBIX MHO-
YKECTB, JIJIsi KOTOPhIX BO3MOYKHO OCYIIIECTBUTH CBEPTKY OIlpejieJieHHOro Bujia. [pn
9TOM aKTyaJIbHBIMU OCTAIOTCsl BOIIPOCHI TTOJTHOT'O OITUCAHUS CUCTEM OIMOPHBIX MHO-
JKECTB, IIPU KOTOPbIX JIOIYCTUMBbI TaKue yIpolienust (popmyJi JIJist JIPYIUX KJaccoB
dbyHuKIHit 6IU30CTH.

B xonre 1970x rogos FO.M. 2KypapiieBbIM ObLT IpeJiIoxKeH ajaredbpaniecKuii
TIOJTXOJT K PEIIeHWTO 3a/1a9 Paclo3HaBaHus 00pa30B. [leHTpaJbHbIM MOHATHEM AJI-
reOpanveckoro IMOJXO/a sIBJAETCS KOPPEKTHOCTH CeMEHCTB aJrOPUTMOB PAaCIIO-
3HaBaHus. Ha mpakTuke OHO O3HAYAET BO3MOXKHOCTHL IMOJIyUYeHUs JIF0OOH Kirac-
cudukalnum oObEKTOB 3ajadu IPU MOMOIIM aJropuTMoB cemeiictsa. Wcciieo-
BaHUIO BOIIPOCOB KOPPEKTHOCTU ObLJIO MOCBSIIEHO MHOXKeCTBO pabor. HieHom-
koppecnongenrom PAH K.B. Pynakosnim ObLia paspaboTamna Teopus JOKAJLHBIX
1 YHUBEPCAJBHBIX OIPAHUYEHU JIJIsd aHAJIN3a OOINUX CeMEHCTB aJrOPUTMOB U JIO-
Ka3aHbl KPUTEPUU KOPPEKTHOCTH. [lepBble Kpurepuu KOPPEKTHOCTU JJIs ajreod-
pandecknx 3ambikannit Momesn ABO ommcannr B paborax akagemnka PAH B.JL
Marpocosa. B paborax A.I'. [IpsikoHOBa yCTaHaBIMBAETCS, ITO CBOWCTBO KO-
PeKTHOCTH aJjirebpamdecKknx 3aMbikanuii cemeiicrBa ABO st KOHKpeTHON 3a/1a-
YU 9KBUBAJIEHTHO OTCYTCTBUIO CBOMCTBA K-CUHI'YJISIDHOCTH Y HAOOPa CUCTEMbI TO-
YeK TMPU3HAKOBBIX OMUCAHUI paclo3HaBaeMbIX 00bEeKTOB. [loaToMy akTyabHBIM
SABJIETCA WCCJIeJIOBAHNE TIOHATHS K-CUHTYISIPHOCTH B paMKaxX ajreOpandecKkoro
oJIX0/1a K pacrno3HaBannio. CucreMa ¢ Touek B KOHETYHOMEPHOM ITPOCTPAHCTBE

Ha3bIBAETCs k-CUHTYJISIPHO, €CJIM pa3MepPHOCTH MTPOCTPAHCTBA 3HAYCHU MTOJIMHO-



MOB CT€IICHHN HE BbIIIE k <C MHO3JIEMEHTHDBIM YMHO)KGHI/IGM> oT CTOH6L[OB MaTPHUILbI
IMOITaPHbIX pa,CCTOHHI/Iﬁ CUCTEMbI ME€HbIIEC ¢

ILlenpio paboTsl ABISETCS:

1. UccnepoBanue BOSMOXKHOCTHU IOCTPOEeHUS 3(PPEKTUBHBIX peasn3aliiii Mojie-
neit ABO B 3aBucumocTs oT BbiOOpa (DYHKIHMI OJU30CTH W CHCTEMBI OIIOP-
HBIX MHOYKECTB.

2. UccnenoBanue cBoicTBa k-CUHTYJISPHOCTH B PaMKax aJredpamdeckoro
MOJIX0JIa K pAacIO3HABAHUIO, TOJYUEHHE aJjiredpaundecKuxX Kpurepuen k-

CUHT'YJIAAPHOCTH.

Haygnasa HOBU3HaA. Bce pe3ynbraThl AuccepTamMonHol pabOThl ABIAIOTCS
HOBBIMU. BbIjie/inM OCHOBHBIE.

Bo BTOpOil ryaBe juccepTanMoHHON pabOThl ONUCAH YaCTUIHBIN MOPsJIOK U
ero cpoifcrBa Jyist Kiacca 0-adermusnoir cucreMm OHOPHBIX MHOXKECTB (111po-
KUl KJIACC CUCTEM OMOPHBIX MHOXKECTB, TIPU KOTOPBIX JOMYyCTUMA 3DPEeKTHBHA
peasmsanusg ABO). Jokazana NP-nosroTa 331811 oncka KOHTPIpUMEPaA K CBOTi-
cTBY O-a¢hpexmusrocmu pu JOMOTHUTETLHBIX OIPAHUICHUX.

B rTperbeil riaBe jokaszaH aJiredpanveckuii KpuTepuu it CBOHCTBA k-
cuHryJisipHocTu. IIpejjioskeH MOJIMHOMUAJIBHBIN aJIFOPUTM Pa3/Ie/IeHUs] CUCTEMbI
TOYEK Ha MUHMMAJILHOE YUCJIO TOJICUCTEM, KaxKjiasi UX KOTOPbIX He sBJisiercs k-
cunryJjisipuoit. [losiydena onenka Ha MUHUMAJILHOE YUCJIO TAKUX 11OJICUCTEM.

MeTtoanKa ucCCJIeJOBAHUA: METOJIbI JUCKPETHONW MaTeMaTUKH, KOMOWHA-
TOpHAs ONTUMU3AINS, TEOPUT MATPOUJIOB.

IIpakTuieckas 1mMeHHOCTb. PaboTa B OCHOBHOM HOCUT TE€OPETHUYECKWil Xa-
pakTep. [losydennbie pe3yibTaThl MOTYT ObITH UCIOJIB30BaHbBI JJIs 3D (DEKTUBHOII
peanmzannn ABO n pasOuenust Ha 001acTH KOMIIETEHTHOCTH TP PEITICHUH TTPH-
KJIQJIHBIX 3a/1a4 C [TOMOIIIHIO ajredpaniecKux KOHCTPYKIIU.

Anpobarus padorel. MarepuaJibl, U3/I0KEHHBIE B JINCCEPTAIMN, JIOKJIA b~

BaJIUCh Ha



- MexiyHaponabix KOH(DEPEHINsIX CTYACHTOB, aCIUPAHTOB ¥ MOJIOJIBIX yUe-
ubix «JIomonocos 2009 [1], «Jlomonocos 20105 [5] (Mocksa, MI'Y);

- 52-it nayunoit koudepenun MOTU «Copemennbie u npobJsembl QyH1a-
MEHTaJIbHBIX U npuKJIajnbix Hayky [4] (Hosronpyubiit, MOTU);

- Bcepoccniickoit kondepennun «Maremarnieckue MeTojibl Paciio3HaBAHMS

0bpazos - 14» [3] (Cysmamnn);

- Mexnynaponnoii koudepennun «HTeanekryatun3annusa o0opadboTK HHGPOP-

marmn - 20105 |7] (ITadoc, Kump);

JIuuanubrii BKaaa. OCHOBHBIE Pe3ysIbTaThl MOJYIEeHbI aBTOPOM JUIHO. B coB-
MEeCTHO# 11ybsinkalu B Marepuajiax Kondepeniuu [3| aBropy npuHa/jiexRuT aJ-
rebpanveckuii Kpurepwuii k-cunrynsipaocru (1c.), a B [7] - perenne 3aatau pasou-
eHHUsI Ha IOJCUCTEMbl Oe3 CBOWCTBA 1-CHHIYJISIDHOCTH M OI€HKa Ha MUHUMAJIbLHOE
GUCI0 TAKUX HojcucTeM (2c.).

IMy6aukarumn. 1o reme juccepranuu onybsukosano 7 pabor [1-7], B Tom unc-
ae ogra B ZKBMuM® u oina B Becrhuke MockoBekoro yauBepenrera (2KypHaJibl
BxosT B nepedenb BAK). Omnucanne orjiesibHbIX PE3yJibTaATOB BKJIIOYEHbI B Ha-
yutbie ordersl pakyiabrera BMK u oruers: no npoekram PODHU 08-07-00305-a,
10-07-00609-a.

CrpykTypa m o6beM paboThl. /[luccepraliis COCTOUT U3 BBEJIECHUs, TPEX

rJIaB M CIUCKa Jureparypsl (69 cebuiok). OcHoBHON TekeT 3anuMaer 80 cTpaHUIL.

COLEP2XKAHUE PABOTHI
Bo BBemeHUM 000CHOBBIBAETCS AKTyaJIbHOCTH pabOThl M ONUCHLIBAIOTCSA OC-
HOBHbBIE HAIIPABJIEHUS NCCJIETOBAHUIA.
B mepBoii ryiaBe 1puBojisATCs HEOOXOMMbIE OIPEJICJICHUS U JIeJIAaeTCss 0030D
HPEJIbIIYIIUX PADOT.
B §1.1 comepkuTcst MOCTAaHOBKA, 3a/1a4i pacio3HaBanusi. Mimeercst MHOXKeCTBO

JIOIIYCTUMBIX 00bekToB M, pazburoe Ha Kiaaccel M = Ky U ... U K. nga kaxjio-
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ro U3 JIOMYyCTUMBIX 00BEKTOB § € M CymecTByeT noanoe npudnaro8oe onucGHUe
(3nauenue nabopa npusnakoB) I(s) = (aq,..,a,) ¥ BEKTOD 3HAYCHUH IPEJINKA-
TOB LIPUHAJJIEXKHOCTU K KJIACCAM, Ha KOTOPbIE Pa3sOUTO MHOXKECTBO JIOIYCTUMbBIX
oobekToB: a(s) = (aq(s),..,(s)), rme 3uadenwe mpemukara 's € K;" paBHo
a;(s) €{0,1},i=1,2,..,1.

s mHekoroporo Habopa 0OBLEKTOB S = {51, .., 5t} U3BECTHBI TPU3HAKOBBIE

ONMCAHWS W 3HAYEHWs MPEINKATOB MPUHAJIE)KHOCTH K KJIACCAM PACITO3HABAHWS
~\1 1l

{a(8i) }i2y j=1- Hannoe MHOKECTBO HA3BIBAETCA STANOHHBIM HAOOPOM, & O0HEK-

Thl U3 HEr0 Ha3bIBAIOTCS ITAJOHHBIMKU OObeKkTaMu. Vmeercsi Takke MHOXKECTBO

00bekToB S = {s1, .., 8.}, HA3bIBaEMOe KOHTPOJIBHBIM HAOOPOM. 3ajada CocTo-

UT B TIOCTPOEHUH ajroputma A, koTopslii o urdopmanun 0b 3TajgoHHOM Habope

IPaBUJIBHO KJIACCUPUITIPYET 00bEKThI KOHTPOJBHOIO Habopa.

B §1.2 kparko omucana momesnb ABO. Ilpu mocrpoennn mojenn ajaropur-
MOB BBIUWCJIEHUsT OIEHOK TIPENOIAraeTCst, 9TO MHOXKECTBO JOMYCTUMBIX O0bEK-
TOB M siBJIsIeTCsi IEKAPTOBBIM ITPOU3BEICHUEM TTPOCTPAHCTB 3HAUEHU I TPU3HAKOB:
M = M; x ... x M,, M; - merpuueckoe HIPOCTPAHCTBO 3HAYCHUN J-I'0 PU3HAKA,
¢ MeTpuKoii p;. Muoxkectso npusnakos P, = {1,2,..,n}.

Agnropurm momesn ABO A cTpouTcst B BUje CyNEepHO3SUIE PACIO3HAIOIIETO
omeparopa u pemraioriero npasuia: A = B o C. Ouneparop B Bbluncisier HabOp
OIEHOK OJIM30CTH PACITO3HABAEMBIX O0OBLEKTOB K KjaaccaM Kjj, Ha OCHOBaAHWM 3TOM

nadopmanyn mpapuiao C' MpUHUMAET PereHne 0 BXOXKJICHUN 00bEKTOB B TOT MJIN

nHo# Kytacce. Onenkn OJIM30CTH K KJIACCaM BBIYUCISIIOTCS 10 CieLyiomieit ¢hopmyiie:

LB = T3 Bl[[ g1,

1,1
CylBl= > ww Yy Y w'w,BE"(5,, ), (1)

ab=00  weQuj,ek?

e w? € Rt ={z € R| x>0} upu p € {1,...,t} (Bec p-ro obbexra), 24



- CHCTEMa ONOPHBIX MHOXKECTB (CHCTEMa OMOPHBIX MHOXKECTB - CEMEeHCTBO MOJ-
muoxecrs npusnakos P, = {1,2,..,n}), w, € RY npu w € Q4 - Bec onopuoro

mHoxkecrsa w),(a, b) € {0,1}% x4 € {0, (—=1)%"°},

~ gﬂKj, CLZl,

S\KJ CL:O,

Bf;“b(ép, $;) - byHKIMst 6JIM30CTH MEXKTy 00'bEKTaMU IPU3HAKOBOIO IPOCTPAHCTBA,
M.

B nmannoit pabore IMEeHTpaJbHOE MECTO 3aHUMAeT WCCIeJOBaHue MOjesei
ABO c¢ noporopeivu dbyHKIusMu Osm3octr. s ABYX JIOMYCTUMBIX OOBEKTOB
s, 1(s¢) = (c1,..,¢n), 8%, 1(s?) = (dy,..,d,) 1 Habopa UUCIOBLIX TOPOTOB & =
(€1, ...,&,) obosmaumm gepes (s, s%) = (81, ..., 0, ) BEKTOP PE3yJIHLTATOB MOPOTO-
BBIX CPABHEHUIl B MPU3HAKOBBIX MTPOCTPAHCTBAX:

5. — 1, ecJjin pj(cjadj) < €j
=

0, nnaue.

Omnpenenenne. Oynxiusa 6iusoctu B, (8¢, s7), mpunuMaromas snadenus 0 u
1, HA3BIBAETCS TOPOTOBOIA, €CJIM OHA OJIHO3HAYHO ONPEJICISCTCA 3HATCHUAMI KOOP-
juHaT BexTopa d < (s, s9), BXOAAIIME B ONOPHOE MHOMKECTBO w;. TaksKe /st TOpo-
ropuix yHknuit 6iusocTn Gyjer ucnobzosarhest obosnauenue B(wj, (s, s7)).

B §1.3 copepKurcs onncanne M3BECTHBIX PE3YabTaToOB 00 3 PEKTUBHBIX pea-
musanuax aaropurmos ABO. Ilpeanonaraercs, 94To Bec 0IIOPHOrO MHOXKECTBA W,
SIBJISIETCSI CyMMOIl BECOB IIPU3HAKOB, BXOJSINUX B HEro. BOJILIIMHCTBO pe3y/ibTa-

TOB OINMUCHIBAIOT CITOCOODI CBEPTKN YaCTuU

L(3,s) = Y (D pj)B"(3,5) (2)

weNy pjEw

dbopmyiibl (1) juist pasinaHbix QYHKIMI OJIN30CTH U CHCTEM OIIOPHBIX MHOXKECTB.



Pesysibrarsl BTOPO# TIaBbl JIUCCEPTAIIMOHHON PabOThI TaKXKe Pa3BUBAIOT 3Ty
UJIEI0.

B §1.4 npuBejieHbl OCHOBHBIE OLIPEJICJICHIS are0panIecKoro mojaxo/ia K pacio-
3HABAHUIO U ONKICHIBAIOTCS PE3YILTATHI, CBA3BIBAIOININE OHSITHE k-CUHTYJISPHOCTH
CUCTEMbI TOUYEK C KPUTEPUSIMU KOPPEKTHOCTU CEMEHCTB PaCIO3HAIOIINX OllepaTo-
POB.

Onpegenenne. Cucrema ¢ Touek B R ¢ [j-paccrosinneM HasbIBaeTcs k-
CUHTYJISPHON, ecjii pa3MepHOCTh MUHUMAJBLHOTO JIMHEHHOTO MPOCTPAHCTBA, CO-
JIEPKAIIEro BCE MOJIMHOMbI cTerieHu He OoJibiiie k oT ¢ToJI01I0B MaTPUIbI HOHAPHBIX
[1-paccTostauii, ¢Tporo MeHbie ¢ (YMHOXKEHHE CTOJONOB ModJeMeHTHOe). Takum
0bpa3oM, 1-CUHTYJIIpHBIE CUCTEMbI — CHCTEMBI C BBIPOXKJIEHHBIMKI MaTpPHUITAME 10~
HaPHLIX [1-PaCcCTOSTHMIA.

IIpocTpaHCcTBO MOJTMHOMOB CcTelleHd He OoJiee ueM k oT cToJyiONoB MaTpuiibl H
(ymHoXkenme nossementHoe) obosnadaercs depes UM(H).

B §1.5 mssraraiorcs onpejie/ieHusi TEOPUU MAaTPOUJIOB W KPATKO ONNUCHIBACTCS
ajiroputm 1. KHyra 1nomcka MUHMMaJILHOIO HOKPbITUsi 6a3bl MaTpPOM/Ia HE3aBH-
CUMBIMH MHOYKECTBAMU.

Bropas riraBa cosiep:KUT OCHOBHBIE PE3YJIbTAThI, CBI3aHHBIE ¢ IIOCTPOEHUEM

apdextuBnbix peanmsaruit ABO. Uccnenyercs, Korma BEKTOP CyMMbI

3
> X(@)B (50, 51), (3)
we
riae X(u)) - XapaKTepHCTI/I‘{GCKI/Iﬁ BEKTOP OIIOPHOI'O MHOXKECTBa W, COAECPKUT HE
60ﬂee JABYX Pa3JIMYHbIX KOOPJIMHAT. PaCCManI/IBaeTC?{ OSITh CEeMENCTB (byHKI_H/Iﬁ

OJIN30CTH:



1, ecn x(w) -z > q n x(@) -z < go,

B1-42 (w, x) —
0, nnaue,
1, ecoint x(w) - x=x-x(Fp),
N X@) o= x(P)
0, nnaue,
1, ecm x(w) - = x(w) - x(Pp),
B0} = X@) = x(@) - X(P)

0, nnaue,

rjie x - OMHAPHBIH MTOPOTOBBIH BEKTOP, W - OTIOPHOE MHOXKECTBO, W - JAOMOJHEHWE
w o P, (x(w) + x(@) = x(P,)), nojx ymHO)KeHUEeM (+) BEKTOPOB MOHUMAETCs
CKaJISTPHOE TTPOU3BEJICHHE.

OTresbHO paceMarpuBatorcst dyukiuu B i B0,

Onpenenenune. CucreMa OMOPHBIX MHOXKeCTB () Ha3bIBaeTcsa ahexmusrots
JUIsl ceMeiicTBa, (pyHKIMI Om3oct B, ecou Jijist Jito0o#t pyHKIMHU ceMeiicTBa

B € B™" u OGuHapHOr0 BEKTOPa T BEKTOP CYMMBI

> x(w)Bw, )

weN

cojJlepKuT He OoJjiee JIByX pas3/imuHbIX KoopjuHat. Kiiacc adpdekTuBHbIX cucrem
JULst ceMmeficTBa 1oporoBbix GpyHkuuu B 7 Oyjuem obosnavyarb yepe3 KB~

B §2.2 copepKuTcs 10Ka3aTebCTBO TOrO, YTO BepHa IEM0UKa BJIOXKEHM

KB®® C KB C KB o KB > KB©Y,
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B §2.3 usyuen kmacc KB,
Onpenesenne. dPHEKTUBHYIO CHCTEMY OIOPHBIX MHOXKECTB 13 Kiacca KB
oyseM HasbiBaTh (-3 ek TuBHOM, ecin Jijisi JI000r0 OMHAPHOIO BEKTOPA X Y CyM-

MBbI

> X(w)B(w, )

weld
B JTI00OI1 TMape pa3ImIHbIX KOOPJIMHAT OfHa U3 HUX paBHA (.

Tst 110601 9 dHeKTUBHOI CHCTEMbI OMOPHBIX MHOKecTB () u3 Kiacca KB
MOYKHO TOJIyIuTh (0-3hPEeKTUBHYIO CHCTEMY OMOPHBIX MHOXKECTB, B3siB MHOYKE-
CTBa, KOTOPHIE HE COJEPKAT MOCIeIHENl KOOpAUHATHI n3 F,.

OrHolenre KBUBAJECHTHOCTU st cucteM 0-3(pPeKTUBHBIX OMOPHBIX MHO-
JKECTB BBOJIMTCSI KAK TPAH3UTUBHOE 3aMbIKaHUE CJiejyoriero ornomenust. Cucre-
MBI OTTOPHBIX MHOXKECTB {) 1 QO 9KBUBAJIEHTHBI, €CJIN BBITIOJIHEHO XOTs OBl OJTHO U3
YCJIOBUIL:

1.QuQ olpeJiesieHbl JIJisi MHOXKecTBa Py, n Q mepexonuT B €2 1oj1 JeficTBrIeM
HEKOTOPOi TepecTaHOBKY HADOPa MPU3HAKOB 0, T. €. 0 - MePEeCTaHOBKa MHOXKECTRA,
P,={1,..,n}u

Q= {{o(1), .., 00w e Qw={j ... jr}}

2. Q) - cucrema Juisi npuznakoB P,. /IBa npusnaka ¢ Homepamu n u n — 1
OJTHOBPEMEHHO BXOJIAT UJIM HE BXOJISIT BO BCE ONMOPHBIE MHOXKECTBA CUCTEMBI ), B
TOM CJIydae QO orpejiesieHa JIJIT MEHBIIero Habopa MpU3HAKOB P, | W ABJSgeTCA
HAaDOPOM OTIOPHBIX MHOXKECTBa {2, M3 KOTOPBIX YJaJeH MPU3HaK ¢ HOMEPOM N, TJIe
OH TIPUCYTCTBYET:

VweQ:ncwen—1cw=Q={w\{n}weQl,
\ - orepaTop pazHOCTH MHOXKECTR.

3. €1 - cucrema Jist Habopa P, npu3Hak ¢ HOMEPOM 7 HE BXOJWT HU B OJIHO

oropuoe muoxkectBo u3 ). Torya Q - cucrema Juist nabopa P, 1 u pocro cocrout

13 OMOPOHBIX MHOXKECTB, BXOZAMHUX B {) (ynajsenne He3HAUAIEH KOOPIUHATHI):
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A e Q: new=0=0

BBojrcsi OTHOLIEHKWE HOPsIJKa JJisi KJIAcCOB dKBUBaJjeHTHOCTU. Ilycrh ecrb
JIBa pa3JNIHBIX KJacca dKBUBaJEHTHOCTH: F| jusg nabopa npusHakos P, u FEs
nist Habopa P,_p(k > 1), Qp, u Qp, - ux npegcrasuresu, npudem (g, - KAHOHU-
GeCKUI TPEJICTABUTEIIb (CHCTEMa OMOPHBIX MHOYKECTB B KJIACCE SKBUBAJCHTHOCTH,
JIJIST KOTOPO# PasMepHOCTh ITPU3HAKOBOT'O TPOCTPAHCTBA, I'JIe OHA, OITPejieieHa, M-
Humadbia). OrHomenne Fy > Eoy BbIOJHEHO, ecyin (g, COCTOUT U3 MHOXKECTB,

Bxojstix B (g, 1 He cojlepKaliux koopjunarsl {n —k+ 1,...,n}:
Qp, ={wlweQp,n—k+1¢w,..n¢w}.

Oboznauenne E; > Fy coorBercrByer drakry Toro, uro Fy > FEo u He cyiie-
crByer Takoro Fj3, uro Ey > FE3 > FEy

Teopema. Ilycto A - xiace sxkBuBageHTHOCTH 0-3)(PEKTUBHBIX MHOXKECTB.
Torna pnuna joboit ennouku A = A; = As = ... = Z ojaunakosa.

B §2.4 comepxKaTcs CI0)KHOCTHBIE PE3YILTATEI JIJIs CIeAYIONeil 3a,1a4u:

Bagaua 3. Ilycrs P, - muoxkectBo {1,2,...,n}. Ha nem 3ajana nekoropast
CUCTEMa TOJAMHOXKECTB {2, KOJUUYECTBO MHOXKECTB OIPAHUYECHO ITOJUHOMOM OT 1.
Bepwo Jiu, aro cymecrByer nogamuoxkectBo Y C P, ¢ saementamu 1 u 2 Takoe, 910
KOJIMYECTBO HOJAMHOXKECTB Y, BXOJsIIMX B 2 1 cojepKaliux sjaemedT 1, OoJiblie
YUCJIA TAKAX 2KE€ MHOYKECTB, COJEPIKAIINX SJIEMEHT 2, 1 008 INC/Ia MOJOKUTEIbLHDL:
L2eY : fweQ: wlCYlewl>{weQ:wlY2cuwl >0
(kouTpIIpEMED K CBOHCTBY 0-9hDEKTUBHOCTH, JIJTs1 KOTOPOTO YCJIOBUE HAPYIIACTCS
715t WHjIeKcoB 1 1 2).

Teopema. 3agaua 3 spisiercss NP-nosHoii.

Tperbsa raaBa 10CBslleHa pe3yJjibTaraM, CBS3aHHbIM C HOHATHEM k-
cunryJsippoctu. B §3.1 npuBejieHO J0Ka3aTE/IbCTBO aaredpanieckoro Kpurepust

k-CUHTYJISIPHOCTH.
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Teopema. Cucrema touek S = {s;}7_, npocrpancrea R™ spistercst k-
CUHI'YJISIPHOH TOIJIa M TOJLKO TOLJA, KOIJIa CYIIECTBYEeT HEHYJIEBOH BEKTOD

(€1, .., ¢q) Takoit, uro jyuist Beex s € R™ cupaBeyinBo paBeHCTBO

q
> cipf(s,s) =0,
i=1

rie p - MeTpuka XaMmmuara win [i-merpuka(k < m).

B §3.2 paccmorpena 3ajiada 0 pa3dWEHUNM CUCTEMbl TOYEK Ha MUHUMAJBHOE
YUCJIO TIOACUCTEM, KaxKjiasd U3 KOTOPBIX He ABJsgeTcs l-cuHryngaproii. [TokazaHo
CYTIECTBOBAHUE TIOJUHOMHUAJIBHOTO aJTOPUTMA, PEHIAoNero Januyro 3aaaqy. s
3a/1a91 PACTIO3HABAHUS C JIBYMST HETIEPECEKAIOIUMUCS KJIACCAMN TaKON aJrOpuTM™
103BOJIsIET Pa3dMBaTh MHOYXKECTBO KOHTPOJIbHBIX OOBEKTOB Ha “00J1aCTU KOMIIe-
TEHTHOCTH, JIJIsT KaKJI0# M3 KOTOPBIX JIMHEHHOE 3aMbIKaHUE CeMeiicTBa Oreparo-
pos ABO saBnsiercs koppexktabiM. [lokazano, aTo cucremMa To4eK S U HAOOP MO/~
MHOYXKecTB S 06e3 1-CHHTYJIAPHOCTHU ABJIAIOTCA MATPUIHBIM MaTpougoM. Jlokazana
OlleHKa Ha MHUHUMAJbHOE YUCJIO TOJACUCTeM 0e3 1-CHHTYJISPHOCTH, HAa KOTODPBIE
MOZKeT OBITh pa3buTa IIPOU3BOJIbHAS CUCTEMa TOUEK.

st cucrempbl ToUek S MOXKHO TTOCTPOUTH HADOP OTHOIEHU I SKBUBAJIEHTHOCTH
{6;}7,. IBe ToUKM Sp M Sy IKBUBAJIEHTHBI COIIACHO OTHOIIEHWIO 0, eciin y HUX
paBHbl i-e¢ Koopjunarbl. Hac Oyjer unrepecosars marpuna 1(S) = [T, .., Thl,
TJle KaXKJiplii 13 0J10KOB T COCTaBJIEH M3 XapaKTEPUCTUUECKUX (-MEPHBIX BEKTO-
POB BCEX KJIACCOB 9KBUBAJEHTHOCTH JJisi oTHOMIeHUst 0;. Hannas marpura T'(5)
HA3bIBACTCA TAPAKMEPUCTNUYECKOT MAMPUUET KAGCCO8 IKBUBANEHMHOCTNET.

Teopema. /st cucremnbl Touek S npocrpancrsa R u coOTBETCTBYIOIIEH i
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marpuiiel 1'(S) BepHO HEpaBEeHCTBO

m

G
S Ll

G R

Y

IJIe ¢; - KOJIMYECTBO 3HAUCHHT, KOTOPble MOXKET IIPUHUMATD -1 KOOPAUHATA TOUYEK
u3 cucrembl S, T'(S) - MaTpuIa KIaccoB 95KBUBAJEHTHOCTEI.

B §3.3 paccmarpuBaercs 3ajada pas3JieJIeHUsT CHCTEMbl TOYEK Ha IOJICHCTe-
MbI Oe3 croiictBa k-cunrynsipaoctu. Ilokaszano, 1ro cucrema Todek S u HAbOP
ojicucreM 0e3 CBOMCTBA k-CHUHI'YISIPHOCTH TaKXKe SIBJISIOTCA MaTpougom. U st
pa3dbueHnst Ha MUHUMAJbHOE YUCJIO TOJICuCcTeM 0e3 k-CHHTYJISAPHOCTH MOXKHO BOC-
10JIb30BATHCs OJIMHOMHUAJIbHbIME ajiropuTMamu JI. Kuyra u Ixx. Eamonica. O-
HAKO JIaHHbIE aJITOPUTMbI SBJISIOTCS ITOJUHOMUAJIBHBIMU B IIPEJIIIOJIOXKEHUHE TOTO,
ITO TPOIEypa MPOBEPKU MOJIMHOXKECTBA TOUEK Ha HE3aBUCHUMOCTH MCIIOJIH3YeT-
cs Kak opakyJi. B maparpade npejjoxkena Tak»Ke MOJMHOMHUAJIbLHAS TPOIELYPa
[IPOBEPKU HA HAJUUINE CBOMCTBA Kk-CUHIYJISIPHOCTH Y CHCTEMbI TOYEK.

B §3.4 wusioxken aHaau3 3aJaud  pas3jiefieHds Ha, MOJACUCTEeMbl 0e3 1-
CUHTYJISIDHOCTH JIJIsI CUCTEeM Ha IJIocKocTu. IlokazaHno, 4To Jjs1 JAHHOTO CJIydas
3aJla4a SKBUBAJICHTHA 3aJia4e pa3jeseHus MHOXKECTBa pedep JIBYI0JbHOr0 rpada
Ha MUHUMAJbHOE YHCJIO allMKJINICCKUX II0JIMHOXKECTB.

[enrpaJbHoit Temoit §3.5 siByisiercst mocTpoerune 3(hPEKTUBHBIX TPOIELY P TPO-
BEPKU Ha k-CHHIYJIAPHOCTD Juist cucteMm Touek B R™. Ilporeaypa nposepku, uc-
noJib3yeMast B ajropurme u3 §3.3, cocrout B Bhrumcienuy nonnoma Gy(r) = a*
OT MATPHUIIBI Hg

m
Hg =) &E - P,
i=1

rie ]55 - MaTpPHUIA MONAPHBIX [1-paccrosgauil A S, F - ¢ X ¢ MaTpuna u3 ogHuX
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1, §; - pasamIa MEX Iy MaKCUMAJIbHBIM 1 MAHUMAJIbLHBIM 3HAYEHUEM 1-ii KOOP/IU-
HATBI JIJISI CUCTeMbI S, U IIPOBEPKHU Ha HEBBIPOXKJIEHHOCTDb MOy YeHHO! MaTPHIIbI-
pesysibrara. [Toxoxkuii ciiocod 1npopepku padboTaeT u s Caydast METPUKU XIM-

MUHTA, UCTIONB3YETCS TOJMBKO MaTpuna Hg n mojmnaombl Fi(x):

k r
Fe(x) =Y a |J(x—j+1),Hs=mE - P,

r=0  j=1
rjie Pg - Marpuiia paccTosinuii B MeTpuke XsmMmunra, ap > 0, by > 0, a; > 0,
b; > 0mpu ¢ € {0,1,..,k — 1}, k < m. B naparpade nocrasien Bomnpoc 06
OIMCAHUK BCEX MOJUHOMOB, KOTOPbLIE MOTYT ObITH MCIOJB30BAHbLI B TAKOI'O POJIA
KPUTEPHAX W JOKa3aHa CJIepyIoliast TeopeMa,
Teopema. Paccmorpum cucremy Todex S B npocrpancrse R™. Eciau nosmmaoM
F(x) obuajaer ciejyonuMu JIByMst CBORCTBAMMU:
® JIIsl IPOU3BOJILHOM cucreMbl S B RP nomapHo pa3iudHbIX TOYEK BbIITOJTHEHO
pasencrso UL (F(Hg)) = UF(Ps) (p < m),
® JIIsI IPOU3BOJILHOM cucreMmbl S B RP nomapHo pasiiMdHbIX TOYEK Hadijiercs
cucrema S rakasi, uro F(Hg) = Hg (p < m);

TO OH SIBJISIETCsI OJIHUM U3 110JIMHOMOB Bujia FJ ()

k r
Fk(x):Z%H(x—jJrl)

C 1EJOYUCICHHBIMU 1OJIOXKUTEJAbHBIMUA KOIDDUImeHraMu a,..
3 nmokazaTenbcTBa JAHHONW TEOPEMbI TaKKe BBITEKAIOT JBa CJCIYIOMMNX 3a-
MeYaHUsl.

Bameuanue. g marpunsr Hg cucreMbl TOUeK S BEPHO PABEHCTBO
Hg =T(S)T(S)".
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Ecin BTOpOe yeioBue yTBEpXKICHUSI 3aMEHUTE Ha YCJIOBHE:
e JiJIsi IPOU3BOJILHOM cucrembl Touek S B RP (p < m) maiigercs marpuia T’
Takas, uto F(Hg) = TTT,
TO YCJOBHUE TEJOUNCIEHHOCTH KOI(DPUITUEHTOB OTHAJIeT 1 TeopeMa, Oy1eT OIMUCHI-
BaTh CeMeiCTBO Fk(x), B KOTOPOM B KA4eCTBE (1, UCIOJIL3YIOTCS MOJIOKUTEILHBIE
qucJIa.
Bameuanue. Muorouwren F'(Hg) obiagaer cBORCTBOM, 9TO Jijisi JIIOOOI cu-

creMbl TOYeK S Hafijercss cucrema TOYeK S TakKas, 9YTO BBIOJHEHO PABEHCTBO

F(Hg) = Hg, Torjga un TOJIbKO TOIJIa, KOIJIa OH UMEET BHJ|

Bl

.
Z%H(x—j+1)aa1 > 0,
r=0 j=1
1 XOTsI ObI OJUH U3 KOA(DPUIMEHTOB a¢ WIK a1 OTJUUCH OT HYJI.
st kpurepust k-CHHTYISIPHOCTHE ¢ METPHUKOI [ JOKa3aHa, CJIeIyIoInast Teope-
Ma.
Teopema. Ecin nosmrom F'(x) obnaiaer cieayonMu IByMsi CBOCTBAME:
® /I IPOU3BOJILHON CHCTEMBI S MOMAPHO PA3IUIHLIX TOUEK C IEJOUUCTICH-
HBIMH KOODJMHATAME BbhIoHeHo pasencrso UL (F(Hyg)) = U*(Ps),
® JIIsl IPOUBBOJILHOM cUCTEMbl S HONAPHO PA3IMYHBIX TOYEK C IEJIOYUC/ICH-
HBIMU KOODJMHATAMU Haiijercs MaTpuiia 1’ Takasy, 9To F(H g)=TT7T;
TO OH SIBJISIETCSL OJHUM W3 MOJMHOMOB Brja F () ¢ nosokuTebHbIMEI KOID Y-

IIUEHTaMU ;.
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